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ADVERTISEMENT. 


The  following  treatise  was  selected  from  Biot's 
Traite  EUmentaire  d*  Astronomie  Physiqicey  2d  edition, 
printed  at  Paris  in  1811.  Although  the  original  is 
in  three  volumes  octavo,  all  the  body  of  the  work  is 
retained  in  this  translation,  except  what  relates  to  a 
description  of  astronomical  instruments,  the  construc- 
tion of  tables,  the  temperature  of  the  earth,  the 
determination  of  certain  astronomical  periods,  used  in 
chronology,  and  two  or  three  other  topics  anticipated 
in  the  parts  of  this  course  already  published.  A  few 
only  of  the  notes  are  given,  and  these  are  subjoined  at 
the  end  in  the  form  of  an  Appendix.  The  centesimal 
notation  of  the  original  has  been  changed  to  the  sexa- 
gesimal ;  and  alterations  and  additions  have,  in  a  few 
instances,  been  made  for  the  purpose  of  adapting  the 
work  to  the  latest  discoveries  and  improvements. 
The  section  on  Comets  and  that  on  the  Fixed  Stars  are 
taken  from  the  Astronomy  of  Sir  John  F.  W.  Iler- 
schel. 
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Appearanve  of  the  Heavens. 


I 


1.  Let  U8  imagiae  ouiBelves  on  an  elevation,  in  an  open 
country,  whew  the  view  is  luiiiiternipted  on  every  aide. 
Upon  the  setting  of  the  sun  the  western  sky  is  faintly  illu- 
minated. This  Ughl  fades  away  by  degrees,  the  darkness 
increases,  night  comes  on,  and  the  sky  seems  a  va£t  dome 
Audded  with  a  multitude  of  brilliant  points.  These  are  the 
ttars,  which  the  too  strong  light  of  the  son  has  prevented  us 
from  perceiving  during  the  day.  The  disposition  of  these 
stars  seems  to  be  immutable.  It  is  essentially  the  some  now 
that  it  was  in  periods  the  moat  remote.  The  different  clus- 
ters are  such  in  their  eonligurations  as  the  ancients  described 
them,  when  they  grouped  them  together  under  the  name  of 
cojutellations,  and,  to  assist  the  memory,  associated  them  with 
the  figures  of  men,  animals,  &.C.  But  these  stars,  while  they 
preaerve  the  same  order,  are  carried  round  the  heavens  as  by 
a  common  motion.  Those  towards  the  west,  decline  more 
and  more,  and  disappear  where  the  sun  sets ;  while  others, 
presenting  themselves  in  the  east,  seem  to  come  from  beneath 
the  horizon.  Rising  to  different  heights  in  the  heavens,  they 
descend  again  and  set  in  their  turn,  like  those  which  preceded 
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them.  But  if,  in  our  latitude,  we  place  ourselves  in  such  a 
manner  as  to  have  the  east  on  oiur  right  and  the  west  on  our 
left,  we  shall  see,  in  that  part  of  the  heavens  which  is  before 
us  and  which  we  call  the  north,  some  groups  of  stars  which 
never  set ;  such,  for  example,  is  the  remarkable  collection  call- 
ed the  Great  Bear.  This  constellation,  and  the  greater  part  of 
those  which  are  foimd  in  that  part  of  the  heavens,  disappear 
only  when  their  light  is  lost  in  that  of  the  sun.  They  may 
be  seen  during  the  whole  of  the  night,  and  followed  through 
the  lowest  part  of  their  coiurse,  for  they  never  descend  to  the 
horizon.  If  observed  at  different  times  of  the  night,  they  will 
be  foimd  to  have  their  positions  in  the  heavens  reversed,  the 
natural  effect  of  the  rotatory  movement  which  they  have  in 
common  with  all  the  other  stars  ;  and  the  centre  about  which 
they  move  is  a  point  of  the  heavens  situated  directly  north. 

The  light  which  appears  in  the  east  at  the  approach  of  day, 
soon  becomes  strong  enough  to  eclipse  the  stars  which  have 
just  risen  in  that  direction  ;  the  west  is  now  in  darkness,  and 
the  scene  is  the  reverse  of  that  which  happens  at  the  begin- 
ning of  the  night.  The  light  continuing  to  increase,  the  stars 
grow  fainter  and  fainter  till  they  at  length  disappear,  and  day 
sheds  its  brightness  upon  every  object.  The  sun  now  pre- 
sents itself,  is  seen  in  the  east  like  the  stars ;  it  ascends,  and 
passing  through  the  heavens,  declines  to  the  west  and  disap- 
pears in  the  part  opposite  to  that  in  which  it  rose,  when  all 
the  phenomena  of  night  are  repeated  in  the  manner  just  de- 
scribed. 

The  moon,  of  which  we  have  not  yet  spoken,  and  which  is 
remarkable  for  the  magnitude  of  its  disc,  its  splendor,  and  its 
phases,  or  the  changes  which  take  place  in  the  form  of  the 
enlightened  part,  presents  also  analogous  phenomena. 

This  rotatory  motion,  common  to  all  the  heavenly  bodies, 
and  which  is  completed  in  the  space  of  one  day  or  twenty- 
four  hours,  is  called  the  diurnal  motion, 

2.  Since  the  stars  situated  in  the  north,  near  the  centre  of 
general  motion,  remain  always  far  above  the  horizon,  while 
others  farther  from  this  centre  descend  nearer  to  the  horizon, 
and  others  still  more  distant  sink  below  it,  we  see  that  their 
setting  results  from  the  magnitude  of  the  circles  which  they 
describe,  and  which  carries  them  below  the  horizon,  so  that 
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^V  they  disappear  from  our  sight.  We  are  led  by  the  most  obvi- 
ous analogy  to.  extend  this  explanation  to  stars  situated  in  the 
oppoEdte  part  of  the  heavens,  namely,  the  south.  These  stais, 
after  setting,  continue  their  motion  .below  the  horizon,  and, 
like  the  sun,  reappear  in  the  east.  If  then  we  conceive  a 
physical  line,  or  axis  of  rotation,  around  wliich  all  these  mo- 
lions  are  performed,  we  must  suppose  that  ui  our  latitude  this 
axis  appears  elevated  towards  the  north,  and  obhque  to  our 
horizon,  or  the  plane  which  passing  through  the  eye,  and 
touching  the  surface  of  the  earth,  separates  the  visible  from 
the  invisible  part  of  the  heavens. 

We  are  not  to  consider  this  axis  as  any  thing  material,  ac- 

Itually  existing  in  space ;  it  is  to  be  regarded  as  an  imaginary 
Une,  designating  a  series  of  points  in  space,  which  appear  to 
he  stationary  amidst  the  general  motion.  It  is  the  same  with 
Hie  drcles  which  the  stars  seem  to  describe  about  the  axis,  in 
i&eir  diumal  revolution ;  by  these  circles  we  are  to  understand 
only  different  series  of  points  where  the  stars  successively 
appear ;  and  upon  the  supposition  that  the  diumal  motion  is 
truly  and  exactly  circular,  we  only  employ  this  as  a  hypothe- 
sis proper  to  fix  our  ideas ;  for  although  it  be  true  in  all  the 
»  rigor  of  geometry,  the  complete  proof  can  only  be  given  by 
means  of  instnunents  wliich  are  very  exact,  and  principles 
Trhich  we  cannot  now  consider. 

3.  By  examining  the  heavens  for  a  number  of  nights,  we 
observe  certain  stars  change  their  places  with  regard  to  the 
rest ;  passing  from  one  constellation  they  approach  toward 
some  and  recede  from  others,  each  day,  by  imperceptible  de- 
grees. But  these  small  changes  at  leugth  become  apparent, 
and  the  stars  in  which  they  take  place  are  transferred  to  dif- 
ferent parts  of  the  heavens ;  they  are  on  this  accouut  called 
planets,  or  wandering  stars,  to  distinguish  them  from  those 
which  preserve  the  same  relative  situation,  and  which  are 
called  fired  stars. 

The  number  of  planets  known  at  present,  is  ten ;  they  have 
received  particular  names,  and  have  also  characteristic  signs 
which  serve  to  designate  them  in  an  abridged  manner.  They 
are  Mercury  g,  Venus  9,  Mars  ,?,  Jupiter  ^,  Saturn  >i, 
Herschel  or  Uranus  s,  Ceres  j,  Pallas  $,  Juno  5i  Vesta  §. 
The  first  five  may  be  perceived  by  the  naked  eye  ;  these  have 
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been  known  from  the  remotest  times.  Uraiius,  discovered  mors 
recently,  can  be  perceived  by  the  naked  eye  only  under  tha 
most  favorable  circumstances ;  the  other  four  cannot  be  aeen 
at  all  except  by  the  aid  of  the  telescojie ;  they  are  hence 
sometimes  called  telescopic  planets.  It  will  be  readily  seen 
that  their  discovery  is  not  to  be  ascribed  to  accident,  or  to  a 
Bimpie  inspection  of  the  heavens  ;  it  is  very  recent,  and  is  the 
result  of  delicate  observations,  made  methodically,  and  with 
the  most  perfect  instnunents.  We  shall  speak  particularly  of 
them  hereafter.* 

The  change  of  place  of  the  planets  among  the  stars  is 
called  their  proper  motions,  t  The  moon  and  the  sun  have 
also  their  proper  motions,  which  are  recognised  in  the  same 
manner;  those  of  the  sun  are  particularly  remarkable  for  the 
effects  wilh  which  they  are  attended. 

4.  If  we  observe  this  himinary  near  the  time  of  its  setting, 
for  several  days  ui  succession ;  and,  when  it  is  below  the 
horizon,  examine  the  stars  which  follow  it  and  which  set 
immediately  af^er ;  they  are  easily  recognised  by  the  figures 
under  which  they  appear  in  the  heavens  ;  after  several  dayi 
they  are  too  faint  to  be  seen.  There  are  other  stars  which 
follow  the  sun  and  which  set  immediately  after  it.  These 
same  stars,  on  the  preceding  days,  did  not  set  till  some  time 
after  the  sun ;  the  sun  has  therefore  advanced  towards  them 
from  west  to  east,  in  a  direction  contrary  to  the  diurnal  mo- 
tion. If  we  observe  ihe  heavens  in  the  morning  some  time 
before  the  rising  of  the  sun,  the  appearances  will  be  the  re- 
verse of  these.  The  stars  which  rise  to-day,  at  the  same  time 
or  nearly  at  the  same  time  with  the  sun,  after  several  days 
will  rise  some  time  before  it.  They  will  appear  to  have  re- 
ceded in  the  heavens  from  east  to  west,  or  which  is  the  same 
thing,  the  sun  will  have  removed  from  them  in  the  direction 
from  west  to  east ;  for  it  is  more  simple  to  suppose  the  sun 
to  have  a  proper  motion,  than  to  suppose  that  all  the  stars 

•  The  planet  Uranua  was  discovored  by  Dr.  Uerscliel  on  the  13th 
of  March,  1781 ;  Ceres  by  Piazzi,  January  1,  1801 ;  Pallas  by  Olbera, 
March  28,  1802;  Juno  by  Harding,  September  1,  1804;  Vesta,  i 
by  Olbers,  March  29,  1807. 

t  Proper  motion  here  denotes  not  an  absolute  motion  necessarily, 
but  a  motion  relatively  to  the  fixed  stars. 
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have,  with  relation  to  the  siin,  a  common  motion.  By  this 
proper  motion,  the  smi  seems  to  describe  the  whole  circle  of 
the  heavens  from  west  to  east, 

6.  So  also  by  obserriiig  tlie  heavens  at  night  they  are  found, 
in  different  seasons,  to  be  altogether  changed ;  the  arrange- 
ment and  disposition  of  the  stars  are  different.  This  is  a 
very  simple  consequence  of  the  proper  motion  of  the  sun. 
In  that  part  of  the  heavens  where  it  is  found,  tlic  splendor 
of  the  hght  prevents  our  perceiving  the  stais  with  the  naked 
eye ;  since  with  a  telescope  they  may  be  seen  during  the 
day  ;  but  as  the  sun  in  its  apparent  course  recedes  from  these 
stars,  ihey  will  arrive  above  the  horizon  during  the  night,  and 
will  thence  become  visible.  We  discover  already  in  this  cir- 
cumstance, the  imperfection  of  those  rude  notions  which  we 
are  led  to  form  from  the  first  view  of  these  phenomena,  and 
from  which  we  might  be  tempted  to  believe  that  the  heavens 
are  divided  into  two  portions  that  appear  successively  above 
the  horizon,  one  bcmg  occupied  by  the  stars,  and  the  other 
by  the  sun.  Accurate  and  continued  observation  of  celestiid 
phenomena  will  make  known  other  illusions,  and  teach  us 
to  correct  them. 

Those  stars  only  which  appear  in  the  north,  and  which  do 
not  set,  remain  visible  at  all  seasons ;  but  we  see  them  suc- 
cessively in  different  positions  at  the  same  hour,  according  to 
their  situation  with  respect  to  the  sun ;  from  this  circum- 
stance the  proper  motion  of  the  sim  becomes  very  sensible. 

6,  The  motion  of  the  sun  is  not  however  exactly  in  the 
direction  from  west  to  east,  for  it  is  universally  known  that 
at  certain  times  the  sira  rises  much  farther  above  the  horizon, 
than  at  others,  which  becomes  particularly  observable  by  the 
variations  of  its  heat,  whence  results  the  ditference  of  the 
seasons.  Also  by  observing  the  points  where  the  sun  rises 
and  sets,  it  will  lie  seen  that  they  do  not  answer  always  to 
the  same  terrestrial  objects.  The  first  motion  of  the  sim, 
from  west  to  east,  is  the  more  considerable,  since  by  this 
motion  it  passes  successively  through  the  whole  circle  of  the 
heavens ;  while  the  second  motion  above  mentioned,  appears 
to  be  confined  within  certain  limits  of  elevation  and  depres- 
_  .  Bon  which  are  never  passed.     From  all  which  it  results  that 
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is  not  exactly  from  east  to  west,  but  yaries  from  this  directioi 
within  certain  determinate  )imUs. 

7.  The  proper  motions  of  the  planets  with  respect  to  ^lUl 
stars,  are  also  directed,  like  that  of  the  sun,  from  west  to  e 
at  least  in  a  great  part  of  their  course.     It  happens,  howevei 

to  each  planet,  at  certain  different  and  determinate  epochi 
that  its  proper  motion  is  slower  and  slower,  till  it  become«1 
altogether   imperceptible,  and  the  planet   appears  stationary 
among  the  stars.     After  which  it  begins  to  move  from  east  to 
west,  that  is,  in  a  direction  opposite  to  its  general  course  ;  this 
produces  in  the  planet  an  apparent  retrograde  motion  witbJ 
respect  to  the  stars.     After  some  time  this  retrogradation  il;.l 
diminished,  the  planet  becomes  stationary  s^sixi,  and  aAe^•« 
wards  resumes  its  dirert  course  from  west  to  east.     Theaal 
phenomena,  observed  frxtm  the  earliest  times,  are  called  tiisj 
stations  and  retrogradalions  of  the  planets.  M 

The  proper  motions  of  the  planets,  Uke  that  of  the  sun,  an  I 
not  exactly  from  west  to  east ;  they  depart  from  this  direction  ^ 
within  certain    hmits  which  they  never  pass ;    they  are  all 
comprehended  within  a  certain  zone  of  the  heavens  called 
the  zodiac. 

8.  We  observe  besides,  from  time  to  time,  in  the  heavens, 
certain  bodies  which  have  not  been  before  perceived ;    and 
these  at  first  appear  very  small  and  very  dull  ,■  they  are  usual- 
ly accompanied  by  a  kind  of  nebulous  appearance  or  lumi- 
nous tail.     They  have  in  like  manner,  proper  motions  among 
the  stars ;  but  their  course  is  very  variable ;  they  traverse  the 
heavens  in  all  dhreclions.     It  often  happens  that  their  bright-  ^ 
ness  increases  from  their  first  appearance  for  a  certain  time, 
after  which  it  decreases  by  the  same  degrees  ;  and  at  lengthy.  I 
after  an  interval  more  or  less  considerable,  they  cease  to  be*f 
visible.     From  this  nebulous  appearance  which  accompanies  J 
them,  they  are  called  comets,  or  hairy  stars. 

9.  The  heavenly  bodies  of  which  we  have  now  spoken, 
taken  together,  make  the  subject  of  the  science  called  astron-  | 
omy.  To  observe  and  determine  exactly  their  positions  in  the  | 
heavens,  to  trace  their  paths  and  measure  their  motions  with 
precision,  to  ascertain  the  constant  laws  by  which  they  are 
governed,  to  apply  these  laws  to  the  determination  of  their 
future  positions,  or  those  which  they  have  occupied  at  any 
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past  time,  —  these  are  the  leading  problems  which  present 
themselves  for  our  solution. 

10.  We  are  not  to  place  among  Iho  number  of  real  stars, 
iliose  luminous  meteors  whose  appearance  continues  only  a 
few  moments,  which  are  not  visible  in  the  heavens  at  the 
place  from  which  they  depart,  except  at  the  instant  of  their 
sliooting,  and  which  leave  no  trace  of  themselves  in  the  part 
where  Ihey  disappear.  Such  are  the  Jire  balls  which  some- 
times present  themselves  suddenly  in  the  heavens,  and  are 
followed  by  a  luminous  train,  sending  out  brilliant  sparks, 
and  which,  after  a  rapid  course  of  a  few  seconds,  often  burst 
with  greaft  noise.  Such  also  are  the  transient  meteoric  ap- 
pearances which  are  commonly  called  shooting  stars,  and 
which  seem  to  be  nearly  related  to  the  preceding.  These 
phenomena  have  been  long  regarded  as  eifects  purely  physi- 
cal, produced  by  vapors  which  are  raised  into  the  air,  and 
which  are  accidentally  inflamed  by  causes  of  which  we  are 
ignorant. 
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^"  1 1,  We  have  now  described  the  most  obvious  phenomena 
which  the  heavens  present  to  an  insulated  observer ;  but 
among  those  phenomena,  that  of  the  rising  and  setting  of  the 
stars  is  one  of  the  most  remarkable,  and  merits  our  first  atten- 
tion. What  then  is  that  limit  which  hides  from  us  one  half  , 
the  heavens,  and  winch  we  call  the  horizon  ?  Is  it  the  same 
for  all  countries,  or  is  it  dilfercnt  ?  Is  it  possible  to  arrive  at 
It  ?     And  what  shall  we  find  beyond  it  ? 

These  questions  and  many  others,  are  easily  solved  by  trav- 
ellers. When  navigators  depart  from  a  coast  they  observe 
that  edifices  and  mountains  sink  by  degrees  and  at  length 
disappear  as  if  immersed  in  the  ocean.  This  effect  is  not  to 
be  ascribed  to  distance,  which  causes  objects  to  appear  small- 
er ;  for,  when  we  lose  sight  of  land  from  a  ship's  deck,  we 
perceive  it  again  by  ascending  the  masts.  The  same  takes 
place  with  respect  to  the  ship  also  as  seen  from  the  shore. 

BA  declines  by  little  and  little,  and  frnally  disappears,  descend- 


8  Oeneral  Phenomena. 

ing  below  the  horizon  like  the  sun  at  its  setting.  These  phe- 
nomena, which  are  observed  continually  and  in  all  directions, 
prove  that  the  surface  of  the  sea  is  convex,  and  that  it  is  by 
its  interposition  that  distant  objects  are  concealed.  If  it  were 
a  plain  surface,  a  single  mountain  or  a  tower  elevated  above 
it,  would  be  perceived  from  every  quarter,  at  least  if  the 
spectators  were  not  so  far  off  as  to  render  its  dimensions 
insensible  on  account  of  the  distance;  and  this  would  not 
be  the  case  except  at  very  great  distances.  The  bases  of 
elevated  objects  would  not  disappear  before  their  summits. 
They  would  not  seem  to  sink  by  degrees ;  and  when  they 
disappeared  from  the  deck  of  a  vessel  they  would  not  be 
visible  from  the  top  of  the  mast. 

The  horizon  of  the  sea,  which  seems  to  terminate  its  sur- 
face, is  only  an  apparent  limit  with  respect  to  the  situation 
of  the  observer,  and  is  produced  by  the  convexity  of  the 
surface  of  the  water.  Navigators  whom  we  see  depart  from 
the  shore,  seem  to  us  to  go  beyond  that  limit,  but  their  horizon 
moves  on  with  them.  When  they  have  disappeared  from  our 
view,  we  may  ascend  a  mountain  near  the  shore  and  see 
again  for  some  time  the  same  vessel  which  had  before  ap- 
peared to  sink  into  the  waters. 

It  would  be  a  bold  and  important  imdertaking  to  ascertain 
what  becomes  of  this  apparent  barrier  as  we  advance  towards 
it  continually  in  the  same  direction.  Ferdinand  Magellan,  a 
Portuguese,  was  the  first  who  executed  this  enterprise.  He 
embarked  from  a  port  in  Portugal,  and  directed  his  course 
towards  the  west.  After  a  long  voyage  he  descried  the  conti- 
nent of  America,  which  had  been  previously  discovered  by 
other  navigators,  pursuing  the  same  route.  Not  finding  an 
opening  to  enable  him  to  continue  his  course  in  a  westerly 
direction,  he  sailed  along  the  coast  toward  the  south,  till  com- 
ing to  its  southern  extremity  he  sailed  round  it  and  found 
himself  in  the  great  Southern  Ocean.  Then  he  pursued  his 
course  toward  the  west ;  after  some  time  he  arrived  at  the 
Molucca  Islands;  and  sailing  continually  towards  the  west, 
he  made  Europe  from  the  east,  and  thus  arrived  at  the  place 
from  which  he  set  out. 

12.  This  great  achievement,  since  repeated  by  several  navi- 
gators, proves  that  the  whole  surface  of  the  water  and  land 
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is  convex,  returning  into  itself,  that  the  heavens  do  not  touch 
any  part  of  it,  and  that  into  whatever  coimtry  we  travel,  the 
general  system  of  stars  is  seen  to  revolve  round  the  earth  in 
consequence  of  the  diiimal  motion. 

13.  From  this  we  conclude  that  the  heavens  do  not  rest 
upon  the  horizon  of  the  sea,  as  one  might  be  led  to  believe 
from  a  hasty  observation.  This  illusion  arises  from  our 
always  supposing  objects  in  the  direction  of  the  visual  rays 
which  render  them  sensible  to  the  eye.  When  the  rays  which 
GOine  from  a  star  just  graze  the  surface  of  the  sea,  it  seems  to 
us  that  the  star  is  at  the  extremity  of  that  surfaco,  If  we 
conceive  a  plane  passing  through  the  eye  of  the  spectator, 
and  touching  the  horizon  of  the  sea,  all  the  points  of  the 
heavens  situated  in  this  plane,  must  appear  contiguous  to  the 
surface  of  the  water,  as  if  the  heavens  rested  upon  it. 

14,  These  results  show  us  that  the  earth  is  convex  not  only 
from  east  to  west,  but  also  from  north  to  south,  as  is  shown 
by  voyages  undertaken  in  this  direction.  On  the  land  it  is 
difficult  to  make  the  same  experiment,  because  the  horizon 
being  almost  always  terminated  by  mountains  more  or  less 
elevated,  we  might  suppose  that  they  alone  hide  from  us  all 
that  is  beyond  them.  But  we  may  supply  the  place  of  such 
proofs  by  a  consideration  more  general ;  and  one  which  ap- 
plies as  well  to  the  land  as  to  the  sea.  It  is  this ;  the  same 
stars  attain  different  heights  above  the  horizon,  according  to 
our  change  of  place.  When,  for  example,  we  depart  from  any 
place  upon  the  land  and  travel  towards  the  south,  we  observe 
the  stars  situated  in  that  part  of  the  heavens  to  become  more 
and  more  elevated  above  the  horizon.  The  arcs  which  they 
describe  in  consequence  of  the  diurnal  motion  are  more  ex- 
tended. Some  also  which  are  not  seen  in  the  place  from 
which  we  depart,  become  visible.  On  the  contrary,  the  stars 
situated  towards  the  north  are  depressed ;  those  which  de- 
scribed very  low  arcs  withdraw  from  the  view  and  are  conceal- 
ed below  the  horizon,  precisely  as  in  commencing  a  voyage 
edifices  and  mountains  sink  lower  and  lower,  and  finally, 
when  we  have  departed  a  certain  distance,  disappear.  The 
reverse  of  this  takes  place  when  we  travel  from  south  to 
north.     By  changing,  therefore,  our  position  upon  the  earth, 

Livul  passing  from  north  to  south,  or  from  south  to  north,  we 
I      Astron.  2 
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can  always  change  the  aspect  of  the  heavens.  These  phe- 
nomena give  us  the  clearest  indications  of  the  convexity  of 
the  terrestrial  surface.  The  stars  are  here  with  respect  to 
us,  what  edifices  and  mountains  are  with  respect  to  navigators 
who  depart  from  the  coast.  The  only  diflference  is  that  the 
view  of  the  navigator  is  free  in  every  direction,  while  ours 
upon  the  land  is  limited.  This  obliges  us  to  have  recourse  to 
the  heavenly  bodies  in  order  to  avoid  the  objects  which 
obstruct  our  view  on  the  surface  of  the  earth,  and  prevent  our 
observing  its  convexity.  It  is  from  the  same  cause,  that  the 
most  elevated  objects  on  the  earth's  surface,  as  the  summits  of 
mountains  and  the  tops  of  towers,  are  the  first  to  receive  the 
sun's  light  in  the  morning,  and  the  last  to  part  with  it  in  the 
evening.  •  Accordingly,  while  the  sun  is  setting  with  respect 
to  some  countries,  it  is  at  the  highest  point  of  its  course  with 
respect  to  certain  regions  farther  to  the  west,  and  at  the  same 
time  just  rising  to  others  still  more  westerly. 

15.  The  convexity  of  the  earth  is  proved  in  a  very  striking 
manner,  by  certain  phenomena  which  the  moon  presents ;  but 
the  evidence  derived  from  this  source  requires  certain  prelim- 
inary considerations.  There  are  remarkable  variations  in  the 
moon's  disc,  which  we  call  her  phases.  She  appears  succes- 
sively in  the  form  of  a  crescent,  of  a  semicircle,  and  of  a 
complete  circle,  after  which  her  disc  is  diminished  again  by 
degrees,  in  the  same  manner  as  it  increased.  These  periodical 
variations,  that  is,  variations  which  take  place  always  in  the 
same  order,  are  so  obviously  connected  with  the  position  of 
the  sun,  as  to  leave  no  doubt  that  the  moon  is  a  round,  opake 
body,  receiving  its  light  from  the  sun,  of  which  the  side 
turned  towards  us  is  sometimes  illuminated,  sometimes  dark, 
or  a  part  of  it  is  illuminated  and  the  rest  dark,  according  to  the 
situation  of  the  sun  with  respect  to  us  and  the  moon.  This 
supposition  so  fully  explains  these  appearances,  as  we  shall 
see  hereafter,  that  it  becomes  impossible  to  doubt  its  truth. 

The  moon  then  appearing  bright  only  in  consequence  of  the 
light  received  from  the  sun,  if  in  its  revolution  round  the  earth 
it  pass  between  us  and  the  sun,  it  is  evident  that  the  sun  must 
be  concealed  either  wholly  or  in  part.  This  is  precisely  what 
takes  place.  The  moon  interposed  between  us  and  the  sun, 
appears  like  a  black  spot,  and  prevents  our  seeing  the  sun,  or 


at  least  deprives  iis  of  a  part  of  its  light.     This  phenomenon 
is  called  an  eclipse  of  the  sun. 

Sometimes  also  the  moon  is  suddenly  obsciired  m  the  heav- 
ens, and  in  the  course  of  a  few  hours  suecessively  loses  and 
regains  its  light.  That  side  of  the  disc  which  first  disappears, 
is  the  first  to  reappear,  precisely  like  what  happens  to  a  body 
iUaminated  by  a  candle,  if  it  pass  through  the  shadow  project- 
ed by  another  body.  This  phenomenon,  which  is  called  an 
eclipse  of  the  moon,  laltes  place  at  the  time  when  the  moon 
appears  as  an  entire  circle,  and  opposite  to  the  snn.  It  is 
natural  to  conclude  that  the  earlli,  enlightened  on  one  side  by 
the  sun,  projects  into  space  on  the  opposite  side,  a  shadow  into 
which  the  moon  enters  when  it  is  eclipsed. 

The  fonn  of  this  shadow  projected  upon  the  disc  of  the 
moon,  shows  us  that  the  earth  is  round.  When  the  moon  is 
just  entering  this  shadow,  the  greatest  part  of  the  disc  is  still 
illuminated  by  the  sun.  This  illuminated  part  docs  not  ap- 
pear to  be  terminated  by  a  straight  line,  as  would  happen  if 
the  contour  of  the  earth's  shadow  were  rectilinear.  It  has 
the  form  of  a  crescent,  whose  convexity  is  turned  towards 
the  enlightened  part.  This  convexity  is  an  evident  indica- 
tion of  the  roundness  of  the  shadow,  and  consequently  of  the 
roundness  of  the  earth  which  projects  it.  The  same  appear- 
ance is  also  produced  wiiile  the  moon  is  emerging  from  the 
earth's  shadow. 

16.  Comparing  the  results  of  these  observations  with  the 
phenomena  presented  to  navigators,  we  conclude  with  cer- 
tainty that  llie  land  mid  water  together  form  a  mass  rounded 
mt  all  sides  and  insulated  in  space. 

17.  This  conclusion  is  very  certain,  since  it  rests  upon-well 
established  facts ;  still  it  is  difficult  to  conceive  that  the  earth 
is  insulated  and  self-sustained  in  the  midst  of  space.  We 
are  apt  to  generalize  improperly,  in  this  case,  the  idea  of 
gravity  which  we  have  remarked  in  bodies  situtated  on  the 
surface' of  the  earth.  But  it  does  not  hence  follow,  that  the 
earth  itself  must  lend  towards  either  this  or  that  point  in 
space.  And  when  wc  learn  from  observation  that  the  earth 
is  self-sustained,  free,  and  insulated,  there  is  nothing  in  the 
phenomena  of  gravity  that  ought  to  surprise  us. 
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18.  Moreover,  since  the  earth  is  round,  the  different  people  | 
who  inhabit  it  have  their  heads  directed  towards  different^ 
points  of  the  heavens.  There  are  people,  therefore,  who  a 
directly  opposite  to  us,  and  who  have  their  feet  opposite  to  I 
ours.  Places  thus  situated  opposite  to  each  other,  are  called 
antipodes.  This  seems  a  very  singular  arrangement,  but  it 
is  nevertheless  real.  I  have  mentioned  these  consideiatioiis 
to  show  that  we  ought  not  to  be  surprised  at  new  truths 
which  observation  and  experience  make  known.  Our  sur- 
prise usually  arises  from  this,  that  we  are  apt  to  regard  as 
general  what  we  are  accustomed  to.  This  is  a  prejudice 
which  we  ought  to  dismiss,  and  which  vanishes  in  proportion 
as  we  acquire  the  habit  of  observation. 

When  we  sliall  have  advanced  farther  in  astronomy,  the 
roundness  of  the  earth  will  appear  by  no  means  extraordi- 
nary ;  for  in  examining  the  heavenly  bodies  with  telescopes 
which  magnify  very  much,  we  observe  in  many  of  them  phe- 
nomena which  prove  that  they  also  are  round.  Of  this  num- 
ber are  the  sun,  the  moon,  and  the  planets.  The  roundness 
of  the  earth,  therefore,  which  at  first  view  appears  so  singular, 
is  only  a  property  which  it  has  in  common  with  many  other 
bodies,  insulated  like  itself  in  the  infinite  expanse  of  the 
heavens. 

19.  The  earth  being  convex,  perpendiculars  drawn  to  dif- 
ferent points  of  its  surface,  are  far  from  being  parallel  to  eaclt, 
other ;  they  converge  towards  the  interior.  If  they  all  cross 
each  other  at  the  same  point,  the  earth  would  be  spheric* 
In  general,  the  manner  in  which  they  incline  the  one  to  t 
1.  other,  indicates  the  form  of  the  curvature  ;  for  if  we  conceiv"! 
a  straight,  inflexible  line  AE,  to  which  are  drawn  i 
plane  several  perpendiculars  Pp,  P'p\  P"p",  iic.,  at  the  poin 
M,  M',  W,  &c. ;  as  long  as  this  line  remains  straight,  thea 
perpendiculars  will  be  parallel  to  each  other.  But  if  it  I 
comes  curved,  as  in  figure  2,  the  perpendiculars  will  t4]proae 
each  other  on  the  concave  side,  and  they  will  diverge  froi 
each  other  on  the  opposite  side ;  and  the  degree  of  convi 
gence  or  divergence,  will  depend  upon  the  degree  of  cm 
ture.  The  direction  of  these  perpendiculars  with  respect  t 
the  tenestrial  siuface,  is  therefore  an  important  circumsta 
to  be  determined.    This  is  indicated  in  each  place  by  t 
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direction  which  heavy  bodies  take  when  freely  exposed  to 
the  action  of  gravity.  For  it  is  observed  liiat  bodies  always 
fall  perpendicularly  to  the  surface  of  tranquil  waters,  which 
every  where  indicate  the  form  of  the  earth's  surface,  its  in- 
equaUties  being  left  out  of  consideration. 

20.  In  the  mean  time,  as  this  circumstance  is  the  basis  of 
all  our  knowledge  respecting  the  figure  of  the  earth  and  the 
celestial  motions,  it  is  important  to  know  that  its  truth  can 
be  rigorously  demonstrated.  Experience  proves  that  the  par- 
ticles of  water  are  heavy,  like  those  of  all  other  bodies.  If 
we  suppose  the  direction  of  gravity  unknown,  it  is  not  the 
less  certain  that  this  force  urges  each  of  the  particles  in  a 
certain  direction.  And  when  we  see  that  they  are  m  equilib- 
rium, it  is  a  proof  that  they  are  so  disposed  as  not  to  be  able 
to  yield  to  the  action  of  gravity ;  so  that  the  particles  at  the 
surface,  for  example,  are  sustained  by  the  incompressibility  of 
the  particles  in  the  interior.  To  this  end  it  is  absolutely 
necessary  that  the  direction  of  gravity  should  be  perpendicu- 
lar to  the  superior  surface  of  the  water  ;  for  if  it  were  oblique 
to  it,  the  particles  would  move  upon  this  surface,  those  in  the 
interior  having  no  power  to  prevent  it,  and  the  equilibrium 
wotdd  not  be  maintained.  The  direction  of  gravity,  there- 
fore, is  every  where  perpendicular  to  the  surface  of  trantptH 
waters ;  and  this  result  is  altogether  independent  of  every 
hypothesis  respecting  the  figure  of  the  earth.  Only,  if  it  is 
spherical,  all  these  perpendiculars  tend  to  its  centre  and  indi- 
cate the  direction  of  its  radii. 

21.  To  ascertain  this  direction  by  experiment,  we  suspend  J 
a  heavy  body  at  the  lower  extremity  of  a  hne,  the  other  end  ' 
being  fixed.  This  line  takes  a  direction  perpendicular  to  the 
terrestrial  surface.  The  instrument  is  called  a  plumb  Hne'. 
The  perpendicular  thus  determined  is  called  a  vertical.  The 
point  of  the  heavens  directly  above  it  is  called  the  zenith. 
The  opposite  point,  situated  on  the  other  side  of  the  earth, 
is  called  the  nadir.  These  two  words  are  Arabic,  and  desig- 
nate the  two  opposite  points  of  the  heavens,  where  the  ver- 
tical woidd  pass  if  produced. 

22.  Since  all  the  verticals  converge  towards  the  interior  of 
the  earth,  their  directions  are  different,  but  this  difference  is 
by  no  means  appreciable  in  places  near  each  other,  and  the 
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directions  of  the  plumb  line  are  sensibly  parallel.  They  ap- 
pear so  because  the  angle  which  they  make  with  each  other 
is  very  small,  the  earth's  convexity  not  being  perceived  for 
so  small  a  distance. 

As  a  consequence  of  this  convexity,  in  proportion  as  we  are 
elevated  above  the  terrestrial  surface  upon  high  mountains, 
for  example,  or  in  a  balloon,  we  discover  a  larger  part  of  this 
surface ;  and  the  visual  rays  drawn  to  the  extremities  of  the 
horizon  make  a  greater  angle  with  the  vertical.  This  is  con- 
firmed by  experience ;  and  every  one  has  frequent  opportunity 
to  make  the  experiment. 

23.  The  depression  of  distant  objects  being  dijSerent  ac- 
cording to  the  heights  from  which  they  are  viewed,  the  extent 
of  the  horizon  will  vary  with  these  heights.  It  would  be 
reduced  to  a  mathematical  point  if  the  eye  of  the  observer 
were  placed  at  the  very  surface  of  the  sea.  For  the  sake  of 
exactness  amid  these  irregularities,  it  is  agreed  in  astronomy, 
to  consider  the  horizon  as  a  plane  passing  through  the  eye 
of  the  observer  perpendicularly  to  the  vertical.  This  plane 
is  supposed  to  be  indefinitely  extended  in  every  direction. 
In  figure  3,  HO  h  represents  the  horizon,  and  the  angle 
HOff,  the  inclination  of  the  visual  ray  below  this  plane, 
called  the  apparent  depression  or  dip.  This  angle  is  always 
much  smaller  than  it  appears  in  the  figure,  where,  in  order  to 
render  it  sensible,  it  is  necessary  to  enlarge  the  dimensions  of 
the  mountain  compared  with  those  of  the  earth. 

24.  As  we  change  our  place  upon  the  earth,  the  summit  of 
the  vertical  answers  successively  to  diflferent  points  in  the 
heavens,  so  that  different  stars  are  seen  in  the  zenith.  The 
plane  of  the  horizon,  which  is.  always  perpendicular  to  the 
vertical,  takes  all  possible  directions  in  space.  This  is  a 
necessary  consequence  of  the  roundness  of  the  earth. 

26.  If  we  conceive  a  visual  ray  extending  from  the  point 
O,  the  eye  of  the  spectator,  to  the  star  S,  the  angle  SOJZ, 
which  the  ray  makes  with  the  vertical  OJZ,  is  called  the 
zenith  distance  of  the  star,  and  the  complement  of  this  angle 
or  HOS  is  called  the  altitude  of  the  star  above  the  horizon, 
or  simply  the  altitude. 

26.  By  accurate  observations  repeated  in  different  direc- 
tions, the  surface  of  the  earth  has  been  proved  to  be  nearly 


spherical.  We  are  enabled  also  to  measure  very  exactly  the 
TariatioQ  of  tlie  earth's  curvature  from  thai  of  a  sphere,  but 
lltese  resuhs  suppose  operations  which  we  cannot  now  ex- 
plain. Our  object  has  been  to  prove  by  phenomena  that  the 
earth  is  rtmnd  and  insulated  in  space ;  for  the  knowledge  of 
these  important  truths  must  precede  the  very  idea  of  a  geo- 
metrical determination  of  its  curvature. 


Of  the  Transit  Instrument  or  Meridian   Telescope  and  the 
Mariner  of  using  it. 

27.  The  first  instrument  which  we  have  occasion  for  in 
astronomical  observations,  is  called  a  transit  instrument;  it  is 
used  to  note  the  passage  of  the  heavenly  bodies  over  the 
meridian  at  the  highest  or  the  lowest  point  of  the  circles 
which  they  describe.  It  consists  of  an  astronomical  telescope 
furnished  with  a  fi^ed  micrometer,  and  mounted  upon  a  Fig.  4 
nicely  formed  axis  at  right  angles  to  it.  This  axis,  remaining 
always  horizontal,  rests  at  its  extremities  in  two  sockets  per- 
fectly even,  and  set  in  two  bjocks  of  stone  of  a  size  and 
weight  sufficient  to  prevent  all  agitation. 

From  this  description  it  will  be  perceived  that  the  telescope 
of  the  transit  instniment  when  turned  about  on  its  horizontal 
axis,  describes  a  vertical  plane,  that  is,  a  plane  perpendicular 
to  the  plane  of  the  horizon ;  only  the  direction  of  this  vertical 
plane  will  be  different  according  to  the  points  of  the  horizon 
towards  which  the  axis  of  the  telescope  is  directed.  And  as 
all  the  planes  which  pass  through  the  vertical  are  necessarily 
vertical,  there  is  for  each  point  of  the  terrestrial  surface  an 
infinite  number  of  planes  which  possess  this  property. 

Now  in  which  of  these  directions  must  the  telescope  be 
placed,  so  that  the  heavenly  bodies,  carried  roiuid  by  the 
diurnal  motion,  may  be  seen  with  it  at  the  instant  of  passing 
their  highest  or  lowest  point  ?  As  all  these  bodies  seem  to 
have  one  common  motion,  it  will  be  sufficient  to  find  this 
position  for  one  of  them  only.  The  sun,  by  the  unequal 
length  of  the  shadows  which  he  casts  at  different  times  of  the 
day,  affords  us  a  means,  if  not  very  exact,  at  least  very  sim- 
ple, of  approximating  tliis  direction. 
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28,  To  make  these  observations,  we  place  upon  the  groui 
a  table  of  polished  stone  or  maible,  which  we  render  perfectly 
horizontal  by  means  of  a  spirit  level  placed  upon  it  in  diffep 
ent  directions.  In  this  we  fix  a  straight  stile,  making  it  ex 
actly  perpendicular  by  means  of  a  plumb  line.  This  e 
represents  the  vertical  of  the  place.  About  the  foot  of  it,  ■ 
a  centre,  we  describe  upon  this  horizontal  plane,  several  cob 
centric  circumferences,  whose  radii  are  taken  at  pleasure 
The  shadow  projected  by  the  stile,  in  the  morning  very  lon^ 
becomes  continually  shorter  and  sliorter  as  the  sun  rises  ;  il 
extremity  reaches  successively  the  ditferent  circumference 
which  have  been  described,  and  we  mark  exactly  the  point 
where  it  crosses  them.  When  the  sun  has  passed  its  greatest 
height,  it  begins  to  descend  towards  the  horizon,  and  the 
shadow  increases  again  by  the  same  degrees,  and  its  eztreinit| 
crosses  successively  the  different  circumferences,  in  a  contrar 
order  and  at  ditferent  points.  But  these  points  evidently  coi 
respond  to  heights  of  the  sun  respectively  equal  to  thoa 
belonging  to  the  points  on  the  other  side.  We  note  tboai 
with  care,  and  bisect  the  arc  of  each  circumference  compi 
hended  between  the  two  observations.  A  straight  line  d 
through  the  middle  points  of  these  arcs,  and  the  foot  of  tl 
stile,  determines  the  vertical  plane  in  which  the  sun  is  at  iti 
greatest  height.  This  plane  is  called  the  meridian,  and  t] 
straight  line  in  question  the  meridian  tine,  a  name  derived 
from  the  word  which  signifies  the  middle  of  ike  day,  because 
when  the  sun  reaches  this  plane  it  has  performed  half  the  arc 
which  it  describes  on  that  day  above  the  horizon. 

The  extremity  of  the  shadow  is  so  indistinct,  that  it  is 
always  difilcult  to  determine  it.  To  avoid  this  inconvenience, 
we  can  substitute  in  the  place  of  the  stile,  an  inclined  metaUie 
plate  with  a  round  hole  in  the  upper  end,  to  allow  the  stm's 
image  to  pass.  The  centre  of  this  image  can  be  more  exactly 
determined  than  the  extremity  of  the  stile's  shadow.  But 
then  the  concentric  circumferences  would  have  for  their  centifl 
the  foot  of  the  perpendicuJar  let  fall  from  the  centre  of  this 
^lertiue.  The  direction  of  the  lower  part  of  this  plat«  is 
then  altogether  immaterial.  Such  an  instrument  is  called  a 
gnomon. 

There  is  an  inaccuracy  in  these  methods,  arising  from  that 
proper  motion  of  the  sun  by  which  it  daily  advances  fioni 
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north  to  south,  or  from  ^iith  lo  north,  a  molion  whose  exist- 
ence has  always  been  recognised.  For,  in  consequence  of 
this  phenomenon,  the  arcs  which  the  sun  daily  describes 
above  the  horizon  are  not  strictly  parallel  to  those  which  it 
would  describe  by  the  diiimal  motion  simply.  But  as  this 
change  takes  place  very  gradually  and  slowly,  its  effects  are 
hardly  sensible  ui  the  interval  of  two  observations  mode  on 
the  same  day,  and  may  be  neglected  in  tlie  preceding  process, 
wliich  is  only  an  approximation,  especially  near  the  time  of 
the  sun's  reaching  the  point  of  greatest  departure  north  and 
south. 

29,  When  the  meridian  line  is  thus  drawn,  it  is  easy  to 
place  the  transit  instrument  by  means  of  two  plumb  lines  let 
fall  upon  this  line  from  the  two  extremities  of  the  telescope, 
one  passing  through  the  centre  of  the  object-glass,  the  other 
through  the  centre  of  the  eye-glass.  When  this  position  is 
found,  the  sockets  which  support  the  axis  are  firmly  fixed  in 
the  stone  pillars.  The  axis  is  rendered  horizontal  by  means 
of  a  spirit  level  which  is  attached  to  it ;  and  the  telescope  in 
turning  describes  the  plane  of  the  meridian,  so  far  as  we  are 
able  to  approximate  it  by  these  first  trials,  which,  as  will  be 
seen,  are  only  a  necessary  preparation  for  the  use  of  methods 
more  precise. 

30.  The  micrometer  of  the  transit  instrument,  or  meridian 
telescope,  (for  it  ia  called  by  both  names,)  should  be  placed  in 
such  a  manner  that  the  visual  ray  OCS,  which  passes  through  Fig.  b 
the  centre  of  the  wires,  may  be  exactly  perpendicular  to  the 
axis  of  rotation.  To  effect  this,  the  telescope  is  directed  to 
some  distant  object ;  we  observe  the  point  of  this  object  that 
corresponds  to  the  centre  of  the  wires  which  determines  the 
direction  of  the  visual  ray  OC ;  the  instrument  is  then  taken 

out  of  the  supports  and  inverted,  so  that  that  end  of  the  axis 
which  was  towards  the  west  will  be  east,  and  that  which 
was  east  will  be  west.  The  telescope  is  then  directed  to  the 
same  object ;  if  the  centre  of  the  wires  answer  lo  the  same 
Mint  S,  it  is  a  proof  that  the  instrument  is  properly  placed, 
Snd  that  the  visual  ray  passing  through  it  is  perpendicular  to 
<Uie  axis  of  rotation ;  but  if  this  centre  correspond  to  any 
other  point  5",  the  visual  ray  is  oblique  to  the  axis,  and  its 
deviation,  doubled  by  reversing  the  instrument,  will  have  for 
Astr&n.  3 
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its  measure  half  the  angle  SOI^,  formed  by  the  two  visual 
rays.  The  micrometer  is  to  be  moved  by  means  of  the 
adjusting  screw  so  far  that  the  centre  of  the  wires  shall  corre- 
spond to  the  middle  of  the  apparent  interval  of  the  two 
objects,  and  if  this  be  exactly  bisected  the  instrument  will  be 
rightly  placed.  But  in  case  of  a  small  error,  which  is  almost 
imavoidable,  we  go  over  the  process  again  with  this  new 
position  of  the  micrometer,  choosing  another  object,  or  if  we 
please,  directing  the  telescope  again  to  the  first  by  means  of 
the  adjusting  screws  of  the  supports.  If  this  second  trial 
indicate  any  deviation,  it  will  be  very  much  less  than  before, 
and  may  be  corrected  in  the  same  manner ;  in  this  way  the 
centre  "of  the  wires  may  be  placed  upon  the  visual  ray  per- 
pendicular to  the  axis  of  rotation. 

31.  We  have  not  yet  determined  the  direction  of  the  wires ; 
it  is  most  convenient  for  the  observation  of  transits,  to  have  a 
transverse  wire  i)erpendicular  to  the  plane  which  the  tele- 
scope describes ;  and  the  others,  generally  five  in  number, 
should  be  all  parallel  to  this  same  plane,  cutting  the  first  wire 
at  right  angles.  The  place  of  the  micrometer  in  the  tele- 
scope is  regulated  by  the  artist  in  such  a  manner  that  this 
disposition  of  the  wireS  takes  place  of  itself,  in  regulating  the 
optic  axis,  but  it  may  nevertheless  be  useful  to  verify  it,  and 
nothing  is  more  easy.  It  will  be  sufiicient  to  render  horizon- 
tal the  axis  of  rotation  by  means  of  its  spirit  level,  after  which, 
directing  the  telescope  to  some  fixed  object,  and  moving  it,  we 
observe  whether  those  points  of  the  object  which  are  behind 
the  wires,  depart  from  them  in  this  motion,  or  whether  they 
follow  them  without  sensible  deviation.  In  the  first  case  the 
wires  have  not  the  required  parallelism  ;  in  the  second  case, 
they  have  the  direction  sought  as  perfectly  as  is  necessary 
for  the  nicest  observations. 

32.  The  meridian  telescope,  being  thus  regulated,  describes 
a  vertical  plane,  which,  if  it  is  not  exactly  the  plane  of  the 
meridian,  difiers  very  little  firom  it.  Let  us  direct  it  to  the 
heavens  at  night,  and  begin  to  observe  the  stars  situated  to 
the  south.  A  star  enters  the  field  of  the  telescope  firom  the 
right.  We  bring  it  to  the  transverse  wire  of  the  micrometer  ; 
it  follows  the  wire,  and,  without  quitting  it,  traverses  succes- 
sively the  several  intervals  of  the  different  parallel  wires,  and 
after  a  few  seconds  leaves  the  telescope  on  the  left. 
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We  here  see  immediately  the  elfect  of  tlie  diiirnal  motion 
which  we  have  before  noticed  in  a  general  way.  The  ap- 
parent course  of  the  star  from  right  to  left  in  the  telescope, 
indicates  a  real  motion  from  left  to  right,  or  from  east  to  west ; 
for  astronomical  telescopes  reverse  the  objects,  Opi.203. 

Moreover,  the  continuance  of  the  star  uj>on  the  trajisversc 
wire  of  the  micrometer  shows  that  its  motion  is  sensibly  per- 
pendicular to  the  vertical  plane  which  the  telescope  describes. 
This  direction  is  therefore  horizontal ;  and  the  star  is  at  the 
highest  point  of  its  revolution. 

Nevertheless  we  are  not  to  give  to  this  conclusion  a  rigor 
too  absolute ;  it  will  be  sufficient  if  the  motion  of  the  star  is 
nearly  horizontal  to  make  it  appear  to  us  quite  so,  in  the  small 
interval  which  is  occupied  by  the  horizontal  wire  of  the 
micrometer. 

The  different  stars  situated  to  the  south,  and  whose  transits 
we  wish  to  observe,  present  themselves  in  the  same  maimer. 
The  meridian  determined  by  means  of  the  sun  answers  in 
like  manner  for  the  stars  also. 

We  now  turn  the  telescope  to  the  north,  towards  the  stars 
■which  do  not  set.  We  see  some  of  them  move  in  the  tele- 
scope from  left  to  right ;  these  are  the  highest ;  those  which 
are  lowest,  pass  from  right  to  left.  The  first  in  reality  move 
from  right  to  left,  or  from  east  to  west,  and  the  last  from  west 
to  east.  These  are  the  effects  of  their  circular  revolution  ;  the 
superior  stars  are  at  the  highest  point  of  their  course,  and  the 
inferior  at  the  lowest. 

Moreover,  we  shall  observe  a  very  great  difference  in  the 
rapidity  of  the  transits.  The  stars  situated  towards  the  south 
pass  much  more  rapidly  through  the  field  of  the  telescope  than 
those  which  are  found  to  the  north.  One  of  the  latter  espe- 
cially, has  so  slow  a  motion  that  dming  the  time  it  remains  in 
the  field  of  the  telescope,  the  transit  of  a  large  number  of  the 
southern  stars  might  be  observed. 

These  differences  evidently  indicate  that  the  general  motion 

Ee  stars  is  performed  about  an  axis,  one  of  whose  poles  is 
ted  in  the  north  part  of  the  heavens  ;  indeed  the  general 
;t  of  the  heavens  would  lead  to  such  a  conclusion. 
.  But  the  admirable  iuvenrion  of  penduliun  clocks  gives 
te  precise  measure  of  these  different  motions.     At  the  time 
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we  observe  the  transit  of  a  star  we  note  exactly  the  hour, 
minute,  second,  and  fraction  of  a  second,  by  the  clock,  when 
the  star  passes  each  wire. 

If  these  wires  are  at  equal  distances  (and  they  are  always 
intended  to  be  so  placed),  an  arithmetical  mean  between  the 
observed  epochs,  gives,  in  time  by  the  clocks  the  precise  in- 
stant at  which  the  star  passes  the  wire  at  the  middle  of  the 
micrometer.*  The  passage  is  determined  more  exactly  by  the 
five  observations  than  by  one,  because  it  is  probable,  in  all 
cases,  that  the  same  mistake  will  not  be  made  in  each,  but 
that  the  mistakes  would  be  on  different  sides;  so  that,  by 
uniting  the  five  results,  the  errors  would  very  probably  serve 
to  correct  each  other. 

If  the  intervals  of  the  wires  are  not  exactly  equal,  and  it 
is  very  difficult  to  avoid  making  some  mistake  in  this  particu- 
lar, the  arithmetical  mean  of  the  five  observations  will  not 
correspond  to  the  wire  at  the  middle  of  the  micrometer,  but  to 
a  line  which  will  be  extremely  near  the  truth.  This  will  con- 
stitute a  kind  of  ideal  wire  which  will  be  the  same  for  all  the 
stars,  and  no  very  considerable  inconvenience  will  result  from 
the  use  of  it,  so  long  as  we  do  not  derange  the  micrometer  ; 
an  indispensable  condition,  the  neglect  of  which  would  lead 
to  the  greatest  errors. 

Having  thus  learned  to  combine  the  indications  of  the  meri- 
dian telescope  with  the  measure  of  time  by  the  clock,  we  form 
by  means  of  the  two  instruments,  a  system  of  observations  in- 
volving principles  which  we  now  proceed  to  make  known. 


•  Let  T  be  the  time  the  star  passes  the  wire  at  the  middle  of  the 
micrometer,  t  the  time  employed  in  going  from  one  wire  to  another ; 

the  epochs  of  transit  for  the  five  successive  wires  will  be  T 2  t; 

T—t;  T;  T+Z;  T+2/;  the  mean  of  which  is  T. 
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34.  The  transit  instniment  being  thus  regulated,  if  we 
direct  it  for  several  successive  niglils  towards  the  same  star, 
and  note  each  time,  with  a  good  clock,  the  hour,  minute,  sec- 
ond, and  fraction  of  a  second,  at  which  the  transit  takes  place, 
we  shall  find  the  intervals  of  these  returns  to  be  perfectly 
equal.  This  result,  continually  verified  by  every  observer,  is 
the  foundation  of  astronomy. 

For  the  sake  of  an  example,  and  also  to  show  that  the  uni- 
formity which  is  here  supposed,  is  not  imaginary,  I  will  state 
the  following  transits  of  the  star,  called  o  arietis,  observed  by 
Arago  and  myself  in  the  small  island  near  the  desert  Formen- 
tera. 


Dates  of 

Tiroes  of  the  U-snsil  of 
a  Arietis  by  clock. 

Intemis  of  two  suc- 
cenive  tranaite. 

1807.  Dec.  24 

25 
26 
27 
28 
30 

1808.  Jan.    2 

5 
6 
9 

9i'42'  32,36" 
9  41  29,70 
9  40  26,72 
9  39  23,90 
9  38  21.38 
9  36  15.74 
9  33     7,68 
9  29  59,06 
9  28  55.88 
9  25  47,66 

23'' 58' 57,34" 
23  58  57,02 
23  58  57,18 
23  58  57,48 
23  58  67,18 
23  58  57,31* 
23  58  57,13 
23  68  56,82 
23  58  57,26 

The  intervals  of  these  transits  agree  so  nearly,  that  it  is 
very  natiual  to  suppose  them  exactly  equal,  and  to  attribute 
the  small  variations  here  noted  to  slight  irregularities  in  the 
clock,  or  to  errors  in  the  observations. 

36.  As  a  confirmation  of  the  above  position  it  may  be  ob- 
served, that  the  interval  between  two  successive  transits  is 

"  When  seyeral  days  pass  without  any  observation,  we  divide  the 
difference  of  time  by  the  number  of  diurnal  revolutions  which  have 
taken  place  in  the  interval.  For  esample,  from  the  30ih  of  Decem- 
ber to  the  Recond  of  Jonuary,  the  difference  of  time  is  71''  56'  51,94", 
which  divided  by  3,  gives  23''  58',  57,31 ",  for  the  mean  time  of  one 
diurnal  revolution. 
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constant,  not  for  one  star  only  but  for  all.  In  the  following 
table  are  the  transits  of  several  other  stars,  observed  in  like 
manner  at  Formentera,  and  with  the  same  instruments. 


Datof  of 

Timea  of  obMnred  train  it  by 

Intervals  of 

ObMnratiou. 

clock. 

transit. 

1808.  Jan.  10 

a  Arietis 

9»»24'  43,02' 

Aldebaran 

11  53  11,10 

/ 

Rigel 
p  Tauri 

12  33  37,92 

12  43    6,20 

a  Orionis 

12  59  21,30 

Jan.  11 

a  Arietis 

9  23  40,53 

23»»58'  57,51' 

Aldebaran 

11  52    8,34 

23  58  57,24 

Rigel 
/J  Tauri 

12  32  35,26 

23  58  57,34 

12  42    3,52 

23  58  57,32 

a  Orionis 

12  58  18,60    23  58  57,30 

36.  The  equality  of  these  intervals  takes  place  not  only  in 
the  plane  of  the  meridian,  but  also  in  all  other  vertical  planes. 
This  truth  is  confirmed  by  the  general  experience  of  all 
astronomers.  A  proof  of  it  may  also  be  seen  in  these  last 
observations  which  we  have  given ;  for,  when  they  were 
made,  the  instrument  was  purposely  placed  in  a  vertical  plane 
a  little  different  firom  that  in  which  it  was  before  situated. 

37.  Whatever  be  the  vertical  in  which  we  wish  to  observe 
these  phenomena,  it  is  necessary  that  the  wires  of  the  mi- 
crometer to  which  the  transits  are  referred,  should  be  exactly 
parallel  to  the  vertical  plane  which  the  telescope  describes. 
This  condition  is  necessary  in  order  to  avoid  the  effect  of 
refiraction,  which,  as  we  shall  soon  see,  increases  the  apparent 
altitudes  of  the  heavenly  bodies  above  the  horizon,  and  not 
always  to  the  same  degree ;  so  that  they  might,  on  this  ac- 
coimt,  be  brought  earlier  or  later  to  the  wires  of  the  microm- 
eter, if  they  were  inclined  to  the  horizon.   This  inconvenience 
will  not  exist,  if  the  wires  are  parallel  to  the  vertical  plane  of 
the  star;  for  then  the  instant  when  it  reaches  any  one  of 
them,  will  be  the  same  as  if  there  were  no  refraction,  the 
only  effect  of  which  i^  to  cause  it  to  pass  at  a  higher  or  lower 
point 

38.  We  ought,  in  the  mean  time,  to  state  that,  if  we  thus 
observe  a  star  situated  very  near  the  axis  of  diurnal  rotation, 
the  one,  for  example,  which  we  call  the  pole  star,  and  if  these 
observations  are  made  with  great  accuracy,  we   shall  find 
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between  the  consecutive  transits  some  appreciable  differences, 
which  may  sometimes  amoimt  to  half  a  second  of  time ; 
that  is,  to  about  tt^Vttt  of  the  duration  of  an  entire  revolu- 
tion. These  differences  are  produced  by  very  slight  changes 
which  take  place  in  the  apparent  position  of  all  the  heavenly 
l}odie8,  even  the  fixed  stars,  according  to  laws  of  which  we 
shall  speak  liereaAer ;  at  present  it  is  sufficient  to  say  thai  the 
cause  is  well  known,  and  the  amount  exactly  determined. 

30.  This  constant  equality  does  not  hold  with  respect  to 
those  heavenly  bodies  which  have  a  proper  motion,  such  as  the 
planets  and  comets ;  the  duration  of  their  diurnal  revolution 
is  longer  or  shorter  than  that  of  the  fixed  stars ;  longer,  if 
their  proper  motion  is  from  west  to  east,  in  a  direction  con- 
trary to  the  diurnal  motion  ;  shorter,  if  their  motion  is  from 
east  to  west.  It  will  be  perceived,  moreover,  that  these 
differences  ought  to  be  unequal  for  the  dififerent  planets,  ac- 
cording as  their  proper  motions  are  more  or  less  rapid ;  but 
however  smalt  these  differences  may  be,  if  tlie  observations 
are  continued  for  several  days,  they  will  so  accumulate  as  to 
become  perceptible ;  and  it  is  thus  that  we  distinguish  those 
heavenly  bodies  which  have  a  proper  motion  from  those 
which  have  not,  or  which  have  only  a  very  slight  one.  For 
tliere  is  not  a  star  in  the  heavens  in  which  a  proper  motion, 
nearly  imperceptible,  may  not  be  discovered  by  a  long  series 
of  observations.  But,  although  these  motions  are  continual, 
their  extreme  slowness  is  a  reason  for  distinguishing  them 
itam  other  proper  motions,  as  those  of  the  planets  and  comets, 
which  are  incomparably  more  rapid.  The  latter,  after  two 
days'  observations,  become  sensible ;  the  others  are  hardly 
recognised  after  intervals  of  a  month,  and  the  changes  which 
tey  produce  upmi  two  successive  returns  of  the  same  star,  or 
f  any  two  stars  compared  together,  cannot  be  directly  per- 
rved  by  any  means  whatever. 
140.  This  constant  equality  in  the  revolutions  of  the  fixed 

i  is  observed  in  all  countries  and  at  all  times,     In  sup- 
posing it  perfectly  exact,  and  it  is  natural  to  adopt  this  sup- 
pqsilion,  allowance    being    made   for   slight   inaccuracies  of 
obeervatioD,  it  affords  us  a  unit  of  time  as  perfect  as  can  be 
isLred ;  for  the  representative  of  this  unit  is  common  to  all 

I  of  the  earth,  and  is  always  present  to  observers,  and, 
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what  is  of  the  greatest  importance,  it  is  absolutely  unchange- 
able. This  point  is  established  by  theoretical  considerations, 
by  which  it  appears  that  there  has  been  no  appreciable  varia- 
tion from  the  time  of  the  ancient  astronomers  to  the  present. 

The  unit  of  time  then,  exactly  defined,  will  be  the  interval 
between  two  successive  returns  of  a  star  to  the  same  vertical 
plane,  corrected  for  precession,  aberration,  and  nutation,  of 
which  we  shall  speak  hereafter.  This  interval  is  called  a  si- 
dereal day,  and  is  divided  into  twenty-four  hours. 

41.  The  mathematical  connexion  which  we  have  been  able 
to  establish  between  all  the  results  of  the  celestial  motions, 
shows  that  the  sidereal  day  is,  by  its  nature,  one  of  the  most 
invariable  elements  of  the  solar  system.  In  order  to  conceive 
how  astronomers  have  been  able  thus  to  reduce  all  these  phe- 
nomena to  a  calculable  theory,  it  is  necessary  to  know  that  the 
motions  of  the  heavenly  bodies  are  subject  to  several  great 
general  laws,  which  were  made  evident  by  a  comparison  of 
observations,  and  which  are  susceptible  of  mathematical  cal- 
culation. They  are  called  Kepler'' s  laws,  because  they  were 
discovered  by  that  great  astronomer.  Guided  by  these  laws, 
Newton  was  able  to  determine  the  expression  for  the  mechan- 
ical forces,  which  are  necessary  to  give  rise  to  them.  He 
discovered  that,  in  order  to  produce  the  results  which  Kepler 
had  observed,  it  is  necessary  that  the  heavenly  bodies  should 
mutually  attract  each  other,  in  the  direct  ratio  of  their  masses, 
and  in  the  inverse  ratio  of  the  squares  of  their  distances. 
This  discovery,  the  most  important  that  has  ever  been  made 
in  the  sciences,  enables  us  to  calculate  a  priori  all  the  motions 
of  the  heavenly  bodies,  as  being  the  consequences  of  a  general 
law ;  and  the  results  of  calculation  are  always  found  to  cor- 
respond so  exactly  with  observation,  that  a  more  wonderful 
agreement  can  hardly  be  conceived.  Universal  attraction  * 
then  is  to  be  regarded  as  a  primary  fact,  more  exact  than  the 
observations  themselves,  and  we  are  induced  to  follow  out  its 
consequences  as  affording  a  clew  to  all  the  phenomena  of  the 
solar  system.  This  is  the  leading  object  to  which  the  ablest 
geometers,  Euler,  Lagrange,  and  Laplace,  have  directed  the 
labors  of  their  lives.  Laplace  has  combined  the  fruits  of  these 
researches  in  his  great  work  entitled  Mecanique  Celeste,  all 
the  celestial  phenomena  being  there  deduced  from  the  primary 


•  -Act  of  St  traction,  according  to  the  laws  of  mechanics.  The 
Game  author,  in  another  work  entitled  ETpasition  du  Systeme 
du  Mmtdv,  has  brought  together  all  the  results  demonstrated 
ill  the  Micanique  Celeste,  and  has  undertaken  to  develope 
their  relations  without  the  aid  of  calculation,  yet  always  by 
mathematical  reaEoning. 

42.  It  is  to  the  revolutions  of  the  fixed  stars,  as  a  unit  of 
time,  that  we  are  to  refer  all  astronomical  clocks.  If  we  thus 
consider  the  observations  of  arliclo  34,  we  shall  see  at  once 
that  the  clock  gives  less  thiin  twenty-four  hours  for  the  inter- 
val between  two  successive  returns  of  the  same  star,  or  a 
sidereal  day.  Thus  the  clock  loses  with  respect  to  sidereal 
time.  To  obtain  the  amount  of  this  loss,  it  will  be  sufficient 
to  take  the  difference  of  the  times  of  the  successive  transits  ; 
for,  if  the  clock  had  given  exactly  twenty-four  hours  for  a 
sidereal  day,  the  successive  transits  would  have  returned  al- 
ways at  the  same  hour,  minute,  &.c.  We  shall  thus  find  for 
the  daily  loss  the  following  values ; 


Datei. 

ihe  times 

oT  a  Afielii. 

or  daily  lou. 

1807.    Dec.  24 

0^42' 32,30" 

25 

9  41  29,70 

I'  2,66" 

26 

«  40  26,72 

1   2,98 

37 

9  39  23,90 

1    2,82 

28 

9  38  2I,:J8 

1    2.52 

30 

9  36  15,74 

1    9,82 

mean  of  2  days. 

1908.    Jan,    2 

9  33     7,08 

1    2,87 

mean  of  3  days. 

5 

9  29  59,06 

1   2,87 

mean  of  3  days. 

6 

9  28  55,88 

I    3,18 

9 

9  25  47,66 
Meaa  loe 

1    2,74 

mean  of  3  days. 

«    1'2,72" 

inau 

1 


Here  the  times  of  the  transits  are  earlier  each  day  than  the 
preceding,  since  there  is  less  than  twenty-four  hours  between 
two  transits.  It  would  be  the  reverse  if  there  were  more 
than  twenty-four  hours ;  and  the  time  of  each  successive 
isit  would  be  later.  The  sign  of  these  differences,  there- 
shows  whether  the  clock  loses  or  gains  with  respect  to 
,adereal  time,  the  differences  themselves  being  the  amoimt  of 
loss  or  gain. 

Astron.  4 
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By  taking  the  mean. of  all  the  preceding  observations,  the 
daily  loss  of  the  clock  in  a  sidereal  day  will  be  62,72''.  The 
variation  of  the  particular  results  from  this  mean  are  so  very 
inconsiderable,  that  we  ought  to  attribute  them  less  to  the 
clock  than  to  errors  of  observation. 

43.  The  consecutive  returns  of  a  star  to  the  same  vertical, 
will  thus  show  us  the  daily  average  rate  of  going  of  the  clock. 

The  successive  transits  of  different  stars,  show  whether  this 
rate  is  uniform ;  for,  in  this  case,  the  interval  of  these  transits, 
whatever  stars  be  taken,  are  equal  among  themselves. 

If  by  observations  of  this  kind,  we  note  carefully  the  general 
rate  of  gain  of  the  clock,  and  its  going  for  particular  intervals, 
it  is  evident  that  we  shall  be  able  to  judge  of  its  performance 
with  exactness,  and  infallibly  detect  the  smallest  irregularities. 
We  shall  see  hereafter  that  the  same  purpose  may  be  effected 
without  the  aid  of  the  transit  instrument. 

44.  From  what  has  been  said,  it  will  be  seen  that  the  con- 
stant revolution  of  the  stars  gives  us  a  unit  of  time,  and  that 
their  succession,  wliich  is  also  constant,  gives  us  the  parts  of 
this  unit.  All  clocks,  regulated  by  this  common  measure,  may 
be  compared  with  each  other,  whatever  be  their  rate  of  going ; 
and  we  can  always  substitute  for  them  an  ideal  clock  that 
shall  exactly  divide  the  sidereal  day  into  24  hours. 

Thus  far  we  have  the  transits  of  the  stars  observed  by  means 
of  the  meridian  telescope.  Indeed,  no  other  element  is  neces- 
sary in  determining  the  duration  of  the  sidereal  day,  and  the 
measure  of  time.  The  meridian  telescope  serves  also  for  ob- 
serving the  transits  of  all  the  heavenly  bodies ;  but  as  many  of 
them  exhibit  a  disc  of  a  sensible  extent,  the  transits  of  their 
centres  over  the  several  wires  of  the  micrometer,  are  not  so 
easily  determined  as  that  of  the  stars  which  appear  only  as 
points.  To  avoid  this  inconvenience,  we  observe  the  transit 
of  the  first  limb  of  the  disc  over  each  wire,  and  the  transit  of 
the  second  limb.  The  arithmetical  mean  between  these  two 
observations,  is  evidently  the  time  of  the  transit  of  the  centre. 
We  make  these  two  observations  for  each  of  the  wires  of  the 
micrometer,  and  the  arithmetical  mean  of  all  the  results  gives 
the  transit  of  the  centre  of  the  heavenly  body  over  the  middle 
wire.  In  the  case  of  the  sun,  we  must  place  before  the  eye  a 
colored  glass  to  diminish  the  intensity  of  the  light,  which, 
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'  Ctmcentraled  by  the  telescope,  would  be  liable  to  injure  the 
sight.  Ordinarily  the  colored  glass  is  fitted  to  the  tube  of 
the  telescope  containing  the  eye-glass,  to  avoid  the  inconven- 
ience of  holding  it  in  the  hand. 

In  night  observations  it  is  necessary  to  illuminate  the  wires 
■If  the  micrometer.  For  Ihe  feeble  light  of  the  stars,  whose 
'  Innsits  axe  to  be  observed,  is  not  sufficient  to  enable  us  readily 
to  distinguish  the  wires.  Sometimes  we  place  before  the  ob- 
ject-glass of  the  telescope  an  inclined  mirror,  perforated  in  the 
centre  to  allow  the  rays  of  the  stars  to  pass ;  and  which,  by  its 
obhquity,  reflects  into  the  telescope  the  light  of  a  lamp  prop- 
erly situated.  But  it  is  much  more  convenient  to  have  an 
opening  in  the  horizontal  axis  of  the  instrument,  and  to  place 
before  this  opening  a  lamp,  the  light  of  which  may  be  reflected 
upon  the  wires  of  the  micrometer,  by  means  of  a  small  plane 
mirror,  placed  obliquely  in  the  tube  of  the  telescope.  By  this 
means  the  light  is  always  in  a  right  direction,  whatever  be  the  Fig-  im- 
position of  the  telescope.  We  place  also  before  the  lamp  a 
prismatic  glass  whose  position,  variable  at  the  will  of  the 
observer,  enables  him  to  regulate  the  intensity  of  the  light 
by  the  variation  of  its  thickness. 


Exact   Determinalion   of  the   Meridian   by  the  Meaavre  of 
Time.  —  Axis  of  Rotation  of  the  Heavei\s, 

45.  The  transit  instrument  being  placed  in  a  vertical  plane 
Ba  above   explained,  and  the  clock   being  well  regulated   to 
liidereal  time,  if  a  superior  and  uiferior  transit  of  a  star  which 
l.does  not  set,  be  observed,  there  will  almost  infallibly  be  found 
k  difference  of  time  in  the  intervals  of  these  transits  ;  that  is, 
one  will  be  longer  and  the  other  shorter  than  a  semi-revolution 
of  the  heavens,  by  the   same  quantity.     Yet,  if  the  process 
which  we  have  described  be  exactly  followed,  in  placing  the 
I  instrument,  the  difference  of  the  intervals  of  the  transits  can- 
tot  be  very  considerable ;    it  would  amount  at  the  most  to 
lly  a  few  minutes  of  time.     But  it  is  easy  to  render  it  less 
J  altering  a  very  little  the  supports  of  the  axis,  so  as  to  turn 
e  telescope  s  little  towards  the  east  or  west,  in  the  direction 
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necessary  to  establish  the  equality.     This  alteration  of  thsj 
supports  is  not  made  with  the  hand,  but  with  a  screw  i'urnishBi 
with  a  graduated  dial  plate,  and  an  index  which  points  onl 
upon  this  dial  the  smallest  motion  which  can  bo  given  to  itj 
As  by  means  of  this  apparatus  the  supports  may  at  any  time  1 
be  moved  in  any  direction,  and  to  any  amount,  a  few  triaWJ 
will  be  sufficient  to  place  the  telescope  in  the  position  requuy  ^ 
ed.     Caie  should  be  taken  to  keep  the  axis  always  horizontal; 
this  is  done  by  means  of  a  regulating  screw,  by  which  the  sup- 
ports of  the  axis  are  elevated  or  depressed,  till  the  spirit  level 
shows  the  axis  to  be  perfectly  horizontal.     All  these  condi- 
tions being  fulfilled,  the  telescope  of  the  instrument,  or  t» 
speak  more  exactly,  the  centre  of  the  wires  of  the  micrometer, 
will  be  found  in  a  vertical  plane  which  will  divide  the  revolu- 
tion of  the  observed  star  into  two  parts,  corresponding  to  itt- 
lervals  of  time  perfectly  equal. 

But  it  is  also  found  that  this  bisection,  thus  determined  bf 
a  single  star,  is  the  same  for  all  those  stars  of  which  the  two 
opposite  transits  can  be  observed  ;  so  that  the  intervals  of  tha 
transits  over  the  centre  of  the  wu^s  is  twelve  hours  for  thea^ 
as  well  as  for  the  first.  This  result  is  the  same  in  whatevN 
part  of  the  earth  we  may  be  placed.  Consequently,  if  it  be 
supposed  that  the  rotatory  motion  of  the  heavens  is  uniform 
and  circular,  a  supposition  which,  as  we  shall  see  hereafter, 
is  fully  coniu-med  by  the  phenomena,  the  vertical  plane,  deter-' 
mined  in  this  mamier,  will  contain  the  axis  of  rotation  of  tha 
heavens  ;  for  it  is  only  with  respect  to  a  plane  drawn  through 
this  axis  that  the  equality  of  the  intervals  of  the  transits  can 
take  place. 

This  plane  is  the  meridian.  We  at  first  determined  it  by 
approximation  ;  but  it  is  now  fixed  with  all  the  precision  th^ 
can  be  desired  for  the  measure  of  time. 

46.  This  property  of  dividmg  the  revolution  of  the  stars  into, 
two  parts  of  equal  duration,  can  be  directly  verified  with 
respect  to  the  stars  which  do  not  set.  The  others,  if  we  sup-; 
pose  the  plane  of  the  meridian  indefinitely  produced,  make< 
their  inferior  transits  below  the  earth  whose  interposition  preq 
vents  our  observing  them.  Bui  in  following  their  couraQj 
above  the  horizon,  through  the  whole  extent  of  the  arcs  whichr 
they  describe,  we  discover  on  each  side  of  the  meridian  a^ 


symmetry,  a  correspondence,  which  evidently  shows  that 
the  second  transit,  though  it  canQot  be  seen,  actiialiy  takes 
place,  hke  that  for  stars  which  are  still  visible,  aAer  a  semi- 
revolution. 

One  very  simple  and  very  exact  proof  of  this  symmetry,  is, 
that  the  time  of  llie  transit  of  any  one  star  over  the  superior 
meridian,  as  observed  by  the  clock,  is  exactly  intermediate  be- 
tween the  times  when  the  star  is  at  the  same  height  above  the 
horizon  on  each  side. 

47.  The  meridian,  the  perpendicular  to  the  meridian,  and 
the  vertical,  form  at  each  place  on  the  surface  of  the  earth 
three  rectangular  axes,  to  which  all  points  in  space  may  be 
referred.  But  as  observations  in  astronomy  are  always  made 
by  means  of  angles,  we  make  use  of  angular  coordinates  in 
preference  to  rectilinear  coordinates. 

The  direction  of  a  visual  ray,  produced  to  any  object,  is 
determined  by  its  distance  from  the  zenith,  and  by  the  angle 
which  the  projection  of  tliis  ray  upon  the  horizon  forms  with 
the  meridian  line.  This  latter  angle  is  called  the  azimuth  of 
the  object.  It  is  reckoned  either  from  the  north  or  from  the 
south  point,  and  each  way  from  the  meridian.  So  also  the 
angle  formed  by  a  vertical  plane  with  the  plane  of  the  merid- 
ian, is  called  the  azimuth  of  the  vertical  plane.  It  is  readily 
seen  that  this  angle  is  equal  to  that  which  is  foraied  by  the 
horizontal  projection  of  the  meridian  and  tliat  of  tlie  vertical 
plane,  since  these  projections  are  always  perpendicular  to 
ihe  common  intersection  of  the  two  planes. 

48,  When  the  laws  of  the  diurnal  motion  are  known,  the 
azimuth  of  a  star  may  be  found  by  a  very  simple  calculation 
from  the  observation  of  its  altitude  and  the  time  which  elapses 
between  its  meridian  transit  and  its  arrival  at  the  vertical 
plane  in  which  it  is  observed.  The  azimuths  may  thus  be 
directly  measured  by  means  of  a  graduated  horizontal  circle 
upon  which  the  direction  of  the  meridian  is  determined. 

4y.  If  there  were  a  star  precisely  in  the  axis  of  rotation,  it 
would  appear  constantly  stationary  in  the  plane  of  the  me- 
ridian. Tlicre  is  none  seen  exactly  in  this  situation ;  but  we 
discover  a  conspicuous  one  in  Ihe  northern  part  of  the  heavens, 
whose  motion  is  so  very  slow,  and  the  changes  of  position  so 
inconsiderable,  that  they  can  hardly  be  perceived  without  the 
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aid  of  instraments.  This  star  is  therefore  not  far  from  the 
Fig.  7.  axis  of  rotation.  It  is  called  the  pole  star.  It  is  readily 
recognised  by  its  vicinity  to  the  Great  Bear,  which  contains 
seven  very  bright  stars,  four  being  disposed  nearly  in  a  square, 
while  the  other  three  form  a  kind  of  tail.  If,  through  the 
two  stars  of  the  square  the  farthest  from  the  tail,  we  conceive 
a  straight  line  to  be  drawn,  or  rather  a  visual  plane,  this  line 
or  plane  will  pass  very  near  the  pole  star,  which  is  designated 
by  P  in  the  figure. 

The  pole  star  terminates  another  group  composed  of  seven 
stars  similar  to  the  Great  Bear,  except  that  the  two  have 
opposite  positions  in  the  heavens.  This  is  called  the  lAttle 
Bear;  and  the  pole  star  is  the  brightest  of  the  collection. 
Among  the  diflFerent  groups  of  stars  which  are  observed  in  the 
heavens,  there  are  none  which  present  figures  Uke  these. 

We  propose  now  to  inquire  into  the  laws  of  the  diurnal 
motion ;  and  shall  first  endeavour  to  ascertain  the  axis  of 
revolution  of  the  heavens. 

60.  If,  by  the  diurnal  motion,  all  the  stars  describe  circles 
about  the  axis  of  rotation  of  the  heavens,  as  appearances  seem 
to  indicate,  an  observer  placed  precisely  upon  this  axis  would 
see  all  the  stars,  in  their  meridian  transits,  pass  equally  distant 
above  and  below  it ;  so  that  the  direction  of  the  axis  would  be 
exactly  in  the  middle  between  the  two  zenith  distances.  Let 
Fig.  8.  HZEP  be  the  plane  of  the  meridian  containing  the  axis  of 
rotation ;  HEP  its  projection  upon  the  plane  of  the  horizon, 
or  the  meridian  Une  ;  OZ  the  vertical ;  OS,  OS',  the  visual 
'  rays  drawn  from  the  observer  at  O  to  the  star  in  its  two  tran- 
sits ;  and  let  OP  be  the  direction  of  the  axis  of  rotation  which 
is  also  supposed  to  pass  through  the  eye  of  the  observer. 
This  being  supposed,  if  the  star  describe  a  circle  about  the 
axis  OP,  the  diameter  iSS"  of  this  circle  will  be  divided  by 
the  axis  at  the  point  P,  into  two  equal  parts,  and  the  angles 
POS,  POS',  the  one  above  and  the  other  below  this  axis, 
will  be  equal.  Whence  it  follows  that  the  angle  POZ,  or 
the  distance  of  the  axis  of  rotation  from  the  zenith,  will  be 
equal  to  the  half  srnn  of  the  zenith  distances  of  the  star 
at  its  two  meridian  transits,  or  what  amounts  to  the  same 
thing,  will  be  an  arithmetical  mean  between  these  two  dis- 
tances. 


Axis  o/M^al%on  of  tha  Heavens.  31 

51.  This  reasoning  will  apply  to  all  the  stars  whose  entire 
revolution  can  be  observed.  Thus,  in  comparing  their  supe- 
rior and  inferior  transits,  they  ought  all  to  give  the  same  mean 
result,  and  consequently  the  same  zenith  distance  to  the  axis 
of  rotation.  It  will  be  readily  seen  that  this  circumstance  is 
peculiar  to  the  position  of  the  ohserver  which  we  have  sup- 
posed. If  the  axis  of  rotation  did  not  pass  through  the  eye 
of  the  ohserver,  the  result  would  be  different,  and  the  half 
sum  of  the  zenith  distances  would  not  be  constant.  These 
distances,  observed  at  different  places  on  the  earth,  will  show 
whether  any  one  point  of  its  surface  is  situated  in  the  axis  of 
rotation  of  the  heavens. 

62.  It  is  very  remarkahle  that  these  results  are  not  peculiar 
to  any  one  place.  In  whatever  part  of  the  eartli  we  make 
the  observation,  and  many  places  have  been  used  for  this 
purpose,  the  same  agreement  is  constantly  found,  allowance 
being  made  for  small  errors  in  the  observations ;  the  axis  of 
rvtation  of  the  heavens  seems  always  to  pass  through  the  eye 
of  the  observer. 

53-  This  singular  appearance  can  be  explained  only  in 
one  way  -,  and  that  is,  by  supposing  that  the  axis  of  rotation 
of  the  heavens  passes  through  the  interior  of  the  earth ;  it 
being  admitted  at  the  same  time  that  the  dimensions  of  the 
earth,  compared  with  the  distance  of  the  stars,  are  almost 
infinitely  small.  Then,  indeed,  the  visual  rays,  drawn  from 
the  dilfereut  points  of  its  surface  to  the  same  star,  ought  to 
appear  parallel ;  or,  what  amounts  to  the  same  thing,  the 
earth,  as  seen  at  the  distance  of  the  stars,  woiUd  seem  but  a 
point. 

54.  This  result  is  confirmed  by  all  astronomical  phenomena. 
The  stars,  when  seen  through  powerful  telescopes,  those,  for 
instance,  which  magnify  200  times,  do  not  present  a  disc  of 
any  appreciable  extent.  They  appear  as  brilhant  points, 
exhibiting  no  sensible  difference  iu  their  apparent  magnitude, 
when  seen  as  if  they  were  200  times  nearer,  which  proves 
that  their  distance  is  immense.  The  disc  of  the  sun  and  that  of 
the  moon,  being  seen  in  the  same  manner,  appear  very  much 
larger  than  they  do  to  the  naked  eye,  especially  the  moon, 
npon  whose  surface  are  perceived  mountains  and  cavities. 
The  discs  of  the  planets,  likewise,  when  seen  through  a  tele- 
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scope,  are  considerably  enlarged,  and  some  of  them,  as  Mer- 
cury and  Venus,  present  phases  Uke  those  of  the  moon. 
These  bodies  are,  therefore,  very  much  nearer  to  us  than  the 
stars.  Also,  by  observing  them  in  different  parts  of  the  earth, 
we  discover  in  their  respective  positions  sensible  differences 
of  aspect  Thus,  when  the  sun  is  eclipsed  by  the  moon,  the 
eclipse  is  never  general  for  the  whole  earth,  as  it  ought  to  be 
if  the  sun  and  moon  were  at  an  infinite  distance.  There  are 
always  certain  places  where  the  entire  disc  of  the  sim  is  seen ; 
in  others  it  is  seen  partially  eclipsed,  as  by  the  interposition 
of  a  round  body  upon  one  portion  of  its  surface ;  in  others, 
it  is  seen  more  eclipsed,  according  as  we  approach  nearer  to 
the  straight  line  which  joins  the  centres  of  the  sun  and 
moon. 

65.  Observations  of  the  meridian  altitudes  of  circumpolar 
stars,  will  determine  the  distance  of  the  zenith  of  the  observer, 
from  the  axis  of  rotation  of  the  heavens,  the  complement  of 
which  distance  will  be  the  inclination  of  this  axis  to  the 
horizon  of  the  place,  or  the  altitude  of  the  pole.  And  as,  on 
account  of  the  roundness  of  the  earth,  the  plane  of  the  hori- 
zon of  each  place  takes  different  directions,  the  axis  of  rotation 
appears  differently  inclined  to  the  horizon  in  different  places. 

If  the  diurnal  motion  of  the  stars  be  really  circular  about 
this  axis,  there  ought  to  be  between  the  successive  positions 
of  the  same  star  above  the  horizon,  certain  geometrical  rela- 
tions depending  on  this  law.  And  this  is  what  actually  takes 
place  with  the  greatest  exactness,  as  we  shall  see  hereafter. 


JExa^  Determination  of  the  Laws  of  Diurnal  Motion.  — 
Proof  that  this  Motion  is  circular,  and  tliat  it  is  uniform. 
— Measure  of  Tim>e  by  Celestial  Arcs, 

Rg.  9.  66.  At  any  place  on  the  earth,  let  NEM  be  the  plane  of 
the  horizon,  NOMa.  meridian  line,  EO  a,  perpendicular  to 
the  meridian  line,  OZ  the  vertical ;  and  let  OP  be  the  axis 
of  rotation  of  the  heavens  passing  through  the  eye  of  the 
observer  at  O.  Produce  the  visual  ray  OS  to  any  star  S ; 
the  angle  POS,  formed  by  this  ray  with  the  axis  of  rotation, 
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is  called  the  polar  distance  of  the  star.  If  the  star  move  in  a 
circle  about  the  pole,  this  distance  will  be  invariable,  and  the 
angle  POS  will  remain  constant  in  every  situation  of  the 
star  above  the  horizon. 

67.  We  propose  to  find  this  angle  for  any  situation.  This 
is  easily  done  when  we  know  the  azimuth  of  the  star,  its  dis- 
tance from  the  zenith,  and  the  distance  of  the  zenith  from  the 
pole,  that  is,  the  angles  NOA,  ZOS,  and  ZOP.  It  consists 
simply  in  the  resolution  of  a  spherical  triangle.  For  if  from 
the  point  O  as  a  centre,  wc  suppose  a  sphere  to  be  formed 
whose  surface  cuts  the  axis  of  rotation,  the  visual  ray  and  the 
vertical,  in  the  points  P,  S,  and  Z ;  the  arcs  PZ,  ZS,  PS, 
which  join  these  points  upon  the  sphere,  will  constitute  a 
spherical  triangle  in  which  we  know  the  sides  ZP  and  ZS, 
or  the  distances  of  the  pole  and  the  star  from  the  zenith,  and 
the  angle  PZS^  formed  by  the  meridian  PZ  with  ZS,  the 
arc  of  a  vertical  circle  passing  through  the  star,  for  this  angle 
is  equal  to  the  azimuth  NOA  of  the  star  reckoned  from  the 
north.  With  these  data,  we  find  by  calculation  the  third  side 
PS,  or  the  polar  distance  of  the  star. 

5S.  In  performing  this  calculation  for  any  star  in  any  point 
whatever  of  its  course,  the  same  value  is  always  found  for  the 
polar  distance  PS ;  the  diurnal  molion  of  the  stars  about  the 
pole  is  therefore  ej:actly  circular. 

We  have  indeed  a  very  simple  verification  of  this  conclu- 
sion, in  the  fact  that  the  constant  value  in  question  is  pre^ 
cisely  the  polar  distance  of  the  star  when  observed  directly 
in  the  plane  of  the  meridian ;  for  then  the  vertical  plane  of 
the  star  is  the  meridian  itself  If  the  star  pass  the  meridian 
to  the  south  of  the  zenith,  the  angle  PZS  or  NOA  is  equal 
to  two  right  angles,  and  the  polar  distance  PS  is  the  sum  of 
the  zenith  distances  of  the  star  and  of  the  pole,  as  in  figure 
10 ;  if,  on  the  contrary,  the  star  pass  the  meridian  to  the 
north  of  the  zenith,  the  angie  NOA  is  nothing,  and  the  polar 
distance  is  the  difference  of  the  zenith  distances  of  the  star 
and  the  pole,  as  in  figure  8. 

69.  Having  thus  proved  that  the  diurnal  motion  is  exactly 
circular,  we  can  make  use  of  this  result  as  a  principle  or  a 
geometrical  condition  in  calculating  the  situation  of  a  star  at 
any  instant,  its  altitude  simply  being  observed  at  that  instant ; 

AalTon.  5 
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piavided  its  polar  distance,  as  observed  in  the  plane  of  the 
meridian,  is  known.  For  then  in  the  spherical  triangle  PZS^ 
we  know  the  three  sides  PZ^  PJS,  and  ZS,  the  zenith  dis- 
tance of  the  star  at  the  moment  of  observation.  We  can, 
therefore,  calculate  the  three  angles  of  this  triangle,  namely, 
PZS  or  NO  A,  the  azimuth  of  the  star,  and  the  angles  ZSP 
and  ZPS,  namely,  those  at  the  star  and  at  the  pole. 

60.  The  polar  distance  PS  of  each  star  being  constant 
during  the  whole  of  its  diurnal  revolution,  as  we  have  just 
shown,  it  follows  that  the  visiuil  ray  OS  extended  to  any  star, 
describes  in  its  diurnal  motion,  the  convex  surface  of  a  right 
cone  whose  base  is  a  circle,  formed  by  the  revolution  of  a  per- 
pendicular  let  fall  from  tlie  star  to  the  axi^  of  rotation  of  the 
heavens.  The  apex  of  this  cone  seems  to  be  situated  in  the 
eye  of  the  observer,  but  is  readily  referred  to  the  centre  of  the 
earth,  since  we  know  that  when  compared  with  the  distance 
of  the  stars,  the  dimensions  of  the  earth  are  insensible* 

61.  The  result  to  which  we  have  now  arrived,  indicates 
simply  a  geometrical  relation  among  the  visual  rays,  drawn  to 
the  same  star,  in  the  different  parts  of  its  diurnal  course,  but 
it  does  not  determine  any  thing  with  respect  to  the  distance 
of  the  stars  in  the  direction  of  these  rays.  We  are  left  then 
in  complete  uncertainty  as  to  this  point,  and  ought  conse- 
quently to  form  no  opinion  on  the  subject.  But  as  the  mind 
inclines  to  dwell  on  some  fixed  idea,  we  involuntarily  suppose 
all  the  stars  placed  at  a  great  distance  in  the  direction  of  the 
rays  by  which  they  are  seen ;  as  our  senses  afford  no  means 
of  comparison  by  which  we  are  able  to  infer  that  some  of 
them  are  farther  and  others  nearer,  we  unconsciously  suppose 
them  at  the  same  distance.  Hence  the  spectacle  of  the 
spherical  starry  vault,  so  beautiful  in  a  cahn,  clear  night  If, 
in  conformity  to  this  illusion,  we  conceive  a  plane  passing 
through  the  apparent  place  of  each  star  perpendicular  to  the 
axis  of  rotation  of  the  heavens,  the  star  in  its  diurnal  motion 
will  not  depart  fix)m  this  plane  ;  and  its  course  thus  projected 
upon  the  heavens,  will  be  the  circumference  of  a  circle.  In 
this  sense  it  may  be  said,  that  the  circles  which  the  stars  ap- 
pear to  describe  in  consequence  of  the  diurnal  motion,  are 
situated  in  planes  perpendicular  to  the  axis  of  rotation  of  the 
heavens. 


Exact  Determination  of  the  MeriMtn.  SS 

62.  Il  only  remains  to  ascertain  whether  ihe  circular  motioB 
in  qnestion  be  uniform  or  variable.  To  discover  this,  let 
S,  S',  S",  be  Ihe  svicceesive  positions  of  a  star  npoii  ils  circle,  P 
after  it  passes  Ihe  meridian  at  the  point  M.  The  arcs  MS, 
MS',  MS",  will  be  perpendicular  to  the  plane  of  the  merid- 
ian and  to  the  visual  planes  passing  at  each  instant  through 
the  star  and  the  axis  of  rotation.  The  angles  ZPS,  ZPS', 
ZPS",  formed  by  these  planes  with  the  plane  of  the  me- 
ridian, will  therefore  have  for  their  measitfe  the  arcs  MS, 
MS',  MS". 

The  values  of  these  angles  are  easily  found  by  means  of 
the  spherical  triangle  ZPS,  the  three  sides  of  which  are 
known.  By  performing  the  calculation,  the  angle  ZPS,  or 
the  angle  at  the  pole,  is  found  to  be  proportional  to  the  time 
elapsed  after  the  meridian  transit  of  the  star ;  so  that  the 
entire  circumference  is  to  the  number  of  degrees  contained  in 
this  angle,  or  in  the  arc  MS'  which  measures  it,  as  the  time 
of  an  entire  revolution,  or  a  sidereal  day,  to  the  time  elapsed 
after  the  meridian  transit.  Each  of  the  arcs  MS,  MS',  MS", 
is  therefore  described  by  the  star,  like  the  entire  circumfer- 
ence; that  is,  the  diurnal  motion  of  the  stars  is  tmiform 
tkrmighout  the  whole  extent  of  their  revolution. 

63.  This  truth  once  ascertained,  i^  may  be  used  as  a  prin- 
ciple or  a  geometrical  condition  in  finding  the  angle  ZPS  at 
Ihe  pole,  havuig  the  time  elapsed  from  the  star's  passing  the 
meridian,  without  recurring  to  an  observation  of  its  altitude. 
For,  let  Z)  be  a  sidereal  day,  and  (  the  interval  of  time  be- 
tween the  star's  passing  the  meridian  and  its  arriving  at  the 
place  proposed,  we  shall  have  the  value  of  P  by  the  formula 

^  =  360^^  jy  Reciprocally,  if  the  angle  at  the  pole  be  ob- 
tained from  an  observation  of  the  star's  altitude,  we  can  find 
the  time  ;  thus, 

^  64.  To  the  visual  planes  POS,  POS',  POS",  we  give  the 
name  of  horary  planes,  because  the  arcs  MS,  SS',  S'S", 
which  they  intercept  upon  the  diurnal  circle  of  the  star, 
iswer  to  hours  and  the  fractions  of  an  hour  into  which  the 
i  of  the  entire  revolution,  or  Ihe  sidereal  day,  i.i  divided. 
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For  example,  if  the  angles  of  the  horary  planes  be  16^,  they 
will  intercept  upon  the  diurnal  circle  of  the  star,  arcs  which 
are  equal  to  16^.  There  will  therefore  be  24  of  these  arcs 
in  the  entire  circumference,  since  24  X  16  is  equal  to  360  ; 
consequently,  each  of  these  will  be  described  by  the  star  in 
the  twenty-fourth  part  of  a  sidereal  day.  This  is  readily 
aeen  from  the  formula 

P  =  360^; 

for,  making  P  =  16^,  it  gives  <  =  sj* 

66.  Crenerally,  if  we  wish  to  represent  the  divisions  of  the 
day  by  the  angles  of  the  horary  planes,  or  by  the  arcs  which 
these  planes  intercept  upon  the  diurnal  circle  described  by 
the  star,  it  will  be  found  that  16°  answer  to  one  hour,  16'  of 
a  degree  to  one  minute  of  time,  and  16'^  of  a  degree  to  one 
second  of  time.  Thus  to  convert  any  number  of  degrees, 
minutes,  and  seconds  of  an  arc,  into  hours,  minutes,  and 
seconds  of  time,  we  divide  them  by  16.  On  the  contrary, 
to  convert  the  time  into  an  arc,  we  must  multiply  by  16. 

The  divisions  of  the  circle  and  of  the  day  having  this  con- 
nexion, they  may  be  represented  the  one  by  the  other,  so  that 
we  have  the  measure  of  a  celestial  arc  if  we  know  the  time 
in  which  it  is  described. 

Thus,  the  diurnal  arc  intercepted  between  the  meridian  and 
the  horary  plane  of  a  star,  or  which  amoimts  to  the  same 
thing,  the  angle  formed  by  the  plane  of  the  meridian  with  the 
horary  plane  of  a  star,  being  converted  into  time,  will  express 
the  hours  and  parts  of  an  hour  which  have  elapsed  from  the 
meridian  transit  of  the  star,  or  which  must  elapse  before  the 
transit.  It  is  for  this  reason  that  these  angles  are  called  ho- 
rary angles, 

66.  There  is  nothing  in  these  relations  which  determines 
the  time  at  which  the  horary  reckoning  is  commenced.  By 
general  consent,  we  begin  in  civil  reckoning  at  the  time  the 
sun  passes  the  inferior  meridian,  and  count  twenty-four  hours 
to  the  next  inferior  transit.  But  the  motion  of  the  sun 
being  subject  to  variation,  as  we  shall  see  hereafter,  this  sys- 
tem is  likewise  variable,  and  requires  some  modification  to 
render  it  applicable  to  astronomy.     Since  we  are  obliged  to 
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confine  ourselves  lo  sidereal  lime  till  we  have  explained  these 
inequalilieE,  we  may  always  talte  for  the  commencement  of 
sidereal  time  the  meridian  transit  of  a  known  star,  or  of  a  de- 
terminaie  point  in  the  heavens,  and  continue  to  count  the 
lurs  from  the  instant  of  this  transit. 


Of  the  Celestial  Sphere  and  its  principal  Circles. 


67.  The  different  questions  which  we  have  discussed  in  the 
last  section  will  be  found  to  depend  upon  the  soluiiou  of 
spherical  triangles.  It  is  the  same  with  all  which  have  for 
their  object  the  angles  fonned  by  the  visual  rays  extending 
from  the  eye  to  the  different  points  of  the  heavens,  if, 
about  the  observer,  considered  as  a  centre  of  celestial  motion, 
we  conceive  a  sphere  of  any  radius  whatever,  whose  surface 
cuts  perpendicularly  all  the  visual  rays  drawn  to  the  dif- 
ferent stars  or  otlier  heavenly  bodies,  the  points  of  intersection 
of  these  rays  being  united  by  arcs  of  great  circles,  spherical 
triangles  will  be  formed  upon  the  sphere.  The  different  parts 
of  these  triangles  being  calculated  and  coimected  together 
by  the  known  ratios  which  constitute  spherical  trigonometry, 
will  give  the  relative  situations  of  the  stars  thus  observed. 

68.  It  is  of  no  consequence  at  what  distance  the  visual  rays 
mtn  cut  by  this  sphere ;    the  Siune  relations  of  position  and 

magnitude  will  subsist  between  them.  We  may,  therefore, 
easily  conceive  it  to  be  described  with  an  immense  radius  ex-^ 
tending  beyond  all  the  stars,  and  we  may  in  imagination 
attach  them  to  the  concave  surface  of  tlus  same  sphere,  the 
centre  of  which  is  occupied  by  the  observer ;  this  construc- 
tion forms  what  is  called  by  astronomers  the  celestial  sphere. 

Kach  observer  being  placed  iii  the  centre  of  his  sphere, 
there  may  be  as  many  centres  as  there  are  points  upon  the 
terrestrial  surface ;  and  the  apparent  situations  of  the  stars, 
that  is,  the  points  of  the  celestial  sphere  to  which  they  are  re- 
ferred, ought  to  be  different  for  each  observer.  This  is  true  in 
fact  with  respect  to  most  of  those  heavenly  bodies  which 
hayp  a  proper  motion.  But  as  to  the  fixed  stars,  of  which  we 
~      Jit  first  particularly  to  treat,  since  all  the  visual  rays  leading 
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to  them  at  the  same  instant  from  all  points  of  the  earth  are 
considered  as  parallel,  it  follows  that  the  different  observers 
would  project  them  upon  these  spheres  in  points  exactly  cor- 
responding. Or,  which  amounts  to  the  same  thing,  if  we  give 
to  the  sphere  in  question  a  radius  so  large  that  the  radius  of 
the  earth  may  be  considered  as  nothing  in  comparison  with  it, 
and  the  earth  itself  be  considered  a  point,  there  will  be  but  one 
celestial  sphere  for  all  these  observers,  and  the  visual  rays 
drawn  from  their  eyes  to  one  and  the  same  star,  infinitely  dis- 
tant, must  be  considered  as  meeting  at  the  same  point  in  its 
surface.  But  if  these  visual  rays,  being  directed  to  a  heav- 
enly body  which  is  nearer,  make  among  themselves  sensible 
angles,  they  will  tend  to  different  points  upon  the  sm&ce  of 
the  celestial  sphere. 

69.  We  must  not  forget  that  the  spherical  form,  which  we 
here  suppose,  does  not  actually  exist  with  respect  to  the  abso- 
lute distances  of  the  different  heavenly  bodies.  They  may 
be,  and  are,  placed  at  very  unequal  distances.  The  celestial 
sphere  is  a  purely  geometrical  conception  intended  to  fix  our 
ideas  and  facilitate  our  reasoning,  whenever  we  wish  to  com- 
pare the  angles  formed  at  the  eye  of  the  observer  by  the 
different  visual  rays. 

70.  We  shall  now  present,  under  this  point  of  view,  the 
geometrical  constructions  which  we  make  use  of  in  fixing  the 
positions  of  the  heavenly  bodies. 

All  planes  passing  through  the  eye  of  the  observer,  pass 
through  the  centre  of  the  celestial  sphere ;  and  the  sections 
of  the  sphere  thus  formed  are  great  circles.  Such,  for  ex- 
ample, is  the  plane  of  the  horizon,  that  of  the  meridian,  and 
those  of  the  horary  and  vertical  circles.  The  visual  angles 
observed  in  these  planes,  are  measured  upon  the  great  circles 
which  result  fix)m  their  intersection  with  the  celestial  sphere  ; 
and  hence  the  arcs  may  be  substituted  for  the  angles  in  the 
course  of  reasoning  which  we  have  occasion  to  employ. 

Moreover,  all  the  circles  of  the  celestial  sphere  are  con- 
ceived to  be  divided  into  degrees,  minutes,  and  seconds,  and 
the  measure  of  the  visual  angles  is  indicated  by  means  of 
these  divisions.  If,  for  example,  the  visual  rays  extending 
to  two  stars  situated  in  the  meridian,  make  an  angle  of  10 
degrees,  we  say  that  they  are  found  in  the  meridian  at  10  de- 
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grees  distance  from  each  other,  ll  is  the  same  with  respect 
to  all  visual  angles.  Each  has  its  vertex  in  the  eye  of  the 
observer,  that  is,  iu  the  centre  of  the  celestial  sphere ;  they 
will,  therefore,  always  intercept,  upon  the  surface  of  the 
sphere,  arcs  of  great  circles  which  serve  to  measure  them, 
and  by  means  of  which  they  may  always  be  compared. 

71.  This  is  not  the  case  with  the  circles  which  the  stars 
describe  in  their  diurnal  motion.  These  have  all  their  centres 
situated  iu  the  axis  of  rotation  of  the  heavens,  but  not  in  the 
centre  of  the  celestial  sphere  ;  they  are  therefore  not  great 
circles.  Only  one  of  them  answers  to  this  character  j  it  is 
that  whose  pfatie,  always  perpendicular  to  the  axis  of  rota- 
tion of  the  heavens,  passes  at  the  same  time  through  the 
centre  of  the  celestial  sphere.  This  is  called  the  celestial 
equator,  and  its  plane  the  plane  of  the  equator.  It  is  so 
called  because  it  divides  the  celestial  sphere  into  two  sym- 
metrical portions,  relative  to  the  extent  of  the  circles  which 
the  stars  describe.  These  circles  have  a  less  radius  than  that 
of  the  celestial  sphere,  and  are  called  small  circles.  They 
are  called  celestial  parallels,  because  their  planes  being  per- 
pendicular to  the  axis  of  rotation  of  the  heavens,  are  parallel 
to  the  plane  of  the  equator. 

These  celestial  parallels  may  indeed  be  considered  as  re- 
sulting from  the  intersection  of  the  celestial  sphere,  and  the 
conical  surface  described  by  the  visual  ray,  directed  to  a  stai 
during  the  whole  of  its  revolution. 

72.  We  can  now  fix,  by  geometrical  data,  the  position  of 
the  plane  of  the  equator  and  that  of  the  parallels  which  we 
have  just  described. 

The  position  of  the  equator  is  determined  by  its  intersec- 
tion with  the  plane  of  the  horizon,  and  its  altitude,  that  is, 
the  angle  whtcti  it  makes  with  the  horizon.  Its  inleraection 
OO'  with  the  plane  of  the  horizon,  is  a  straight  line  perpen-  Fig.  is. 

tdicular  to  the  meridian. 
_.  It  is  scarcely  necessary  to  remark,  that  a  degree  of  a  parallel 
1^  not  equal  in  length  to  a  degree  of  the  equator,  or  of  a  great 
^jrcle  ;  still  the  art;  of  a  parallel  is  readily  compared  with  the  Tgp.  m. 
Inc  of  a  great  circle,  or  with  the  arc  of  another  parallel, 
73.    The  altitude  of  the  equator  above  the  horizon,  or  the 
angle  EOH,  is  the  complement  of  the  altitude  of  the  pole. 
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For,  the  angle  EOP  being  a  right  angle,  the  angles  HOE, 
POH',.Bie  together  equal  to  a  right  angle. 

74.  The  zenith  distances  and  azimuths  afford  the  means 
of  determining  the  positions  of  the  stars  at  any  place  upon 
the  earth ;  but  these  are  inconvenient  on  account  of  being 
different  in  different  coimtries.  For,  in  consequence  of  the 
roundness  of  the  earth,  the  planes  of  the  horizon  and  meridian, 
to  which  altitudes  and  azimuths  are  referred,  take  all  possible 
directions  in  space,  and  accordingly  the  positions  of  the 
heavenly  bodies,  thus  expressed,  do  not  admit  of  being  com- 
pared. The  equator  and  horary  planes  present  us  a  far  pref- 
erable system  of  coordinates,  since,  occupying  'a  determinate 
situation  in  the  heavens,  they  offer  to  astronomers,  situated 
upon  every  part  of  the  earth's  surface,  a  uniform  means  of 
expressing  the  results  of  their  observations. 

76.  To  determine,  then,  the  situation  of  any  star  upon  the 
celestial  sphere,  it  is  sufficient  to  know  the  horary  plane  or 
horary  circle  in  which  it  is  found,  and  its  position  upon  that 
circle  or  in  that  plane.  The  whole  is,  therefore,  reduced  to 
determining  these  two  elements. 

The  position  of  the  star  upon  its  horary  circle,  is  deter- 
mined when  its  polar  distance  is  known,  or  its  complement, 
that  is,  its  distance  from  the  eqiuitor,  which  is  called  the 
declination ;  for  this  reason  the  horary  circles  are  called  circles 
of  declination. 

The  position  of  the  horary  plane  is  determined  by  the 
angle  which  it  makes  with  a  known  horary  plane,  assumed 
at  pleasure,  and  which  is  supposed  to  be  fixed.  This,  for 
example,  may  pass  through  any  star  that  shall  be  designated. 
If  we  suppose  several  horary  planes  to  be  drawn  through 
different  stars,  they  will  make  greater  or  less  angles  with  the 
first.  Each  of  these  will,  therefore,  be  distinguished  by  the 
angle  which  is  peculiar  to  it,  and  which  has  for  its  measure 
the  ark  of  the  equator  comprehended  between  it  and  the  first 
horary  plane.  This  arc  is  called  the  right  ascension.  It  is 
determined  by  observing  the  time  which  elapses  between  the 
passage  of  the  star  in  question  over  the  meridian,  and  that  of 
the  horary  plane  fix)m  which  right  ascension  is  reckoned. 
This  time,  converted  into  degrees,  is  the  right  ascension  of 
the  star ;  it  is  coimted  always  from  west  to  east,  and  from 
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jero  to  an  entire  circumfereuce.     The  declination  is  reckoned 

lom  zero  to  9(S°,  and  is  called  northern  or  southern,  accord- 

s  the  star  is  iiortli  or  south  of  the  equator. 

,  When  these  two  coordinates,  the  right  ascension  and 

"declination,  are  known,  we  can  find  by  trigonometry  all  the 

relations  of  position   and  distance  which   exist   among   the 

points  to  which  they  are  referred. 

For  example,  if  we  would  know  the  arc  which  measures 
the  distance  between  two  stars,  we  find,  by  means  of  their 
declinations,  their  distances  from  the  same  pole.  We  then 
lake  the  difference  of  their  right  ascension ;  this  will  be  the 
angle  comprehended  between  the  horary  planes  in  which 
they  are  found.  Thus,  the  two  polar  distances  and  the  arc 
which  joins  the  stars,  will  form  a  triangle  of  which  we  know 
two  sides  and  the  included  angle.  The  third  side  is  easily 
calculated.  The  distance  of  two  stars  may  also  be  calculated 
torn  their  polar  distances  and  their  azimuths. 

77.  The  point  of  the  equator,  from  which  right  ascension 
is  reckoned,  depends  upon  the  motion  of  the  sun,  or  rather 
upon  its  situation  at  some  determinate  epoch  ;  for  it  is  to  the 
sun,  as  the  natural  regulator  of  days,  years,  and  ages,  thai 
astronomers  refer  all  their  observations.  But  this  choice, 
purely  arbitrary,  does  not  in  the  least  affect  the  relative 
situations  of  the  heavenly  bodies;  it  has  no  influence  on 
their  declination,  or  the  difference  of  their  right  ascension. 
Il  determines  only  the  absolute  right  ascension.  It  ought  not, 
therefore,  to  occasion  any  change  in  the  laws  of  their  motion 
as  deduced  fi^om  their  relative  situations  at  different  times. 
Accordingly,  until  we  have  the  data  by  which  this  origin  is 
fixed,  we  may  suppose  the  right  ascensions  of  all  the  heavenly 
bodies  to  be  referred  to  one,  as  to  a  fixed  and  determinate 
origin. 

78.  By  observing  the  meridian  transits  of  the  stars,  and 
measuring  their  meridian  zenith  distances,  their  right  ascen- 
sions and  declinations  are  determined.  Tables  may  therefore 
be  constructed,  showing  the  situation  of  all  the  stars  thus 
observed,  and  the  order  in  which  they  succeed  each  other  in 
their  transits.     These  are  called  ralalogiies  of  the  stars. 

179.  The  right  ascension  of  all  the  stars  being  determined 
(ilively  to  one  of  them,  in  the  above  manner,  if  we  wish 
Astron.  6 
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to  refer  thera  to  that  point  of  the  equator  upon  wluch  astrou- 
omcrs  have  agreed  as  tlic  origin,  it  will  be  suiScient  to  know 
the  difference  of  right  ascension  between  this  point  and 
star ;  this  difference  added  to  the  relative  right  ascension 
the  several  stars,  will  give  their  absolute  right  ascension. 
For  example,  it  is  sufficient  to  know  that,  on  the  first  of 
January,  1810,  this  point  of  tho  equator  passed  the  meridian 
!*•  56'  29,53"  before  the  star  a  arielis,  or  in  other  words,  that 
the  true  right  ascension  of  this  star,  at  this  instant,  expressed 
in  sidereal  time,  was  l""  56'  29,53",  or  29"^  7'  22,96" ;  we  say 
at  ttiis  instant,  because  the  precession,  nutation,  and  abena- 
tiou  render  the  right  ascension  variable. 

80.  That  point  which  is  the  origin  of  right  ascension,  is 
also  the  origin  of  sidereal  time  ;  that  is,  the  time  is  reckoned 
zero  when  this  point  is  on  the  meridian.  It  is  generally  de- 
signated by  the  sign  T,  the  characteristic  of  the  constellati(Mi 
aries.     Tliis  will  be  explained  hereafter. 

81.  From  these  definitions,  nothing  is  easier  than  to  find 
for  any  instant  the  sidereal  time  in  any  place  where  the  alti- 
tude of  the  pole  is  known.  It  will  be  sufficient  for  this  purpose, 
to  observe  the  zenith  distance  of  any  known  star,  and  to 
calculate  its  horary  angle,  which  we  suppose  to  be  reckoned 
from  the  superior  meridian  in  the  direction  of  the  diunui 
motion  fl-om  0  to  360°.  By  adding  this  angle  to  the  right 
ascension  of  the  star,  and  subtracting  an  entire  circumference^ 
if  there  be  one,  the  remainder,  converted  into  time,  will  e: 
the  distance  from  the  meridian  to  the  point  in  the  heavenU 
which  is  assumed  as  the  origin,  that  is,  the  sidereal  time.* 

Fig.  11.      "  Let  MTHI'  be  ihe  et|uator;  M3F  the  projcctiou  of  the  plu 
of  the  meridian  ;  OS  the  projection  of  the  meridian  of  the  stirf^ 
fS  will  be  the  right  asceusion,  which  we  call  A,  and  MS  wi 
of  the  equator  corresponding  lo  the  observed  horary  i 


which   we   call  P ;    adding   these   arcs, 
This  sum,  converted  into  sidereaJ  time, 
taoce  from  f  to  Ihe  meridian.     We  hi 
to  reject,  as  we  should  have  had,  if  the 
side  of  the  meridian,  at  iS*,  for  example ;  in  this  casi 
MSMS!  =  P.  <tMS  =  A';  consequently,  P- -\- A' =  360— MS 
fMS;  and  by  subtracting  360°,  the  remainder  will  be   fM9 
MS,  or  TM,  as  before.     The  formula  will  ^ply  in  either  quadrant 
s  are  always  counted  in  the  same  direction  from  0  to  360°. 


P  +  A  =  MrA 
give  therefore  the  di*. 
0  entire  circumference 
had  been  on  the  other 
lis  case  we  should  hw% 
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Terrestrial  Equator.  —  Meridians  and  Parallels.  —  Differ- 
ent Aspects  of  the  Celestial  Sphere  above  the  Horizon  of 
different  Countries. 

^82.  The  principal  circles  of  the  celestial  sphere  being  de- 
'teed,  and  their  respective  positions  detennined,  the  aspect, 
nnder  which  they  ore  presented  to  ohservers,  depends  upon 
the  inclination  of  the  horizon  of  different  countries,  and 
conseqiienily  upon  its  direction  in  space;  moreover,  this  last 
pardctilar  depends  upon  the  curvature  of  the  terrestrial  snr- 
face.  On  this  account  it  is  important  to  consider  the  variable 
situation  of  the  celestial  sphere. 

This  application  of  our  resulta  is  general,  whatever  be  the 
figure  of  the  earth  ;  but  it  is  so  much  simplified  by  consider- 
ing the  earth  as  spherical,  that  we  shall  begin  our  explanation 
upon  this  supposition. 

As  we  have  perceived  that  the  form  of  the  earth  is  convex 
in  all  directions,  we  may  always  regard  it  as  nearly  spherical. 
We  axe  confirmed  in  this  conclusion  by  observing  the  horizon 
of  the  sea  from  a  mountain  or  any  other  elevated  situation  j 
its  depression  is  always  found  to  be  the  same  on  all  sides,  in 
whatever  country  it  is  observed.  This  is  peculiar  to  a  spheri- 
cal curvature,  since  it  is  only  a  sphere  that  can  thus  be  touched 
on  all  sides  by  the  surface  of  a  right  cone  having  a  circular 
base  ;  which  surface  would  be  formed  by  the  visual  rays 
extending  lo  the  different  points  of  the  horizon  from  any 
elevated  station.  The  horizon  of  the  sea  is  particularly  favor- 
able, on  account  of  the  uniformity  of  its  snrface,  being  inter- 
rupted by  no  inequalities,  an  advantage  which  the  land  does 
not  afford.  But  even  in  the  latter  case,  also,  there  seems  to  be 
an  equal  depression  in  every  direction,  especially  when  one  is 
elevated  to  a  great  height ;  for  then  the  distant  mountains 
which  border  the  horizon,  cause  only  small  undulations,  that 
do  not  prevent  our  recognising  the  sphericity  of  the  curvature. 
And  though  this  observation  cannot  be  considered  as  strictly 
rigorous,  on  account  of  the  small  estent  which  the  visual  rays 
embrace,  yet  it  is  sufficient  for  a  first  approximation,  or  rather 

r  a  first  enunciation  ;  since,  after  having  established  what 
mid  take  place,  if  the  earth  were  spherical,  we  shall  proceed 
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to  determine,  in  general,  the  results  which  must  take  place, 
whatever  be  its  curvature. 

83.  If  the  earth  be  sjiherical,  its  centre  may  be  regarded 
as  the  centre  of  the  celestial  sphere  ;  for,  from  what  we  haTe 
already  observed  with  respect  to  the  immense  distance  of  the 
stars,  the  centre  of  that  sphere  may  be  supposed  to  be  placed 
at  any  point  whatever  of  the  earth.  Then,  an  observer  at  the 
very  centre  of  the  earth  would  see  all  its  points  projected 
upon  the  surface  of  the  celestial  sphere,  each' following  its 
vertical ;  and  the  geometric  divisions  which  we  have  just 
traced  upon  this  sphere,  would  apply  also  lo  the  terrestrial 
surface.  We  shall  begin,  therefore,  by  developing]  these  rela- 
tions upon  the  hypothesis  that  the  earth  is  a  sphere. 

In  this  case,  the  plane  of  the  equator  and  that  of  the  merid- 
ian being  drawn  through  the  centre  of  the  celestial  sphere, 
which  is  here  that  of  the  earth,  will  cut  the  terrestrial  surface, 
forming  great  circles  to  which  we  have  given  names  analogous 
to  those  which  correspond  to  them  in  the  heavens.  The  in- 
tersection of  the  surface  of  the  earth  by  the  plane  of  the  equa- 
tor, is  called  the  terrestrial  equator.  The  axis  of  rotation  of 
the  heavens,  considered  in  this  relation,  is  called  tke  axis  of 
the  earth;  it  passes  through  the  earth's  centre,  and  the  two 
opposite  points  where  it  meets  the  surface,  are  called  the  polei 
of  tke  earth.  Finally,  the  intersection  of  this  same  surface  by 
the  horary  planes,  gives  the  terrestrial  meridians,  or  simply 
the  meridians ;  which  cut  each  other  at  the  poles,  since  thejT 
all  pass  through  the  axis  of  rotation. 

84.  The  earth  is  so  small  that  two  planes  which  touch  it  t 
its  two  poles,  and  which  are  parallel  to  the  equator,  woul 
pass  through  the  same  stars,  and  meet  the  celestial  sphere  i 
the  equator  itself;  or  at  least  the  are,  intercepted  by  thenr 
upon  this  sphere,  as  seen  from  the  earth,  would  be  too  small  trf 
be  perceived.  The  planes  of  the  celestial  parallels,  whicl 
intercept  considerable  arcs  jipon  the  celestial  sphere  on  eithai! 
side  of  the  equator,  will  not,  therefore,  cut  the  surface  of  thil 
earth ;  they  will  pass  infinitely  without  it.  But  if  we  imaging 
cones  which  have  tlieir  common  vertex  at  the  centre  of  thtf 
earth,  and  for  their  basis  the  different  celestial  parallel^ 
these  cones  will  cut  the  surface  of  the  earth,  considered  ) 
spherical,  in  cm;les  whose  planes  will   be  parallel   to  that  dC 


the  equator,  and  for  this  reason  they  are  called  terrestrial 
parallels. 

S5.  These  different  paiailels  may  therefore  be  classed  and 
distinguished  from  each  other,  according  to  the  celestial 
parallels  to  wliicli  they  correspond  ;  or,  what  amounts  to  the 
same  thing,  according  to  the  angle  which  their  vertical  makes 
with  the  plane  of  the  celestial  equator.  This  angle  is  called 
the  latitude  of  the  parallel. 

In  figure  15,  ZO  is  the  vertical  at  the  point  O  upon  the 
parallel  00'.  The  line  OE  being  supposed  to  he  parallel  to 
the  eqnator,  the  angle  ZOB,  or  its  equal  ZNE,  is  the  lati- 
tude of  the  point  6,  If  the  earth  be  spherical,  the  vertical 
ZO  passes  through  the  centre,  for  all  the  verticals  will  meet 
in  this  point.  But  this  circumstance  is  peculiar  to  a  spherical 
figure.  Whatever  be  the  form  of  the  earth,  the  latitude  is 
nothing  at  the  equator,  since  the  vertical  will  be  found  in  the 
plane  of  the  celestial  equator,  if  the  earth  be  spherical,  or 
parallel  to  this  plane,  let  the  figiue  be  what  it  may.  At  the 
pole,  the  latitude  is  equal  to  90°,  because  there  the  vertical 
CP  is  parallel  to  the  axis  of  rotation.  The  latitude  varies 
between  these  limits  from  0°  to  90'^. 

86.  To  find  the  latitude  of  a  place,  it  is  sufficient  to 
measure  the  altitude  of  the  pole  above  the  horizon.  Let  P 
be  the  pole,  OH  the  horizon,  perpendicular  to  the  vertical, 
and  OE  a  [straight  line,  parallel  to  the  equator,  and  drawn  in 
the  plane  of  the  meridian  POZ.  The  angles  EOP,  ZOH, 
are  equal,  each  beuig  a  right  angle.  Taking  away  the  com- 
mon part  ZOP,  there  remains  EOZ  equal  POH;  that  is, 
generally,  the  latitude  of  a  place  is  equal  to  the  altitude  of  the 
pole  above  the  horizmi. 

87.  The  north  pole  of  the  earth  is  situated  in  the  icy  sea 
between  northern  Kussia  and  Greenland.  The  south  pole  is 
opposite  to  it  beyond  New  Holland.  They  are  both  sur- 
rounded with  ice,  which  has  hitherto  baffled  all  attempts  to 
reach  them. 

The  places  which  lie  in  the  equator  are  better  known. 
This  circle  cuts  the  island  of  St.  Thomas  in  the  Gulf  of 
Guinea,  crosses  Africa,  passes  through  Sumatra,  Borneo,  and 
the  north  part  of  New  Guinea  ;  thence  it  traverses  the  Pacific 
Ocean  to  Peru,  over  South  America  through  the  month  of 
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the  river  Amazons,  and  crosses  the  Atlantic  Ocean  to  the  place 
first  mentioned. 

88.  The  axis  of  the  earth,  which  is  that  of  the  diurnal 
motion,  being  differently  inclined  to  the  horizon  in  different 
countiieSi  there  hence  results  a  remarkable  difference  of  ap- 
pearance in  the  general  motion  of  the  stars,  which,  fiom 
what  has  been  said,  may  be  easily  foreseen. 

At  the  equator,  for  example,  those  stars  which  are  in  front 
of  an  observer  facing  the  east,  will  rise  vertically  in  the 
heavens,  pass  his  zenith,  and  set  directly  behind  him.  The 
arcs  which  they  describe  will  all  be  in  the  same  plane,  per- 
pendicular to  the  horizon ;  this  plane  is  that  of  the  equator. 

The  stars  situated  on  the  right  and  left  will  move  in  cir- 
cles parallel  to  the  equator.  They  will  therefore  describe 
circles  of  the  -celestial  sphere,  but  small  circles,  since  their 
planes  do  not  pass  through  the  centre  of  the  sphere.  The 
magnitude  of  these  circles  is  less  as  they  are  farther  firom  the 
equator.  The  stars,  therefore,  which  describe  these  small 
circles  do  not  rise  so  high  above  the  horizon.  Finally, 
towards  the  south  and  towards  the  north,  are  stars  discovered 
which  describe  arcs  so  small  that  their  motion  is  hardly  sen- 
sible; and  the  points  of  the  heavens  where  they  are  seen, 
appear  to  remain  at  rest  amid  the  general  motion.  These 
are  the  celestial  poles. 

89.  Such  are  the  phenomena  which  the  motion  of  the 
heavens  presents  to  an  observer  at  the  equator.  But  in  most 
parts  of  the  civilized  world  the  appearances  are  different,  as 
will  be  readily  seen ;  for,  by  changing  our  place  on  the  earth, 
the  direction  of  our  horizon  is  changed,  and  we  have  our 
zenith  successively  at  different  points  in  the  heavens.  Under 
the  equator  the  observer  sees  the  two  poles.  He  ceases  to 
see  both  upon  advancing  towards  the  north  or  south.  If  he 
travel  towards  the  north,  for  example,  his  zenith  approaches 
the  north  pole,  and  recedes  from  the  south  pole,  which  sinks 
beneath  the  horizon,  and  is  hidden  by  the  convexity  of  the 
earth.  By  continuing  his  progress  towards  the  north,  the 
stars  which  surround  the  south  pole,  decline  by  degrees,  and 
become  invisible.  The  other  pole,  on  the  contrary,  rises  by 
the  same  degrees  above  the  horizon,  and  the  stars  which  sur- 
round it  are  more  and  more  elevated,  till  the  entire  circles 


Ich  they  describe  appear  above  llie  horizoa.     Thus  these 
B  will  not  set ;  mid  were  it  not  for  the  loo  great  light  of 

the  sun,  they  would  be  constantly  visible.     The  phenomena 

are  reversed  if  we  travel  towards  the  south. 

90.  These  diflerent  appearances  have  suggested  to  astron- 
omers different  denominations  for  designating  the  dilferent 
countries,  from  the  position  of  the  celestial  sphere  in  relation 
to  the  horizon,  A  country  is  said  to  be  in  a  right,  an  oblique, 
or  a  parallel  sphere,  according  as  the  celestial  equator  is 
perpendicular,  oblique,  or  parallel  to  the  plane  of  the  horizon. 
The  first  takes  place  at  the  lerresuial  equator,  the  last  at  the 
poles,  and  the  other  in  every  other  part  of  the  earth. 

91.  The  altitude  of  the  pole  above  the  horizon  is  always 
tlie  same  at  any  given  place.  The  earth's  axis  and  equator, 
therefore,  answer  always  to  the  same  points  of  its  surface.  ' 
But  they  answer  successively  to  different  points  of  the  sphere 
of  the  fixed  stars.  The  star  which  is  situated  at  the  extrem- 
ity of  the  Little  Bear,  and  which  is  called  the  pole  star, 
because  it  is  in  ibc  vicinity  of  the  pole,  was  very  far  from  it 
in  the  time  of  Hipparcbus,  about  2000  years  ago.  Jt  gradu- 
ally approaches  during  a  long  period,  and  will  at  length  recede 
in  the  same  manner.  In  consequence  of  this  cliange,  the 
stars,  situated  in  the  celestial  equator,  recede  Jrom  it,  and 
others  are  brought  into  their  place.  In  the  mean  time  the 
altitude  of  the  pole  above  the  horizon  remains  the  same. 
This  progressive  motion  is  one  of  those  which  we  have 
already  indicated  as  altering  the  positions  of  all  the  stars.  It 
is  called  the  precession ;  we  shall  determine  the  laws  of  this 
motion  hereafter. 


In1 


'\nalion  of  the  Figure  of  the  Earth  ajid  its  Mag- 
nitude. 


,  In  the  preceding  sections,  we  have  recognised  and  es- 
lafclished  the  convexity  of  the  earth  ;  we  are  now  to  inquire 
how  the  form  of  its  curvature  can  be  exactly  determined. 
This  problem  would  seem  at  first  view  to  bo  very  difiiciUt, 
I,  in  some  respects,  incapable  of  solution  when  we  consider 


I 
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the  irregularities  of  the  terreBtrial  surface,  intersected  bs  it  is 
by  so  many  rivers,  moiintaiiis,  aud  valleys.  But  these  varia- 
tions, which  to  lis  appear  so  great,  are  in  fact  extremely  small, 
aud  as  nothing  in  comparison  with  ihc  entire  dimensions  of 
the  earth.  We  shall  hy  and  by  see  a  mathematical  proof  of 
this  tnilh ;  we  shall  here  confine  ourselves  to  the  physical 
considerations  which  render  it  sensible. 

We  remark,  in  the  first  place,  that  the  figure  of  the  habi- 
table earth  differs  little  from  that  of  the  waters  of  the  ocean, 
and  is  only  a  kind  of  continuation  of  the  same  surface.  We 
have  in  fact  already  shown  that  the  surface  of  continents  ii 
convex.  This  is  evident  from  the  progressive  manner  ia 
which  daylight  advances.  It  is  also  perceived  by  the  ajK 
parent  elevation  and  depression  of  the  stars,  as  we  approach 
the  north  or  south.  But  continents  are  surrounded  on  ^ 
sides  by  the  sea,  and  indented  by  innumerable  creeks  ani 
bays.  Thus,  for  example,  the  continent  of  America  is  aefw 
rated  into  two  parts,  which  are  joined  by  only  a  narrow  noc 
of  land.  So  also  the  eastern  hemisphere  is  separated  into 
great  number  of  parts  by  seas,  as  the  Mediterranean,  the  Red 
Sea,  the  Euxine,  the  Baltic,  &c.,  which  are  only  ramificaticmi: 
of  the  oceans  with  which  they  conununicate.  The  interior, 
of  a  continent,  therefore,  is  nearly  on  a  level  with  the  watOB 
which  surround  them.  It  hence  follows  that  the  generd' 
surface  conforms  very  nearly  to  the  convexity  of  the  ocean. 

This  becomes  more  evident,  if  we  consider  the  course  of 
the  rivers  by  which  continents  are  intersected,  many  of  which, 
as  the  Amazons,  the  Mississippi,  the  Rhine,  the  Danube,  the 
Wolga,  and  the  Nile,  flow  through  a  very  great  extent  of 
country.  These  show  the  small  degree  of  inclination  of  tha] 
surface  of  the  coimtries  through  which  they  flow,  that  is, 
inconsiderable  difference  of  curvature  of  these  coimtries 
that  of  the  sea. 

It  will  now  be  seen  that  an  inquiry  into  the  form  of  tiMij 
earth  is  by  no  means  so  difficult  as  might  at  first  appear 
small  inequalities  of  the  terrestrial  surface  have  comparativdi 
no  influence  on  its  general  figure. 

93.  To  obtain  an  exact  idea  of  this  figure,  it  is  necessary 

measure  it  successively  in  different  directions.      We  begin, 

therefore,  by  eiamining  it  in  the  direction  of  the  meridian, 


since  this  direction  is  the  first  with  which  observations  make 
us  acquainted. 

The  process  would  be  easy  if  the  terrestrial  meridians  were 
plane  curves.  For  the  very  simple  considerations  presented 
ill  the  second  section,  teach  us  that  the  curvature  of  a  plane  IB- 
curve  is  always  indicated  by  the  angles,  more  or  less  acute, 
which  are  foraied  by  perpendiculars  drawn  to  its  different 
points.  To  apply  this  principle  to  the  earth,  it  will  be  suffi- 
cient to  take  upon  the  same  meridian  several  points  at  any 
known  distances  from  each  other,  for  instance,  at  equal  dis- 
tances, and  determine  the  angles  which  their  verticals  form 
with  each  other  ;  for  these  verticals  are  perpendicular  to  the 
curve  of  the  meridian. 

If  the  earth  be  exactly  spherical,  the  curvature  of  its  meridi- 
ans will  be  every  where  the  same.  All  the  verticals  will  meet 
at  the  centre  ;  and  when  the  angles  formed  by  these  verticals 
are  equal,  the  arcs  which  they  intercept  upon  the  terrestrial 
surface  must  also  be  equal,  in  whatever  part  of  the  meridian 
they  arc  observed.  In  figure  16,  let  C  be  the  centre  of  the 
earth,  AA',  A' A",  &c,,  equal  arcs  measured  upon  its  surface 
in  the  direction  of  the  meridian.  In  general,  if  the  meridians 
are  circular,  the  angles  made  by  the  verticals  with  each  other 
are  proportional  to  the  arcs  comprehended  between  them. 

On  the  contrary,  if  the  earth  is  not  spherical,  it  will  be 
made  manifest ;  for  where  the  convexity  is  greatest  the  verti- 
cals will  meet  at  a  less  distance  from  the  surface,  and  where  it 
is  least  convex,  they  will  meet  at  the  greatest  distance  from 
this  surface.  So  that,  to  measiu-e  the  same  angle  between 
these  verticals,  it  will  be  necessary  to  take  a  greater  arc  in 
the  second  case  than  in  the  first.  In  the  ciure  AA'BB',  the  Fig.  n. 
angle  C  formed  by  the  perpendiculars  AC,  A'C,  is  equal  to 
the  angle  C"  formed  by  the  perpendiculars  BC,  B'C;  but 
the  curve  being  more  convex  in  E  than  in  P,  the  arc  BB  is 
greater  than  AA'. 

94.  Although  we  do  not  know  a  priori,  whether  the  ter- 
restrial meridians  are  plane  curves ;  yet,  as  this  is  the  most 
simple  hypothesis,  it  is  natural  to  begin  with  it,  and  then  see 
if  it  agrees  with  observation.     Bui   we  can  at  the  outset  fore- 
^•ee  that  ii  approaches  so  near  to  exactness,  thai  we  have  never 
^BpKD  able  to  measure  the  quantity  by  which  it  deviates,  or 
^H  Aalron. 
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even  to  be  very  certain  that  it  does  really  deviate.  We  ought, 
moreover,  to  mention  that  the  fonn  of  the  earth,  deduced 
from  observation,  deviates  so  little  from  that  of  a  sphere,  that 
the  difference  is  by  no  means  sensible  for  any  small  extent, 
even  from  the  most  acciurate  observations  ;  so  that  to  perceive 
this  difference,  it  is  necessary  to  compare  the  results  of  obser- 
vations made  in  very  distant  parts  of  the  same  meridian,  or  in 
places  whose  latitudes  are  very  different.  To  find,  therefore, 
in  each  place,  the  value  of  a  degree  of  the  meridian,  that  is, 
the  length  of  the  terrestriid  arc  corres{)onding  to  an  angle  of 
1°  between  the  verticals,  it  is  not  necessary  to  take  two  points 
whose  verticals  make  just  an  angle  of  one  degree  ;  tliis  would 
be  very  difficult  and  almost  impossible.  But  we  shall  proceed 
upon  the  supposition  that  the  earth  is  spherical  for  a  small 
extent  about  the  points  of  observation,  which  will  allow  us  to 
consider  the  arcs  of  the  meridian  projwrtional  to  the  angles 
formed  by  the  verticals.  If,  therefore,  the  angle  observed 
between  the  verticals  is  a,  and  if  Af  is  the  length  of  the  ter- 
restrial arc  comprehended  between  them,  we  shall  have  the 

1°    M  1°    M 

proportion  a  :  M :  :  l^  :   —^ — ,  and  the  quantity  — ' —  will 

express  the  length  of  a  terrestrial  degree,  in  that  latitude,  such 
as  it  would  be  were  it  directly  measured. 

95.  The  measurement  of  a  degree  of  the  meridian  requires, 
therefore,  two  distinct  operations.  The  first  consists  in  deter- 
mining the  direction  and  length  of  an  arc  on  the  terrestrial 
meridian.  The  second  has  for  its  object  the  measure  of  the 
angle  contained  between  the  verticals  at  the  extremities  of 
this  arc. 

We  shall  commence  with  this  last,  because  the  process 
which  it  requires  is  easily  described.  We  have  only  to  ob- 
serve the  latitude  of  each  of  the  extreme  i)oints  of  the  arc  to 
be  measured.  The  difference  of  these  latitudes  is  the  angle 
which  the  two  verticals  make  with  each  other. 
Fig.  18.  For,  let  ZO,Z(y,  be  two  verticals  at  the  points  O,  O,  of 
the  meridian  0(y,  and  let  us  suppose  that  the  verticals  pro- 
duced towards  the  interior  of  the  earth,  meet  at  the  point 
C.  Draw  the  horizons  OH,  CyW,  perpendicular  to  these 
verticals,  and  the  visual  rays  OP,  OP',  being  du^cted 
towards  the  same  celestial  pole,  will  be  parallel.     The  angles 


Pigurf  of  th^  Kttrtk  and  its  Magnthide-  SI 

POH,  P'OH',  will  represent  the  altitude  of  the  pole  above 
the  horizon  of  each  place  ;  and,  if  OH"  be  drawn  parallel  to 
O'H',  the  angle  HOIF'  will  l)e  the  difference  of  these  two 
altitudes.     But  the  angle  HOH"  is  equal  to  the  angle  HCO  Fig,  is. 
or  Z'CZ.     Conseqtiently.  if  at  two  points  situated  on  the  1 

tame  terrestrial  meridian,  the  altitude  of  the  pole,  or  latitwde 
of  the  place  be  measured,  the  difference  of  these  altitudes  or 
latitudes,  vnll  give  the  angle  farmed  b\f  the  two  verticals  at 
these  points. 

9fi.  We  proceed  now  to  trace  the  meridian  line.  It  is 
proposed  to  continue  it  for  a  considerable  extent  over  the 
earth's  surface.  The  transit  iiislniment,  placed  exactly  in  the 
meridian,  affords  a  very  simple  and  exact  means  of  effecting 
this  object. 

The  iustrument  having  been  regulated  by  observing  cir- 
cumpolar  stais,  or  by  any  other  method,  direct  it  towards 
some  distant  terrestrial  object.  Upon  tliis  object  note  the 
pomt  which  is  on  the  verticd  wire  in  the  middle  of  the  tele- 
scope, and  this  point  will  be  in  the  meridian.  A  line  drawti 
from  the  observer,  or  from  the  centre  of  the  telescope,  to  this 
point,  will  therefore  mark  the  direction  of  the  meridian.  We 
may  thus  note  two  jwints,  N  and  S,  in  a  horizontal  direction, 
the  one  north  and  the  other  soutli  of  the  instniment. 

Remove  the  uistrumeut  to  the  vertical  of  the  point  A^,  and 
fii  it  at  the  foot  of  this  vertical,  that  is,  at  the  point  where 
it  meets  the  terrestrial  surface,  and  direct  the  telescope  to 
the  signal  S,  or  to  the  point  of  the  first  station.  When  tlie 
point  falls  on  the  wire  of  the  telescope  direct  it  towards  the 
north,  and  place  in  the  direction  of  the  wire  another  signal 
N';  this  will  bo  in  the  first  meridian  produced.  By  removing 
'.  instrument  to  the  foot  of  the  vertical  N',  and  regulating 
9  before,  we  can  determine  towards  the  north  a  third  sig- 
1  N",  and  so  on  to  an  indefinite  extent.  If  we  designate 
J  A  the  first  station,  and  by  F,  P',  F",  the  feel  of  the  sev- 
1  verticals,  the  series  of  points  A,  F,  F",  F",  will  indicate 
I  the  terrestrial  surface  the  meridian  of  the  first  station 
reduced,  which  may  be  continued  from  one  side  of  a  conti- 
mt  to  the  other. 
^  97.  The  line  drawn  in  this  manner  will  be  a  terrestrial 
ridian  only  when  these  meridians  are  plane  curves  ;  in  any 
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the  chords  of  the  same  spherical  surface,  the  form  of  the  earth 
bemg  considered  as  spherical  in  the  small  extent  usually  em- 
braced by  operations  of  this  kind.  Th^  measured  angles  will 
be  those  formed  by  the  chords,  and  the  planes  of  the  different 
triangles  will  follow  the  convexity  of  this  sphere,  so  as  to 
be  always  horizontal.  It  is  not  possible  always  to  obtain 
signals  of  the  same  elevation ;  while  some  are  in  the  horizon, 
others  will  be  elevated  above  it.  But  this  difficulty  is  reme- 
Top.  174  died  by  reducing  all  these  angles  to  the  horizon^  and  consid- 
ering the  several  stations  as  projected  upon  the  same  spherical 
surface,  and  as  forming  upon  this  surface  a  series  of  spherical 
triangles,  the  angles  of  which  are  known.  With  these  data, 
and  the  length  of  one  of  the  sides  directly  measured,  we  can 
easily  calculate  all  the  other  sides,  all  the  chords,  all  the 
angles  comprehended  by  them,  and  finally  the  length  of  the 
meridian  itself. 

101.  This  method  has  been  employed  by  many  astron- 
omers, and  the  length  of  a  degree  of  the  meridian  has  been 
determined  in  different  countries  and  different  latitudes. 


PUcM  of  obMr- 
▼ation. 

Latitude. 

Length  of  a  de- 

ffree  in 
English  miles. 

Observen. 

Peru 

Pennsylvania 

Italy 

France 

England 

Sweden 

O^'OO'OO^N. 
39  12 
43  01 
46  12 
51  29  54^ 
66  20  10 

68,732 
68,896 
68,998 
69,054 
69,146 
69,292 

Bouguer 

Mason  and  Dixon 

Boscovich  and  Lemaire 

Delambre  and  Mechain 

Mudge 

Swamberg. 

102.  Thus  it  appears  that  the  degrees  of  the  terrestrial  me- 
ridian are  unequal ;  therefore  the  earth  is  not  spherical.  The 
length  of  a  degree  increases  as  we  approach  the  poles.  The 
convexity  of  the  meridian  is  therefore  diminished  towards 
the  same  parts.  Consequently  the  earth  is  an  oblate  spheroid, 
whose  greatest  diameter  is  that  of  the  equator.  By  comparing 
the  degrees  in  different  latitudes,  their  increments  from  the 
equator  to  the  pole  are  found  to  be  nearly  in  the  ratio  of  the 
squares  of  the  sines  of  the  latitude. 

But  it  will  be  seen,  at  the  same  time,  that  this  spheroid 
deviates  but  little  from  a  sphere ;  for  the  maximum  difference 
between  two  degrees  does  not  amount  to  the  j^  part  of  the 
length  of  one  of  them. 


Figure  of  the  Earth  and  Us  Magnitude. 


103.  The  measurements  that  have  been  made  in  the  north- 
cm  hemisphere,  prove,  as  we  have  seen,  that  tlie  meridians 
are  not  exactly  circles.  There  is  even  reason  to  believe  that 
tJie  portion  of  the  earth  on  the  soutli  side  of  the  equator  is 
not  symmetrical  with  that  on  tlie  north.  A  degree  measured 
at  the  Cape  of  Good  Hope,  ill  latitude  33^  IS'  30"  south,  is 
fotuid  to  be  69,07fi  miles,  and  consequently  greater  than  a 
detiree  measured  in  France  in  latitude  46°  13'  north. 

It  would  appear,  therefore,  that  strictly  considered,  the 
figure  of  the  eartii  is  actually  irregular,  and  very  complicated. 

104.  Beset  with  these  irregularities,  all  we  cau  do  is  to 
consider  what  carve  will  most  nearly  correspond  with  actual 
observation.  This  curve  will  differ  from  a  circle.  It  must 
be  elongated  at  the  equator  where  the  degrees  are  less  than  in 
any  other  part,  and  compressed  at  the  poles  where  the  degrees 
arc  greatest.  The  ellipse  is  the  most  simple  curve  which 
answers  to  these  conditions,  the  trajisvcrse  axis  being  in  the 
plane  of  the  equator,  the  extremities  of  the  conjugate  at  the 
poles,  and  the  centre  at  the  centre  of  the  earth.  But  this  is 
not  all ;  there  is  an  infinite  i^umber  of  ellipses  which  may  be 
so  placed,  among  which  we  must  choose  that  which  best 
answers  to  the  lengths  of  the  degrees. 

To  have  a  complete  idea  of  the  operation  in  question,  it  is 
necessary  to  know  that  through  each  point  of  an  ellipse  or 
of  any  other  curve,  a  circle  may  be  drawn  touching  it,  which 
sliall  ajjproach  to  a  coincidence  with  it  more  nearly  than  any 
other  circle.  This  is  called  the  osculating  circle,  and  is  con- 
founded with  the  ellipse  for  a  small  extent  about  the  point  of 
contact,  so  that  for  this  space  we  may  supi>ose  the  degrees 
measured  on  the  circumference  of  the  circle  instead  of  being 
referred  to  the  ellipse.  The  radius  of  the  osculating  circle 
varies  with  the  curvature  of  the  ellipse,  but  its  value  may  he 
calculated  for  each  latitude  in  a  ftmction  of  the  two  axes  of 
the  ellipse.  This  value  being  multiplied  by  2  X  3,1416,  the 
ratio  of  the  circumference  of  a  circle  to  radius,  and  divided 
by  360,  will  give  the  length  of  a  degree.  Accordingly,  by 
putting  this  expression  equal  to  the  observed  lengths  of  two 
degrees,  measured  in  two  dilferent  latitudes,  we  shall  have 
two  equations  by  which  we  can  determine  the  two  axes  of 
Ly^  ellipse ;    these  are  the  two  unknown   quantities  of  the 
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question  to  be  solved  ;  then,  every  thing  being  known  in  the 
expression  for  any  degree,  we  calculate  this  expression  for 
each  latitude.  The'  result  of  the  calculation  is  found  to 
approach  so  near  to  observation,  that  the  difference  may  be 
safely  neglected,  even  in  the  most  delicate  inquiries. 

105.  To  arrive  at  the  result  in  question,  it  is  necessary  to 
combine  together  degrees  taken  in  very  different  latitudes,  and 
m^ured  with  great  care.  On  both  these  accounts  the  arc 
me^isured  at  the  equator  by  Bouguer  and  La  Condamine,  and 
that  measured  in  France  "by  Delambre^  and  Mechain,  are  to  be 
preferred.  By  combining  them  together  in  the  maimer  above 
indicated,  Delambre  found  for  the  ellipse  the  following  re- 
sults. 

• 

Semitransverse  axis  or  radius  of  the  equator  3963,2  miles. 
Semiconjugate  axis  or  radius  at  the  pole  3950,4 


Difference  of  the  two  axes         .         .         .         12,8  miles. 

This  difference,  divided  by  the  semitransverse  axis,  is  called 
the  oblateness  of  the  earth,  since,  according  as  it  is  greater  or 
less,  the  terrestrial  spheroid  is  more  or  less  oblate,  or  com- 
pressed at  the  poles.  The  oblateness,  as  deduced  from  the 
above  values,  is  ^  nearly.*  This  result  is  proved  to  be 
very  near  the  truth  in  several  different  ways.  The  lunar 
motions,  depending  upon  the  particular  figure  of  the  earth, 
give  for  the  oblateness  ^J^ ;   and,  from  observations  on  the 

pendulum  in  different  latitudes,  it  is  computed  to  be  -^r f. 

ol5,7 

♦  Or  more  accurately  306,65,  the  original  measures  in  toises  being 
retained. 

t  The  oblateness,  deduced  from  observations  on  the  pendulum,  is 

often  stated  to  be  from  Laplace's  Mecanique  Celeste.     But  a 

mistake  has  been  detected  in  Laplace's  calculations  by  Dr.  Bowditch, 

which  reduces  it  to   577-^.     See  Mem.  Am.  Acad.,  S^c,  vol.  iv.  p.  30. 

Later  and  more  exact  observations  on  the  pendulum,  as  reported  by 
Biot  and  Arago,  make  the  oblateness  ■^^.  Laplace,  after  an  elabo- 
rate discussion  of  the  measurements  and  observations  belonging  to 
the  different  methods  above  referred  to,  for  obtaining  this  important 
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It  will  be  perceived  that  the  terrestrial  ellipse  differs  but  very 
little  from  a  circle,  as  might  be  foreseen  from  the  small  dif- 
ference ill  the  lengths  of  degrees. 

According  to  the  preceding  values  the  fourth  part  of  the 
terrestrial  meridian,  considered  as  elliptical,  has  for  its  length 
6214  miles.  From  the  equation  of  the  ellipse,  we  can,  in 
like  manner,  calculate  the  length  of  the  terrestrial  radius  for 
any  given  latitude.  One  of  these  is  particularly  worthy  of 
attention,  namely,  that  which  answers  to  the  latitude  of  45°  ; 
since,  being  near  the  middle  between  the  equator  and  the 
pole,  it  may  be  considered  as  the  moan  radius  of  the  earth. 
It  is  found  to  be  3956  miles.  Moreover,  it  appears  tliat  the 
length  of  a  degree  in  this  latitude  is  69,05  miles. 

106.  Hitherto  we  have  studied  the  figure  of  the  earth  only 
in  the  direction  of  the  meridians.  To  understand  it  fully,  it 
is  necessary  to  examine  it  in  the  direction  of  the  parallels  of 
latitude.  This  object  is  effected  by  tracing  in  the  direction  of 
the  parallels  geodesic  lines,  by  the  process  above  employed 
in  the  case  of  the  meridian. 

It  is  important  to  remark,  lliat  these  geodesic  lines  are  not 
terrestrial  parallels.  They  have  indeed  a  property  in  com- 
mon with  the  parallels,  wliich  is  that  of  cutting  the  meridian 
at  right  angles  at  the  point  of  departure.  But  the  parallels 
preserve  this  property  with  respect  to  ail  the  other  meridians 
which  they  meet ;  whereas  tJie  perpendiculars  under  con- 
sideration, possess  it  only  in  the  case  of  the  first.  Hence, 
according  as  they  depart  from  this  plane,  they  deviate  more 
and  more  from  the  parallel  with  which  they  coincided  at  the 
commencement.  For  example,  the  earth  being  supposed  to 
be  spherical,  the  perpendiculars  to  the  meridian  are  great 
circles,  the  planes  of  which  pass  through  the  centre  of  this 
sphere,  and  all  the  perpendiculars  to  the  same  meridian  inter- 
cept each  other  at  the  poles  of  this  meridian  90°  from  the 
point  of  departure, 

107-  If  the  supposition  that  the  earth  is  a  spheroid  of  revo- 

eleiiieni.  concludes  thai  all  the  phenomena  appertaining  to  the  point 
in  question,  taken  together,  indicate  an  oblateness  equal  to  . 

^_fiee  Rteueil  iTObsirvaiions    Geoiiesiquts,  &c.,  par   MM.  Biot   et 

^^trago,  p.  574,  &c. 

^K  Astron.  8 
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lution  is  not  altogether  exact,  it  does  not  deviate  much  from 
the  truth  ;  and  the  error  thus  occasioned  is  altogether  insen- 
sible in  nearly  all  the  applications  which  we  have  occasion  to 
make. 

In  order  to  attain  to  precise  notions  as  to  the  consequences 
to  be  derived  from  such  a  supposition,  let  ME  OP  he  an 
Fig.  20.  ellipse  representing  the  terrestrial  meridian.  The  semitrans- 
verse  axis  CE  will  be  the  radius  of  the  equator;  and  the 
semiconjugate  axis  CP  will  be  the  radius  at  the  pole.  For 
any  point  O,  situated  on  the  meridian,  CO  will  be  the  ter- 
restrial radius,  and  drawing  the  normal  NOZ,  this  will  be 
the  vertical  of  the  place,  and  Z  the  zenith,  as  given  by  the 
plumb  line.  It  is  accordingly  about  this  vertical  that  the 
zenith  distances  of  the  heavenly  bodies  are  observed,  and  not 
about  a  terrestrial  radius,  as  in  the  case  of  the  sphere.  For 
this  reason,  and  in  conformity  to  the  general  definition  of 
article  85,  the  latitude  on  a  spheroid  will  be  equal  to  the  angle 
£iVO,  comprehended  between  the  normal  and  the  equator; 
whereas  on  a  sphere  it  is  the  angle  ECZ'  formed  by  this 
same  axis  and  the  terrestrial  radius.  All  these  differences 
proceed  from  this,  that  the  terrestrial  radius  and  the  vertical 
are  two  distinct  and  separate  lines,  exqept  at  the  pole  and 
equator  where  they  are  confounded.  But  between  these 
points  the  angle  ZOZ'  varies  according  to  laws  easily  calcu- 
lated, and  its  absolute  values  depend  on  the  oblateness  of  the 
«arth.  If  the  oblateness  is  very  small,  the  greatest  value  is 
found  very  nearly  in  the  latitude  of  46° ;   and  is  equal  to 

11'  9,39'^  the  oblateness  being  supposed  -^^ -.,,  as  given  by 

OOCyOO 

a  comparison  of  the  degrees  measured  in  France  and  at  the 
equator. 

108.  The  effect  of  this  oblateness  may  be  wholly  neglected 
in  navigation,  and  all  degrees  of  latitude  be  considered  as 
equal.  For  the  difference  arising  from  this  cause,  even  in  a 
long  run,  can  never  occasion  a  considerable  error,  or  expose 
one  to  danger.  This  conclusion  is  of  great  importance,  for 
by  observing  each  day  the  meridian  altitude  of  any  star,  sea- 
men find  by  the  increase  or  diminution  of  these  altitudes, 
how  much  they  have  advanced  to  the  south  or  to  the  north, 
and  what  course  they  are  pursuing. 


Diurnal  MoHon  of  the  Heavens. 


'  Considerations  on  the  Apparent  Diurnal  Motion  of  the 
Heavens. 

109.  We  have  now  discovered  in  a  manner  the  most  satis- 
factory, that  this  earlh  which  seems  to  us  so  vast,  is,  as  it 
were,  a  globule  in  space,  and  nearly  of  a  spherical  form.  We 
have  discovered,  moreover,  by  combined  observations  of  alti- 
tudes and  transits,  that  the  whole  system  of  heavenly  bodies 
seem  to  turn  circularly  and  uniformly  about  an  axis  passing 
throus;h  the  interior  of  the  earth,  according  to  a  direction  that 
we  have  determined.  This  motion  takes  place  without  dis- 
turbance. The  angular  distances  of  the  stars  remain  invaria- 
bly or  almost  invariably  the  same ;  some  of  the  heavenly 
bodies,  however,  as  the  sun,  moon,  planets,  and  comets,  are 
exceptions  to  this  law.  Their  relative  distances  vary,  and 
their  apparent  diameters  undergo  considerable  changes,  which, 
magnified  by  the  telescope  and  measmed  by  the  micrometer, 
become  sensible,  even  after  short  intervals  of  time.  With  this 
exception  the  bodies  in  question,  like  the  rest,  are  subjected 
to  the  general  laws  of  diurnal  motion.  The  enlargement  of 
the  discs,  by  the  telescope,  indicates  that  the  moon,  sim,  plan- 
els,  and  comets,  are  incomparably  nearer  to  us  than  the  stars. 
Moreover,  the  variation  in  their  apparent  diameters  proves 
that  these  bodies  are  not  always  at  the  same  distance  from  the 
earth.  But  it  does  not  teach  us  whether  the  aun,  planets, 
&.C.,  are  really  in  motion,  the  earth  being  at  rest,  or  whether 
the  earth  approaches  to  and  recedes  from  these  bodies.  When 
the  sun  seems  to  us  to  oome  nearer  the  earth,  a  spectator  in 
the  sun  would,  in  like  manner,  suppose  himself  at  rest,  and 
that  the  earth  was  in  motion  towards  him.  The  same  may 
be  said  of  the  diurnal  motion  of  the  heavenly  bodies.  We 
cannot  infer  that  they  actually  revolve ;  for  the  appearances 
would  be  precisely  the  same  on  the  supposition  that  the  earth 
turns  on  its  axis.  Carried  alone  with  the  bodies  which 
surround  us,  the  sea  and  the  atmosphere,  we  seem  to  be  at 
rest.  And  when  the  earth  by  its  rotation  presents  us  succes- 
■ely  to  different  points  of  the  heavens,  we  imagine  that  it  is 
ily  the  heavens  which  revolve  about  us.  , 
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110.  We  have  frequent  examples  of  this  sort  of  deception* 
We  often  attribute  our  own  oiolion  to  external  objects, 
traveller  seated  at  the  bottom  of  a  carriage  in  rapid  motioii|,-l 
sees  the  trees  on  each  side  approach  swiftly  towards  1 
Another  person  situated  in  the  same  carriage,  and  looking  oitti 
behind,  will  see  the  same  trees  Hying  from  him. 

In  the  evening  when  the  sky  is  jiartly  covered  with  cIoiid%^ 
driven  along  by  the  wind,  if  we  look  at  the  moon  or  a  star  n 
their  neighbourhood,  it  will  seem  to  move  in  a  contrary  c 
tion,  and  it  is  very  difficult,  if  not  impossible,  to  resist  i 
illusion. 

111.  Several  causes  conspire  lo  make  lis  judge  errooeoiu 
of  motions  which  take  ])lace  without  us.  1.  We  suppe 
our  eyes  at  rest  when  the  motion  by  which  we  are  carried,  i 
not  the  aettia]  effect  of  our  own  volition,  or  an  imniediat 
result  of  the  action  of  our  organs.  The  illusion  is  so  mu< 
the  stronger  as  the  motion  is  more  rapid,  especially  if  we  a 
not  apprized  of  it  by  any  sudden  jar.  2.  We  arc  led, 
habit,  to  leave  out  of  consideration  the  motions  of  which  n 
ourselves  partake,  since  tiiey  do  not  prevent  our  taking  b 
ti  objects  which  are  displaced  at  the  same  time  with  i 
3.  Among  distant  objects  it  is  always  the  small  ones  t 
seem  to  be  in  motion.  Those  which  appear  larger  and  e 
dJiiiciUt  lo  be  moved,  we  are  apt  to  think  immovable, 
the  moon  and  stars,  appearing  very  small  compared  with  ^ 
masses  of  cloud  which  often  surroimd  them,  the  i 
referred  to  them  and  not  to  the  otoud.  We  are,  moreovi 
deceived  in  this  particular  by  habit,  small  objects 
the  most  part  in  motion  antOQg  large  ones,  as  birdB,  i 
among  trees  and  moimtains.  But  these  false  jndgmeals  I 
easily  corrected  when  we  have  acquired  a  just  idea  of  n 
and,  if  it  is  not  always  possible  to  guard  against  illusiona  tl 
produced,  we  can  at  least  discover  the  error  ajid  i 
consequences. 

112.  We  hence  conchide  that  whatever  motion  tbe^tl 
tfiay  actually  have,  if  all  the  objects  situated  < 
partake  of  this  motion,  we  cannot  perceive  it ;  and  lo  l 
is  as  though  it  did  not  exist.     But,  on  ifae  other  bar^  ' 
equally  necessary  that  this  motion  should  apptsarg 
conunoQ  with  respect  to  all  visible  objects,  remoW 
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earlli,  that  are  fore^  to  its  motion.  Thus  the  trae  method 
by  which  we  are  to  learn  whether  a  niolion  is  to  be  attributed 
to  it,  is  to  consider  and  observe  whether  aiuong  the  bodies 
separated  from  us,  like  the  planets,  we  discover  a  common 
motion  which  belongs  to  them  all.  For,  a  motion  which  is 
observed,  for  example,  only  in  the  moon,  and  which  does  not 
take  place  with  respect  to  the  planets  or  the  stars,  can  only 
be  attributed  to  the  moon.  There  is  nothing  more  general  in 
ihis  respect,  than  the  diurnal  motion  which  comprehends  all 
ihe  hnavealy  bodies,  and  is  from  east  to  west.  Thus,  from 
appeajatices  merely,  this  motion  may  with  as  much  reason  be 
attributed  to  the  earth  simply,  in  a  contrary  direction,  as  to 
the  rest  of  the  system,  the  earth  being  excepted. 

The  same  may  be  said  vith  respect  to  other  motions, 
which,  though  small,  are  general,  and  whose  existence  we 
have  recognised.  These  motions  cannot  well  take  place 
among  the  stars,  for  the  appearances  woiUd  he  precisely  the 
same  if  the  equator  and  the  axis  whicli  is  perpendicular  to 
it,  remaining  fixed  with  respect  to  ita  surface,  were  gradually 
displaced  in  the  heavens.  The  height  of  the  pole  above  the 
horizon  of  each  place  would  be  constantly  the  same.  All 
terrestrial  objects  would  preserve  their  respective  positions, 
and  WG  should  imagine  ourselves  still  at  rest  in  the  midst 
of  them.  The  stars  and  othsr  bodies  would  appear  to  us, 
therefore,  to  perform  in  the  heavens,  all  the  motions  which 
the  earth  is  supposed  to  have  in  the  opposite  direction.  Ap- 
pearances themseivcs  present  absolutely  notliing  by  which  it 
can  be  decided  which  of  the  two  hypotheses  is  true.  In  this 
uncertainty,  the  only  proper  eoorse  to  be  pursued  is  to  study 
carefully  the  phenomena  of  the  celestial  motions,  and  to  see 
which  of  the  hypotheses  explains  them  in  the  simplest  raan- 
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113.  Althck;6hJ 
it  id  extremely  1 
wliirli  it  involve! 
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We  see,  in  the  first  place,  that  the  action  of  giavit| 
always  perpendicular  to  the  surface  of  the  earth,  or  in  tl 
direction  of  the  vertical,  does  not  tend  to  the  centre  of  tl 
earth.  These  directions  deviate  from  the  centre,  by  a  va 
small  quantity,  according  to  the  degree  of  oblateness.  Thai 
is,  therefore,  a  connexion,  a  necessary  connexion,  betwe* 
the  figure  of  the  earth  and  gravity.  By  pursuing  this  cm 
nexiOQ  we  may  perhaps  discover  whence  arises  this  oblal 
ness,  and  to  what  probable  cause  it  is  to  be  attributed. 

114.  We  observe  generally,  that  gravity  acts  upon  all  tc 
restrial  bodies  by  a  kind  of  force  which  draws  them  lowati 
the  earth.  This  force  exists  upon  the  tops  of  mountains  ai 
at  the  bottom  of  the  deepest  excavations.  We  may,  therefon 
consider  the  entire  earth  as  composed  of  an  infinite  niimbc 
of  material  particles  united  and  concentrated  by  gravity. 

If  there  was  a  time  when  these  particles  were  not  in  a  soU 
mass,  if  they  were  ever  in  a  yielding  state  which  won] 
allow  greater  treodom  to  their  motions,  they  must  have  i 
ranged  themselves  in  the  manner  required  by  the  force 
which  are  exerted  upon  them ;  and  if  we  suppose  th«( 
drawn  together  by  gravity  alone,  they  would  unite  in  ■ 
spherical  mass,  like  drops  of  water  or  mercury.  Now  i 
appears  from  a  great  number  of  facts  in  natural  history,  thl 
this  state  has  really  existed,  and  that  the  earth  was  once' 
fluid.  But  since  it  has  not  taken  the  spherical  form,  we  mai 
conclude  that  some  other  cause  has  been  exerted  upon  il 
particles,  and  contributed  to  their  actual  arrangement. 
may  be  easily  explained  if  we  suppose  the  earth  to  revolt 
upon  its  own  axis  once  in  twenty-four  hours,  for  then  1 
oblateness  might  bo  ascribed  to  the  centrifugal  force  derin 
from  its  rotatory  motion. 

It  wdl  be  seen  that  if  the  earth  revolves,  its  different  ] 
would  have  a  tendency  to  recede  from  the  axis  of  rotatioi 
This  centrifugal  force,  increasing  with  the  velocity,  woiJ 
be  greatest  in  the  equatorial  parts  which  describe  the  largi 
circle.  It  would  be  nothing  at  the  poles  which  are  fixe 
and  it  would  decrease  by  insensible  degrees  from  one  lim 
to  the  other.  The  earth,  by  the  action  of  this  force,  otq 
therefore  to  become  flattened  at  the  poles  and  protuberant  i 
the  equator.     Thus  oblateness  would  be  a  necessary  conae 
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quence  of  such  a  rotation,  and  therefore,  as  it  is  found  actiially 
to  exist,  it  is  a  strong  proof  of  the  rotation  in  question. 

115.  There  are  striking  analogies  which  confirm  us  in  this 
hypolheaia.  Among  the  planets  there  are  several,  as  Jupiter, 
Saturn,  and  Mars,  whose  oval  discs  afford  unequivocal  evi- 
dence of  their  spheroidal  figure.  Observing  them  with  care, 
we  discover  upon  the  surface  of  their  discs,  spots  whose 
regular  change  of  place  and  periodical  return,  leave  no  doubt 
of  tho  rotatory  motion  of  the  planet  about  its  shorter  diameter. 
Why  then  should  not  the  earth,  which  resembles  the  planets 
in  its  spheroidal  figure,  have  like  them  a  rotatory  motion 
about  its  axis  ?  So  far  from  this  conclusion  appearing  extra- 
ordinary, we  should,  on  the  other  hand,  be  surprised  if  the 
fact  were  otherwise. 

116.  We  are  led  by  this  induction  to  another  consequence 
not  less  important.  If  the  earth  were  spherical,  the  attraction 
exerted  by  the  mass  upon  the  different  parts  of  its  surface,  or 
what  is  the  same  thing,  the  weight  which  draws  bodies 
towards  its  centre,  would  be  every  where  the  same.  But  its 
spheroidal  form  destroys  this  equality,  and  the  attraction 
ought  to  increase  as  we  proceed  from  the  equator  to  the  pole, 
according  to  the  square  of  the  sine  of  the  latitude  ;  this  is 
proved  by  calculations  which  we  cannot  here  make  known. 
Now,  if  the  earth  revolves  about  its  shorter  axis,  another 
cause  must  combine  with  the  preceding.  The  action  of  the 
centrifugal  force  will  diminish  the  effect  of  attraction.  But 
this  diminution  varies  also  from  the  equator  to  the  pole,  since, 
by  approaching  the  pole,  the  centrifugal  force,  always  per-  - 
pendicular  to  the  axis  of  rotation,  becomes  more  and  more 
obhque  to  the  earth's  radius,  and  consequently  to  the  direc- 
tion of  gravity.  It  is  also  easy  to  prove  by  mechanical  prin- 
ciples, that  this  diminution  is  proportional  to  the  square  of 
the  sine  of  the  latitude  like  that  of  attraction.  Thus,  from 
ihe  effect  of  these  causes,  the  absolute  weight  which  we  ob- 
serve, that  is,  the  excess  of  attraclion  over  that  part  of  the 
centrifugtd  force  which  is  in  the  direction  of  the  radius,  ought 
to  vary  from  the  equator  to  the  pole  according  to  the  same 
law.  Consequently,  in  passing  from  the  equator  to  the  poles 
the  fall  of  bodies  ought  to  be  accelerated  proportionally  to 
the  square  of  the  sine  of  the  latitude,  and  the  same  bodies 
ought  to  become  heavier,  according  to  this  ratio. 
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The  vibrations  of  the  pendulum  afford  a  simple  means  of 

verifying  this  fact.     If  the  fall  of  bodies  is  accelerated^  the 

vibrations  must  be  more  rapid,  and  the  increase  of  weight 

may  be  calculated  from  their  rapidity.     For  it  has  been 

Mech.    shown   in   mechanics,   that  the   lengths  of  pendulums  vi* 

conl.    '  brating  in  the  same  time  are  proportional  to  the  intensity  of 

P"«^-    this  force.     Now,  by  carrying  the  same  pendulum  to  differ* 

ent  parts  of  the  earth,  it  has  been  found  to  move  faster  as  it 

departs  from  the  equator ;  and  this  acceleration,  the  laws  of 

which  have  been  determined  with  great  exactness,  is  in  fisujt 

proportional  to  the  square  of  the  sine  of  the  latitude  as  t»^ 

quired  by  the  rotation  of  the  globe. 

117.  To  place  this  fact  in  a  clear  light,  it  will  be  suficient 
to  state  the  lengths  of  the  pendulum  vibrating  seconds,,  as 
observed  in  different  latitudes. 

Station!.  Latitudes.  Length  of  the  M««Ddi  FendnlimLt 

St.  Thomas  (P  24'  41''  N.  39,02074  E.  inches. 

Trinidad  10  38  56  39,01884 

New  York  40  42  48  39,10168 

Hammerfest  70  40  06  39,19519 

Spitsbergen  79  49  58  39,21469 

It  will  be  seen  from  these  results,  that  the  seconds  pendo- 
lum  increases  in  length  as  we  depart  from  the  equator^ 
whence  it  necessarily  follows,  that  gravity  increases  as  we 
proceed  in  the  same  direction ;  for,  since  the  length  of  the 
pendulum  is  greater,  if  gravity  remained  the  same,  the  vi- 
brations would  be  slower.  Moreover,  the  variations  of  their 
lengths  are  very  well  represented  by  increments  proportional  to 
the  square  of  the  sine  of  the  latitude,  as  may  be  readily  seen 
by  the  numbers  given  in  the  preceding  table.  The  increase 
of  gravity  from  the  equator  to  the  pole,  is  therefore  a  new 
proof  of  the  rotatory  motion  of  the  earth.  Besides,  it  is 
shown  by  calculation,  that  the  length  of  the  seconds  pendu- 
lum, in  different  places,  is  proportional  to  the  force  of  gravity 
by  which  it  is  moved.  Whence,  the  ratios  expressed  in  the 
above  table,  ought  to  represent  the  successive  weights  of  the 
same  mass  transferred  successively  to  different  latitudes. 

t  The  solar  day  of  86400^',  and  not  the  sidereal  day,  is  here 
used. 
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113.  The  rotation  of  tlie  earth  becomes  further  evident 
from  another  remarkable  phenomenon,  namely,  the  deviation 
of  bodies  which  fall  from  a  great  height.  To  miderstand 
this,  let  us  imagine  a  heavy  body  placed  at  a  great  distance 
from  the  earth's  sm-facc,  at  the  top  of  a  high  tower,  for  ex- 
ample. If  the  earth  is  at  rest,  the  body  will  fall  at  the  foot 
of  the  towor  in  the  direction  of  the  vertical.  But  if  the  earth 
turns  upon  itself,  bodies  which  partake  of  this  motion  will 
have  at  the  commencement  of  their  fall,  a  velocity  of  rotation 
exceeding  that  of  the  base  of  the  tower,  on  account  of  its 
greater  distance  from  the  axis  of  motion.  Thus,  when  a 
body  falls  by  the  combmed  effect  of  this  horizontal  motion 
and  that  of  gravity,  it  ought  to  meet  the  earth  a  little  in 
advance  of  the  vertical  in  the  direction  of  the  earth's  motion ; 
and  consequently,  after  its  fall,  it  will  be  at  a  little  distance 
to  the  east  of  the  tower;  this  is  confirmed  by  experiment. 

The  extent  of  this  variation  has  been  calculated  for  differ- 
ent heights  upon  mechanical  principles,  and  theoretical  results 
»re  found  perfectly  to  agree  with  those  of  observatjon-t 
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119.  The  air,  notwithstanding  its  transparency,  intercepts 
a  sensible  portion  of  light,  and  reflects  it  like  all  other  bodies. 
But  the  particles  which  compose  the  atmosphere  being  ex- 
tremely small  and  far  removed  from  each  other,  we  cannot 
perceive  them,  except  when  they  are  united  in  a  great  mass. 
In  this  case,  the  many  luminous  rays  which  they  send  back, 
produce  on  our  organs  a  sensible  impression,  and  we  see  that 
the  color  is  blue.  Indeed  the  air  gives  a  bluish  tint  to  objects 
before  which  it  is  placed.  This  tint  is  very  sensible  in  the 
case  of  distant  mountains,  and  it   is  so  much  the  more  so 

t  This  is  not  the  place  to  bring  forward  a!!  the  arguments  which 
we  are  able  to  produce  on  this  question.  As  aslronoraical  phenomena 
multiply,  they  present  new  proofe,  which  at  leagth  leave  no  doubt  of 
Ibe  truth  of  the  doctrine  here  advanced. 

Aatron.  fl 
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as  they  are  more  distant.     Li  order  to  represent  distajit  ob- 
jects it  is  necessary  to  iJiniinish  their  brightness,  and  to  reduoe  « 
the  proper  color  by  a  mixture  of  blue,  more  or  less  de< 
It  is,  moreover,  the  proper  color  of  the  air  which  constitutg 
the  blue  color  of  the  sky,  that  azure  vault  which  appears  to  " 
stuTound  us  on  all  sides,  and  to  which  all  the  stars  appear 
to  be  attached.     According  as  we  rise  into  the  atmosphere 
this  color  becomes  less  striking.     The  brightness,  which  itj 
diffuses  all  around  us,  diminishes  with  the  density  of  the  a 
which  reflects  it,  and  upon  a  high  mountain  or  in  a  verf*^ 
elevated  balloon  the  heavens  appear  almost  black. 

The  air  is  not  self-luminous.  The  light  which  it  sends  to 
us,  comes  from  the  sun  and  other  heavenly  bodies.  Its  color 
proves  that  it  reflects  the  blue  rays  in  a  greater  quantity  than 
the  others.  The  air  surrounds  the  earth  like  a  bright  veil, 
which  multiplies  and  propagates  the  hght  of  the  sun  by  an 
infinite  number  of  reflections.  It  is  by  means  of  it  that  we 
enjoy  the  light  when  the  sun  is  no  longer  above  the  hohzoiL 
After  the  rismg  of  this  luminary  there  is  no  place  so  secluded, 
provided  the  air  can  gain  admission,  which  does  not  receive 
more  or  less  light,  although  the  rays  of  the  sun  do  not  reach 
it  directly.  If  there  were  no  atmosphere,  each  point  of  the 
terrestrial  surface  would  receive  only  the  hght  which  comes 
to  it  directly,  On  ceasing  to  look  at  this  luminary  and  the 
objects  illuminated  by  its  rays,  we  should  be  immediately 
enveloped  in  darkness.  The  solar  rays  reflected  by  the  earth, 
would  be  lost  m  space,  and  we  should  be  continually  ex- 
posed to  severe  cold.  The  sun,  even  when  near  the  honzon, 
would  shine  with  the  whole  of  its  light,  and  instantly  upoftf 
its  setting  we  should  find  ourselves  in  profound  darknea«,v 
In  the  morning,  when  this  luminary  appears,  day  would  sui 
ceed  to  night  in  the  same  sudden  manner. 

We  are  able  to  judge  of  these  effects  by  what  is  i 
known  to  take  place  on  the  tops  of  high  mountains,  whei 
the  air  is  very  rare.  It  is  notorious,  that  extreme  cold  pro 
vails  in  these  regions.  Very  lillle  hght  is  received,  eicei 
what  comes  directly  from  the  sun  and  the  other  heaven! 
bodies.  The  air  reflects  so  smalt  a  quantity  at  these  heightlL,1 
that  by  standing  in  the  shade  one  may  see  the  stars  at  n 
day. 
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120.  On  the  general  level  of  the  earth's  surface  the  influ- 
ence of  the  atmosphere  is  such,  that  the  rays  of  the  sun  light 
up  the  whole  heavens,  and,  by  innumerable  reflections,  are 
diffused  in  all  directions.  In  the  evening,  when  the  sun 
sinks  below  the  horizon,  its  light  is  still  showered  upon  us 
from  the  higher  regions  of  the  atmosphere  under  the  name 
of  twilight,  and  we  pass,  by  slow  and  imperceptible  degrees, 
from  the  full  splendor  of  day  to  the  obscurity  of  night.  A 
similar  phenomenon  takes  place  in  the  morning,  while  the 
sun  is  yet  below  the  horizon,  and  the  gradual  approach  of 
day  is  governed  by  the  same  beneficent  influence  which  tem- 
pers its  evening  decline, 

121.  The  duration  of  morning  and  evening  twilight  de- 
pends therefore,  other  things  being  the  same,  on  the  height 
of  the  atmosphere,  or  more  correctly,  on  the  height  of  those 
parts  of  the  atmosphere  whose  density  is  sufficient  to  reflect 
a  sensible  portion  of  light.  It  accoidingly  varies  with  the 
Mate  of  the  air.  Its  duration  is  increased  on  this  account  in 
mimmer,  when  the  air  is  more  dilated  by  heat.  It  is  also,  for 
the  same  reason,  longer  in  the  evening  than  in  the  moming.f 

122.  To  complete  the  results  made  known  in  the  preceding 
sections,  and  to  give  to  them  all  the  evidence  and  rigor  which 
belong  to  established  truths,  we  must  determine  the  influence 
of  the  atmosphere  on  the  phenomena  of  the  heavens ;  and  if, 
in  ascertaining  the  tnio  effect  of  the  diurnal  motion  of  the' 
celestial  sphere,  we  have  already  supposed  the  observations 
freed  from  all  optical  illusions,  that  we  may  avoid  a  pelitio 
jarincipii,  we  must  demonstrate  that  the  corrections  thus  re- 
quired, can  be  deduced  from  data  purely  physical,  founded  on 
the   constitution   of  the   atmosphere,   independently   of  any 

lowledge  of  the  motions  of  the  heavenly  bodies. 

123.  The  atmosphere  being  composed  of  an  infinite  number 
of  strata,  whose  density  increases  as  they  approach  the  earth, 
the  rays  of  light  in  traversing  the  atmosphere  are  affected  in 
the  same  manner  as  if  they  passed  successively  through 
different  media ;  and  in  passing  obliquely  they  ought  to  be 

t  These  differences  are  not  very  considerable.  The  great  length 
Vthe  summer  twilight  over  that  of  winter,  is  mainly  owing  to  another 
■■•8.     See  TV^).  art.  96. 
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inflected  towards  the  earth,  according  as  the  density  of  the 
atmosphere  is  increased.  This  is  exhibited  in  figure  21, 
where  the  broken  line  RRR'*R'**^  represents  the  successive 
directions  which  a  ray  of  light  would  take  in  traversing  the 
successive  strata  of  the  atmosphere  -4,  A'^  A",  A'", 

But  as  the  density  of  the  atmosphere  continually  increases 
towards  the  earth,  the  broken  line  above  supposed  to  be  de- 
scribed by  a  ray  of  light,  becomes  a  curve,  concave  toward 
the  terrestrial  surface. 

This  ray,  therefore,  comes  to  the  eye  of  the  observer  at  0, 
in  the  direction  S*0 ;  and  as  we  always  see  an  object  in  the 
direction  in  which  the  ray  enters  the  eye,  the  star  S  will 
appear  to  be  at  S'.  While  the  apparent  zenith  distance  is 
ZOS'j  the  real  zenith  distance  is  ZOS.  The  difierence 
SOS'  of  these  two  angles  is  called  astronomical  refraction. 

The  effect  of  this  refraction  is  to  give  to  the  heavenly  bodies 
an  apparent  elevation  greater  than  their  real  elevation. 

124.  It  will  be  readily  seen  that  the  curve  described  by  a 
ray  of  light,  coming  from  a  star,  will  be  in  a  vertical  plane 
passing  through  the  star.  For,  as  the  atmosphere  does  not 
extend  far  above  the  terrestrial  surface,  and  as  refraction  is, 
in  this  case,  towards  a  perpendicular  to  the  surface  of  the 
refracting  medium,  the  ray,  once  in  this  plane,  cannot  depart 
Opt  82.  from  it.  Whence  we  conclude,  that  the  effect  of  refrcu^ion 
is  always  in  a  vertical  direction,  that  it  augments  the  apparerU 
aUitudes  of  the  heavenly  bodies,  or  diminishes  their  zenith  dis- 
tances. 

126.  This  efliect  diminishes  continually  as  the  incident  ray 
approaches  to  a  perpendicular.  Thus,  refraction  becomes 
nothing  at  the  zenith;  for  the  ray,  in  this  case,  passes  the 
several  media  in  a  direction  perpendicular  to  their  surfaces, 
and  consequently  will  not  be  turned  out  of  its  course. 

On  the  other  hand,  the  refiraction  of  rays,  incident  upon 
the  same  surface,  increases  with  their  obliquity.  Refraction 
will  therefore  be  the  greatest  possible  in  the  horizon;  and 
firom  thence  to  the  zenith  it  will  go  on  diminishing  accord- 
ing to  a  determinate  law. 

126.  It  is  found  that  the  quantity  of  this  deviation  from 
the  entrance  of  the  ray  into  the  atmosphere  to  its  incidence 
upon  the  eye  of  the  observer,   does  not  depend  upon  the 
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degrees  by  which  tlie  density  of  the  atmosphere  increases 
toward  the  earth,  but  upon  the  total  augmentation  of  this 
density;  that  is,  upon  the  pressure  of  the  atmosphere,  and- 
the  temperature  at  the  place  of  observation ;  circumstances 
which  are  indicated  by  the  barometer  and  thermometer. 

127.  The  formula  which  expresses  the  law  of  refraction 
imder  these  circumstances  is  extremely  simple,  and  may  be 
enunciated  in  the  following  manner.  Under  the  same  pres- 
sure and  at  the  same  lemperahire,  the  refraction  is  propor~ 
tional  to  the  tangent  of  the  apparent  zenith  distance  of  the 
heavenly  body  diminished  by  three  times  the  refraclitm.* 
,  128.  The  coefficient  of  this  proportion  depends  upon  the 
refracting  power  of  the  air  under  a  given  pressure  and  at  a 
given  temperature.  But  it  has  been  found  by  accurate  experi- 
ments, that,  when  a  ray  of  light  passes  out  of  a  vacuum  into 
air,  the  temperature  being  that  of  melting  ice,  and  the  pres- 
sure of  the  atmosphere  being  29,92  inches,  the  sine  of  refrac- 
tion is  to  the  sine  of  incidence  as  1  :  1,0002943321.  With 
this  datum  we  obtain  the  coefficient  of  the  refraction  tinder 
these  cirumstances ;  it  is  found  to  be  equal  to  60,666". 

This  value  vajies  with  the  refracting  power  of  the  air,  and 
consequently  with  its  density  ;  lor  it  has  been  shown  that  the 
refracting  power  of  the  air  and  its  density  are  constantly 
proportional  to  each  other.  The  density  of  the  air  is  pro- 
portional to  the  pressure  which  it  sustains,  and  inversely  aa 
the  bulk  which  it  occupies.  This  bulk  being  taken  for  unity, 
or  represented  by  1,  for  the  temperature  of  32°  of  Faliren- 
lieit's  scale,  increases  0,00208  for  each  degree  of  the  same  Mech. 
•  scale,  the  pressure  remaining  the  same.  Consequently,  in  *''°' 
order  to  reduce  the  coefficient  60,666",  to  a  given  temperature 
and  pressure,  it  is  necessary  to  divide  it  by  unity  increased  or 
diminished  by  so  many  times  0,00208  as  there  are  degrees  in 

^^F  *  Or  more  exactly,  three  times  and  a  quarter.     That  is,  Z  being 

^^■b  zenith  distance,  and  r  the  corresponding  retraction,  we  have 

^P  r  =  v!tang(Z— 3ir). 

^^3  being  a  constant  quantity  for  the  same  pressure  and  the  same  tem- 
perature. Under  a  pressure  of  29,92  inches,  and  at  the  temperature 
<if  melting  ice,  the  value  of  A  has  been  found  by  exact  experiments 

I  lb  be  equal  to  60,fi66"  ;  we  have,  therefore, 
y  r  =  60,e66".  tang  (Z  — 3,25 r). 


^ 


70  Oenercd  Phenomena. 

the  temperature  above  or  below  33P,  and  to  multiply  the  result 
by  the  direct  ratio  of  the  pressures. 

The  coefficient,  determined  by  our  experiments,  answers 
to  the  latitude  of  46°.  If  we  would  find  it  for  any  other 
latitude,  always  considering  the  pressure  as  29,92,  it  will  be 
necessary  to  make  a  small  reduction.  For,  gravity  varying 
with  the  latitude,  the  weight  of  a  column  of  mercury  equal 
to  29,92  inches,  varies  in  the  same  ratio,  and  consequently 
the  coefficient  should  follow  this  proportion.  But,  g  repre- 
senting the  force  of  gravity  at  the  latitude  of  46°,  and  g^  that 
of  any  other  latitude  L,  we  have  g*  =g  (1  —  0,002837  cos 

478.      2  L).     The  coefficient  60,666^'  must,  therefore,  be  increased* 
or  diminished  according  as  the  latitude  is  greater  or  less  than 
46°,  the  correction  being  in  all  cases  —  60,666''  X  0,002837 
cos  2  Zr,  or  —  0,17''  cos  2  L, 

The  above  corrections  being  made,  the  coefficient  60,666" 
will  serve  for  all  parts  of  the  earth,  even  for  mountains  as 

Opt  82.  well  as  plains.     It  is  also  adapted  to  all  states  of  the  air. 

129.  The  formula  for  refractions  being  thus  established, 
and  the  corrections  which  it  requires  being  made  known,  the 
refraction  may  be  calculated  beforehand  for  every  degree  and 
minute  of  latitude,  and  for  all  altitudes  from  11°  to  the  zenith, 
with  the  corrections  required  for  the  ordinary  variations  of 
atmospheric  pressure  and  temperature  which  belong  to  any 
climate.  A  table  of  refractions  being  thus  formed,  it  may  be 
directly  consulted,  without  having  recourse,  in  each  case,  to 
calculations  by  the  formula.  For,  if  the  observed  zenith 
distance  does  not  answer  exactly  to  any  one  of  the  numbers 
in  the  table,  it  will  fall  between  some  two  of  them,  and  the 
corrections  required  may  be  found  by  a  simple  proportion. 
The  same  method  may  also  be  used  with  respect  to  variations 
in  the  height  of  the  barometer  and  thermometer.  By  means 
of  such  corrections,  depending  upon  these  two  instnmients, 
the  same  table  of  refractions  is  applicable  to  elevated  situa- 
tions, as  well  as  to  the  general  level  of  the  earth's  surface. 

It  will  be  perceived  from  what  has  been  said,  that  the  indi- 
Opt  82.  cations  of  the   hygrometer  may,  in  these  experiments,   be 
entirely  disregarded. 

130.  Such  are  the  laws  of  atmospheric  refraction  for  heights 
greater  than  11°.     When  the  rays  of  light  make  a  less  angle 


■with  the  horizon,  it  becomes  necessary  to  introduce  into  the 
calculation  the  law  according  to  which  the  density  varies  at 
different  heights.  It  will  he  perceived  that  this  law  must  be  Top.Ifil, 
modified  continually  by  winds  and  other  causes,  even  by  those 
wliich  the  observer  cannot  foresee  or  appreciate.  On  this  ac- 
count all  astronomical  observations,  which  have  not  refraction 
directly  for  their  object,  and  which  are  not  of  a  nature  to  be 
independent  of  it,  are  made  above  11°  of  altitude.  If  it 
sometimes  becomes  necessary  to  observe  below  this  limit,  we 
correct  the  observations  by  the  tables  which  are  extended  for 
the  purpose  even  to  the  horizon.  But  in  this  case  much  less 
reliance  is  to  be  placed  on  the  results. 


Of  PaTallax. 

131.  The  methods  of  observation  which  we  have  now 
established,  relate  particularly  to  the  fixed  stars,  and  ara 
founded  upon  the  supposition  that  the  stars  are  at  a  distance 
nearly  infinite,  so  that  the  visual  rays  coming  from  the  same 
star  to  different  parts  of  the  earth  may  be  considered  as  par- 
allel. This  supposition  cannot  be  made  with  respect  to  those 
bodies  which  compose  the  solar  system,  since  they  are  very 
much  nearer  to  us,  and  are  therefore  seen  in  different  direc- 
tions in  different  parts  of  the  earth.  It  is  accordingly  neces- 
sary  to  consider  more  particularly  the  effect  of  this  difference 
of  situation,  and  to  find  the  means  of  applying  the  proper  , 
correction. 

132.  When  different  observers  in  different  parts  of  the  earth 
direct  their  attention  to  the  same  planet,  they  by  no  means 
refer  it  to  the  same  point  of  the  heavens.  Let  L,  for  exam-  p.  j 
pie,  be  this  body,  C  the  centre  of  the  earth,  O,  C,  the  posi- 
tions of  two  observers;  LO,  LCy,  the  direction  of  the  visual 
rays.     As  the  heavenly  bodies  are  referred  to  the  extremities 

of  the  lines  in  which  they  are  seen,  the  first  observer  will  see 
the  object  in  I,  upon  the  celestial  sphere,  and  the  second  in  /'. 
The  difference  in  these  two  results  will  depend  upon  the 
angle  OLO",  subtended  at  the  body  by  the  chord  of  the 
terrestrial   arc   which   joins  the   two   places  of   observation. 


L. 
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This  angle  is  called  the  parallax.  In  the  case  of  the  stars  it 
is  absolutely  insensible,  as  is  evident  from  our  observations; 
since  we  have  found  that  the  visual  rays  OL,  (yL,  may  be 
considered  as  parallel  without  any  appreciable  error. 

133.  There  are  certain  phenomena  which  show  the  effect 
of  parallax  independently  of  any  astronomical  calculations. 
For  example,  in  the  preceding  figure,  if  the  moon  is  in  L^ 
and  the  sun  in  S,  much  farther  from  the  centre  of  the  earth, 
the  two  observers  will  at  the  same  time  see  the  two  heavenly 
bodies,  and  perceive  the  interval  which  separates  them ;  but 
at  the  point  E,  situated  upon  the  line  SL,  which  joins  their 
centres,  this  distance  will  seem  to  vanish,  and  the  sun  will  be 
eclipsed.  So  also  when  a  cloud  passes  between  us  and  the 
sun,  we  are  enveloped  in  its  shadow,  while  places  at  a  small 
distance  suffer  no  obscuration ;  the  difference  of  these  effects 
depends  upon  a  real  parallax. 

134.  To  avoid  the  irregularities  resulting  from  this  cause, 
and  render  all  observations  comparable  with  each  other,  as- 
tronomers have  agreed  to  refer  them  to  the  centre  of  the  earth, 
considered  as  spherical  or  spheroidal  ,*  and  they  regard  as  the 
true  place  of  the  heavenly  body  in  the  celestial  sphere,  that  in 
which  it  would  appear  if  observed  from  this  point.  The 
point  in  the  celestial  sphere  to  which  a  body  is  referred,  when 
seen  from  the  surface  of  the  earth,  is  called  its  apparent 
place. 

135.  For  the  sake  of  greater  simplicity  we  shall  begin  by 
considering  the  earth  as  spherical,  and  endeavour  to  find  the 
true  place  of  a  heavenly  body  when  the  apparent  place  is 

Fig  23.  known.  Upon  this  supposition,  let  C  be  the  centre  of  the 
earth,  and  O  the  position  of  the  observer  on  its  surface  ;  the 
radius  CO  produced  will  be  the  vertical.  Now,  if  the  observer 
measure  the  zenith  distance  of  the  heavenly  body,  he  wiQ 
find  it  equal  to  the  angle  L  OZ  ;  if  he  had  observed  it  from 
the  centre,  he  would  have  found  it  equal  to  LCZ  or  to  LOZ 
—  CLOy  because  the  angle  LOZ  is  the  exterior  angle  of  the 
triangle  LOC.  The  angle  CLO,  formed  by  the  two  visual 
rays  drawn  to  the  body,  is  called  the  paralUix  in  altitude  ;  by 
subtracting  it  from  the  apparent  zenith  distance,  we  have  the 
true  zenith  distance.  We  suppose,  however,  that  the  observed 
distance  is  previously  corrected  for  refiraction. 


136.  The  two  visual  rays  OL,  CL^  being  in  tbe  same  ver- 
tical plane,  it  will  be  readily  seen  that  the  etfect  of  parallax 
is  entirely  in  a  vertical  direction,  like  that  of  refraction ; 
[larallax,  however,  is  subtractive,  considered  with  reference 
to  the  zenith  distance,  while  refraction  is  additive.  The 
effect  of  the  parallax  in  altitude  is,  therefore,  to  depress  a 
heavenly  body  in  the  vertical  circle  in  which  it  is  found ;  tliis 
effect  is  contrary  to  that  of  refraction,  which  makes  it  to 
appear  more  elevated. 

137.  This  depression,  depending  upon  the  angle  OLC,  is 
by  no  means  the  same  for  all  oltiliides.  The  distance  of  the 
body  from  the  earth  being  supposed  constant,  it  is  the  great- 
est possible  at  the  horizon,  as  OL'C.  The  angle  OL'G  is  ^' 
called  the  horizontal  parallax.  If  from  the  point  L'  there 
be  drawn  two  tangents  to  the  circle  OO",  which  represents 
the  contour  of  tlie  earth,  the  horizontal  parallax  will  be  the 
half  of  the  visual  angle  OL'O',  under  which  the  earth  will 
be  perceived  by  an  observer  situated  in  the  heavenly  body; 
or,  what  amounts  to  the  same  thing,  it  will  be  with  respect 
to  this  observer,  tlie  apparent  seniidiaineter  of  the  earth. 

The  parallax  in  altitude,  or  the  angle  OLC,  diminishes  as 
the  star  is  more  elevated  above  the  horizon,  and  becomes 
nothing  when  the  body  is  in  the  zenith,  since  the  visual  ray, 
directed  to  the  centre  of  the  earth,  is  the  same  as  the  visual 
ray  of  the  observer.  The  law  of  this  diminution  is  easily 
calculated  by  the  rules  of  trigonometry,  on  the  supposition 
that  the  distance  of  the  body  from  the  earth's  centre  does  not 
sensibly  vary  in  the  interval  of  a  diurnal  revolution ;  it  is 
found  that  the  parallax  carrespon lilts'  '"  «"?  apparent  alti- 
Ittde,  is  equal  lo  Ike  product  of  the  horizontal  parallax  hy  the 
sine  of  the  apparent  zenith  distance.^ 

138.  The  whole  process,  therefore,  reduces  itself  to  deter- 
mining the  horizontal  parallax.  But  the  mere  inspection  of 
the  triangle  OL'C,  shows  that  the  sine  of  this  parallax  is 

equal  to  ^-,  or  to  — ,   callijig   R   the   radius  of   the   earth 

kwn  to  the  observer,  and  D  the  distance  of  the  body  itOTa 


^7 


+  The  process  by  which  ihis  and  otlier  results  are  obtained  i 
given  in  aii  Appcmlix  lo  lliiw  volMrne, 
Aatron.  1 1 1 
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the  centre  of  the  earth.  If  this  distance  can  be  determined, 
as  we  have  the  radius  of  the  earth,  the  parallax  will  be 
known. 

In  order  to  this,  the  most  simple  and  natural  process  is  that 
which  is  employed  in  trigonometry  to  find  the  distance  of  an 
inaccessible  object,  by  observing  it  from  the  two  extremities 
Fig.  25.  of  a  known  base.  Two  observers  at  O,  C,  situated  under 
the  same  celestial  meridian  at  a  known  distance  asunder, 
observe,  at  the  same  time,  the  meridian  altitude  of  the  body 
at  L,  or  its  zenith  distance.  Then,  in  the  quadrilateral 
LOCCy,  the  three  angles  O,  Cy,  and  C,  are  known ;  the  last 
being  formed  by  the  two  verticals  at  the  places  of  observa- 
tion. We  have,  moreover,  the  lengths  of  the  sides  OC,  (yC, 
which  are  radii  of  the  earth.  We  can,  therefore,  construct 
the  quadrilateral,  and  calculate  the  diagonal  CLj  which  is  the 
distance  in  question  of  the  heavenly  body  from  the  centre  of 
the  earth.*  The  radius  of  the  earth,  divided  by  this  distance, 
will  be  the  sine  of  the  horizontal  parallax. 

This  method,  reduced  to  calculation,  leads  to  the  following 
very  simple  result.  The  horizontal  parallax  is  equal  to  the 
angle  at  the  body  in  question  divided  by  the  sum  of  the  sines 
of  the  two  zenith  distances,  if  the  body  is  between  the  zeniths 
of  the  two  observers,  or  by  the  difference  of  these  sines,  if  the 
body  is  found  on  the  same  side  of  the  zenith  with  respect  to 
them  both. 

139.  It  is  proper  to  remark  that  the  angle  OLO',  or  the 
angle  at  the  planet  or  other  heavenly  body,  may  be  dete^ 
mined  immediately  from  the  differences  of  declination  ob- 
served between  a  given  star  and  the  planet,  and  this  is  the 
method  used  by  astronomers,  since  these  differences  can  be 
easily  observed  with  very  great  exactness.  To  exhibit  this 
process  let  X  be  a  star  wliich  passes  the  meridian  at  the  same 
Fig.  27.  time  with  the  planet,  and  through  the  two  places  of  observa- 
tion, draw  to  this  star  two  visual  rays  which  may  be  consid- 
ered as  parallel,  since  the  parallax  of  the  stars  is  insensible. 
Then,  the  angles  LOl,  LO'l,  will  evidently  be  the  differ- 
ences of  the  observed  declination,  and  OLty,  being  tha  \\ 
•  exterior  angle  of  the  triangle  LOS,  will  be  equal  to  the  sum 
of  these  differences.  If  the  planet  be  on  the  same  side  of 
the  zenith  with  respect  to  the  two  observers,  the  angle  OLO 
will  be  equal  to  the  difference  of  the  angles  at  O  and  (y. 
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We  have  supposed  that  the  star  passes  the  meridian  at  the 
•  same  tune  with  the  planet  or  other  heavenly  body.  This  is 
convenient  in  explaining  the  method,  but  it  is  not  necessary 
in  practice ;  for  if  the  star  passes  before  or  after  the  planet, 
their  declinations  may  be  separately  observed,  and  the  differ- ' 
ence  taken.  In  order  to  this,  we  should  choose  stars  very 
near  the  parallel  of  the  planet,  so  that  without  deranging  the 
instrument,  the  transit  of  each  may  be  observed,  and  their 
difference  of  declination  taken  with  a  simple  micrometer. 
This  operation  may  indeed  be  performed  with  very  great 
exactness,  since  it  is  independent  of  all  those  causes  of  error 
which  affect  the  absolute  heights  of  bodies  above  the  horizon, 
and  only  supposes  that  the  intervals  of  division  of  the  instru- 
ment are  exact  in  the  small  extent  embraced  by  the  observa- 
tion ;  a  condition  which  it  is  now  very  common  to  see  reaUzed 
in  instruments  constructed  by  good  artists. 

Let  us  take,  for  example,  the  observations  of  Wargentin 
and  Lacaille  for  the  parallax  of  Mars.  They  compared  this 
planet  with  the  star  X  in  the  constellation  Aquarius.  Mars 
being  in  the  meridian  of  the  Cape  of  Good  Hope,  Lacaille 
found  that  the  northern  limb  of  its  disc  was  26,7^'  north  of 
the  star ;  its  zenith  distance  was  25^  2^,  confining  ourselves 
to  minutes.  At  the  same  time  and  under  the  same  meridian, 
Wargentin,  at  Stockholm,  observed  Mars,  while  on  the  me- 
ridian, to  be.  68^  14''  distant  from  the  zenith ;  the  northern 
limb  of  its  disc  being  6,6^'  south  of  the  star ;  the  angle  at  the 
star  was  therefore,  26,7''  +  6,6",  or  33,3".  The  sine  of  68^ 
14'  is  0,9287,  that  of  26°  2'  is  0,4231,  and  their  sum  is 
1,3618.     This  is  the  denominator  of  our  formula,  which  gives 

33  3'' 
•P  =  ,  o*   Q  =  24,64",  for  the  value  of  the  horizontal  par- 

l,o51o 

ailax  of  Mars  at  the  instant  of  observation.  It  will  be  seen 
that  the  numerator  of  this  expression,  or  the  angle  OLCy^ 
being  very  small,  it  is  not  necessary  to  know  with  the  great- 
est exactness  the  sines  of  the  zenith  distances,  nor  indeed  the 

,^  zenith  distances  themselves ;  in  this  consists  the  great  advan- 

I'tage  of  the  method. 

140.  If  unity  be  divided  by  the  sine  of  the  horizontal  paral- 
lax, the  quotient  will  be  the  distance  of  the  heavenly  body 
from  the  earth,  expressed  in  a  multiple  of  the  radius  of  the 
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earth ;   (or  D  = .     From  the   results  which  have   just 

'  am  n  ^ 

been  given,  the  distance  of  Mars  &om  the  earth  at  the  ub 

stant  of  these  observations,  was  equal  to  S373  times  the  radintr 

of  the  earth. 

141.  The  condition  that  the  two  observers  are  exactly 
under  the  same  meridian,  seems  to  limit  very  much  the  appU> 
ration  of  the  above  method.  But  this  is  not  indispensably 
Indeed,  it  will  not  be  at  al!  necessary  if  the  heavenly  body^ 
which  is  observed,  has  no  motion  in  declination,  since  then  ill 
meridian  altitude  will  be  tlie  same  for  all  places  upon  the  s 
parallel.  One  of  the  observers,  however,  will  see  the  1 
after  the  other ;  but  the  zenith  distance,  measured  by  the 
second,  for  instance,  may  always  be  considered  as  having  I 
observed  in  the  same  latitude,  under  the  meridian  of  the  firaL 
The  case  is  not  qiute  so  simple  if  the  declination  is  variably 
because  there  is  then  necessarily  some  small  change  in  ths 
time  which  it  occupies  in  passing  from  one  meridian  to  th» 
other.  But  it  is  easy  to  obviate  this  inconvenience  by  observ- 
ing for  several  days  in  succession  the  meridian  altitude  of  the 
body.  For  the  successive  differences  of  these  altitudes,  shov- 
ing the  diiunal  change  of  declination,  we  can  ascertain  with 
very  great  exactness  the  small  variation  which  it  undergoes: 
during  the  time  of  its  passage  from  one  meridian  to  the  othUi 
By  means  of  jlliia  correction  the  two  observations  can  b* 
reduced  to  the  same  meridian,  and  the  parallax  determined,  a 
we  have  stated  above.  To  render  the  application  of  1 
method  more  exact,  we  endeavour  to  diminish  these  correctioa* 
as  much  as  possible.  To  this  end  we  select  meridians  whidi 
are  near  each  other,  and  observe  the  body  when  in  its  greatest 
declinations,  because  then  the  motion  in  declination  is  le 
than  under  any  other  circumstances.  We  shall  by  and  by  8 
the  reason  of  this ;  at  present,  however,  we  adopt  the  fact  as 
result  of  observation. 

142.  By  a  method  entirely  sunilar  the  parallax  of  the  mocH) 
is  determined.  The  moon's  distance,  as  computed  by  a 
omers,  is  about  60  times  the  radius  of  tlte  earth ;  whence  U 
will  be  seen  that  it  is  much  nearer  to  tlie  earth  than  J 
The  moon's  distance  Irom  the  earth  being  different  at  differettC 
times,  its  parallax  is  subject  to  considerable  change,  the  deta 
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mination  of  wliich  has  very  much  exercised  astronomers ;  and 
they  have  employed  different  processes  in  order  to  determine 
it  with  the  greatest  precision.  But,  as  most  of  these  processes 
suppose  a  thorough  knowledge  of  the  motions  of  the  moon, 
we  shall  at  present  confine  ourselves  to  the  above  method, 
which  may  be  considered  as  the  basis  of  all  the  others, 

143.  The  parallax  of  the  Iieavenly  bodies  makes  known 
not  merely  their  distances  from  the  earth ;  but,  taken  in 
connexion  with  their  apparent  diameters,  it  gives  their  mag- 
nitudes also.  If  the  apparent  diameter  of  a  heavenly  body 
be  divided  by  dmtble  its  horizontal  parallax,  we  shall  have, 
supposing  it  spherical,  the  ratio  of  its  radius  to  the  radius  of 

the  earth.  For,  double  the  parallax  is  nothing  else  than  the  Fig.  as- 
apparent  diameter  of  the  earth,  considered  as  spherical,  to  an 
observer  situated  hi  the  centre  of  the  body ;  and,  at  equal 
distances,  the  apparent  dimensions  of  bodies  aro  proportional 
to  their  real  dimensions.  Tliis  theorem  will  be  of  use  in 
comparuig  the  dimensions  of  the  planetary  bodies  with  those 
of  our  globe. 

144.  The  effect  of  parallax  being  to  depress  the  heavenly 
bodies,  it  does  not  affect  their  altitudes  merely,  it  alters  also 
their  horary  angles  and  their  polar  distances.  The  changes 
which  it  produces  in  these  two  particulars,  are  called  the 
parallax  in  right  ascension,  and  the  parallax  in  declination. 
But  these  are  easily  deduced  from  the  parEiIlax  ui  altitude. 

Indeed,  if  through  the  eye  of  the  observer,  the  visual  rays 
OZ,  OL,  OP  I  be  drawn  to  the  zenith,  to  the  body,  and  to  Fig.  29. 
the  pole,  these  three  lines  produced  will  form  upon  the 
celestial  sphere  the  vertices  of  a  spherical  triangle,  PZS 
having  reference  to  the  apparent  place  of  the  body.  Now,  if 
iiom  the  centre  of  the  earth,  three  other  visual  rays  CZ, 
CL,  CP,  be  drawn  to  the  same  points,  the  two  first  being 
parallel  to  OP  and  OZ,  on  account  of  the  infinite  distance  of 
the  stars,  may  be  considered  as  meeting  the  celestial  sphere 
m  the  same  points  P  and  Z,  that  is,  the  angle  OPC  may  be 
considered  as  nothing.  But  the  third  ray  CL,  differing  sen- 
sibly from  OL,  on  account  of  the  parallax  of  the  body  L, 
will  meet  the  celestial  sphere  in  a  point  iS"  different  from  iS. 
..^om  this  there  results  a  new  spherical  triangle  PZS',  refer- 
[WKe  being  had  in  this  case  to  the  true  places ;  these  two 


triangles  ■will  have  in  common  the  arc  PZ,  the  distance  from 
the  zenith  to  the  pole,  or  the  complement  of  the  latitude, 
and  the  tingle  PZS,  eqnal  to  the  azimuth  of  the  body 
reckoned  from  the  pole  ;  for  the  arcs  ZS',  ZiS,  the  true  and 
apparent  distance  being  comprised  in  the  same  vertical  plane, 
the  azimuth  PZS,  or  the  angle  which  the  meridian  makes 
■with  this  vertical,  is  the  same  for  the  apparent  places  as  for 
the  tnie.  But  since  the  parallax  in  altitude  SS',  is  determined 
by  what  precedes  in  a  function  of  the  horizontal  parallax  and 
the  zenith  distance,  it  follows  that  one  of  the  two  triangles 
being  given,  the  other  is  completely  determined.  Indeed, 
they  may  be  deduced  the  one  from  the  other  by  the  trigono- 
metrical formulas,  and  we  thus  obtain  the  parallax  in  right 
ascension  and  declination.     {App.) 

146.  The  values  of  these  reductions  are  necessaiy  in  a 
great  variety  of  cases ;  they  are  indispensable  in  the  calcula- 
tion of  eclipses,  and  occultations  of  the  stars,  They  serve 
also  to  6nd  the  true  distance  of  the  moon  from  a  star,  in  calcu- 
lating the  longitude.  It  is  evident,  indeed,  that  the  parallax 
changes  all  these  elements ;  but  it  is  always  easy  to  find  by 
spherical  trigonometry,  the  variations  which  they  undergo, 
after  knowing  the  parallax  in  altitude,  since  this  fixes  aiid 
determines  the  true  place  of  the  body  in  the  celestial  sphere ; 
we  shall,  accordingly,  defer  these  different  calculations  till 
they  shall  become  necessary ;  it  is  sulBcient  for  our  present 
plumose  to  have  stated  the  principle. 

146.  Thus  far  we  have  supposed  the  earth  spherical.     In 
this  case  the  horizontal  parallax  of  a  heavenly  body,  placed 
at  an  invariable  distance,  is  the  same  to  all  observers,  what- 
ever be  their  situation  upon  the  earth's  surface.     But  this 
result  does  not  take  place,  if  the  terrestrial  radii  are  unequd^ 
for  the  horizontal  parallax  is  the  angle  under  which  the  1 
restrial  radius,  corresponding  to  the  place  of  the  observer, 
seen  from  the  centre  of  the  body  in  question.     So  that  twsl 
important  questions  present  themselves.     Has  the  oblateaestfl 
of  the  earth  any  sensible  influence  upon  the  parallax  ? 
■what  way  are  we  to  allow  for  it  ? 

These  questions  are  easily  answered.  We  have  alread)^ 
stated  that  the  sine  of  the  horizontal  parallax  is  equal  to  ttfl 
radiud  of  the  earth  divided  by  the  distance  of  the  heaven] 


body.  If  tliis  distance  is  constant,  tlie  terrestrial  radii  being 
unequiU,  the  sines  of  the  horizontal  parallaxes  will  be  to  each 
otlicr  as  the  corresponding  radii,  and  the  parallaxes  them- 
selves being  very  small  angles,  will  be  very  nearly  in  the 
same  ratio  ;  the  equatorial  parallax  is  therefore  greater  than 
liic  polar  parallax,  by  a  quantity  equal  to  g^  of  its  total 
value. 

The  moon's  parallax  is  greater  than  that  of  any  other  of 
the  heavenly,  bodies ;  its  equatorial  parallax  elevates  it  l'^  or 
361)0".  By  taking  the  309tli  part  of  this  quantity,  we  have 
1 1,6"  for  the  excess  of  the  equatorial  above  the  polar  parallax; 
llie  diiference  is  less  for  the  intermediate  radii,  and  varies  in 
the  ratio  of  the  square  of  the  sine  of  the  latitude.  But  this  ■ 
tlitference,  though  very  small,  has  a  very  considerable  influ- 
ence ujx)a  several  astronomical  phenomena ;  for  example, 
upon  the  time  of  an  occultation  of  a  star  by  the  moon,  and 
I  ven  upon  the  occiurrence  of  the  phenomenon.  It  is  neces- 
siry,  therefore,  in  many  cases,  to  have  regard  to  it. 

147.  To  this  end  we  must  adopt  some  hypothesis  respect- 
ing the  figure  of  the  earth.  We  shall  suppose  it  a  regular 
spheroid,  since  we  have  found  that  this  figure  represents  so 
nearly  the  variations  in  the  lengths  of  degrees  ;  and,  were  it 
merely  an  approximation,  it  would  be  sufficient  for  the  object 
which  we  have  in  view.  The  first  thing  then  to  be  remarked, 
is,  that  the  terrestrial  radius  does  not  coincide  with  the  ver- 
tical, and  the  apparent  zenith  Z,  situated  in  this  vertical 
produced,  differs  from  the  true  zenith  Z',  situated  in  the  Fig.  30. 
radius  produced.  But  it  is  from  the  vertical  that  the  zenith 
distances  are  observed,  since  this  is  the  line  indicated  by  the 
direction  of  gravity.  Thus,  to  bring  observations  to  what 
they  would  be  if  they  were  made  from  the  centre  of  the 
earth,  two  corrections  are  necessary,  one  to  reduce  them  to 

the  true  zeniih^  the  other  to  reduce  them  to  the  centre  of  the 
earth. 

148.  These  corrections  ore  easily  made  when  the  heavenly 
body  is  observed  in  the  plane  of  the  meridian,  for  example, 
in  L,  or  L'.  In  this  case,  the  apparent  zenith  distance  is 
UOZ,  if  the  observed  body  is  on  the  side  towards  the  pole, 
jOt  hOZ,  if  it  is  on  the  side  towards  the  equator.     This  is 

apparettt  distance  given   by  the  observation.     The  Irue 
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diatance  sought  is  L'OZ'  or  LOZ' ;  to  obtain  which  it  is 
necessary  to  add  to  tiie  appareat  distance,  the  angle  which 
the  radius  makes  with  the  vertical,  when  the  body  is  observed 
on  the  side  towards  the  pole,  or  to  subtract  the  same  angle, 
when  the  body  is  observed  on  the  side  towards  the  equator. 

149.  Knowing  the  zenith  distance  LOZ',  referred  to  the 
true  zenith,  the  parallax  in  altiinde  answering  to  this  distance 
is  found  in  the  same  manner  as  if  the  earth  were  spherical, 
except  that  we  employ  here  the  particular  value  of  the  terres- 
trial radius  OC,  which  answers  to  the  place  of  observalion. 
This  parallax  subtracted  from  the  zeuilh  distance  L.OZ, 
referred  to  the  terrestrial  radius,  will  give  the  true  zenith  dis- 
tance, such  as  it  would  be  if  it  had  been  observed  from  the 
centre  of  the  earth.     (App.) 

150.  If  the  heavenly  body  is  observed  out  of  the  meridian, 
Fig.  33.  the  lines  OZ,  OZ',  and  OL,  indefinitclyproduced,  will  form 

upon  the  celestial  sphere  the  vertices  of  a  triangle,  in  which 
we  know  the  side  ZS,  which  is  the  observed  apparent  zenith 
distance,  the  side  ZZ',  which  measures  the  angle-  made  by 
the  radius  with  the  vertical,  and  the  contained  angle  Z'ZS, 
wliich  is  the  supplement  of  the  apparent  azimuth  of  the  body, 
reckoned  from  the  pole,  since  it  is  formed  by  the  vertical 
plane  SOZ  with  the  plane  of  the  meridian ;  we  can  there- 
fore calculate  the  third  side  Z'S,  or  the  apparent  distance  of 
the  heavenly  body  from  the  true  zenith. 

We  can  also  eliminate  the  azimuth  by  means  of  its  value 
in  a  function  of  the  apparent  polar  distance  and  the  apparent 
horary  angle ;  and,  by  this  means,  Z'S  is  found  to  be  « 
pressed  entirely  in  quantities  easily  deduced  from  i 
tion. 

Knowing  the  apparent  distance  Z'S,  wo  find  the  \ 
in  altitude  for  tliis  distance,  and  for  the  terrestrial  radius  (. 
this  parallax,  represented  by  the  small  arc  SS',  will  \ 
its  expression,  n .  sin  Z'S,  n  being  the  horizontal  ] 
for  the  radius  OG.  And  thus  is  known  the  true  c 
Z'S'  =  Z  'S~SS',  such  as  it  would  be  if  it  had  b 
served  from  the  centre  of  the  earth.     iApp.) 

151.  Now,  if  we' would  have   the  parallax  in  declim 
and  right  ascension,  nothing  is  more  easy ;  for,  by  referr 
all  to  the  true   zenith  Z',  the  circumstances   become  aba 
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lutely  the  same  as  io  the  case  of  a  sphere,  represented  in 
figure  29.  The  expressions  thus  found  for  the  parallax  will 
apply  to  the  cases  under  consideration ;  only,  as  the  zenith 
distance  of  the  pole  enters  iulo  these  formulas,  it  will  he 
necessary  to  use  the  true  zenith  distance  Z',  that  is,  to  aug- 
ment the  apparent  zenith  distance  of  the  pole,  by  a  quantity 
equal  to  the  angle  Z'OZ,  formed  by  the  vertical  with  the 
radius  of  the  earth.  By  means  of  these  results,  nothing  ia 
easier  than  to  obtain  the  elements  of  the  apparent  place  of 
the  heavenly  body,  its  true  place,  referred  to  the  centre  of 
the  terrestrial  spheroid,  being  given.     {-App.) 

152.  The  apparent  diameter  of  the  moon  in  the  horizon  is 
found  to  be  a  httle  leas  than  at  the  zenith,  if  accurately  meas- 
ured with  a  micrometer ;  this  is  the  effect  of  parallax,  and  is 
easily  demonstrated.  To  this  end,  let  us  consider  the  distance 
of  the  moon  from  the  centre  of  the  earth  as  constant ;  it  will 
then  describe  its  daily  circle  around  this  centre ;  and  the 
moon,  being  in  the  zenith  at  Z,  will  be  nearer  to  the  observer  ^  j2. 
at  O,  than  when  it  is  in  the  horizon  at  L;  for  in  the  circlfl^ 
LZ  I,  the  perpendicular  OZ  is  less  than  the  half-chord  OL. 
The  difference  of  these  two  distances  produces  a  sensible 
effect  upon  the  apparent  diameter,  which  is  augmented  as  the 
moon  rises,  (App. )  The  law  of  this  increase  is  readily  cal- 
culated, and  its  total  value  from  the  horizon  to  the  zenith  is 
about  B\r,  because  in  the  passage  from  one  of  these  positions 
to  the  other,  the  distance  of  the  observer  from  the  moon  is 
diminished  by  a  quantity  evidently  equal  to  the  radius  of  the 
earth,  which  is  about  its  sixtiedl  part.  The  exact  agreement 
of  this  law  with  the  phenomena,  in  the  rising  and  declining 
of  the  moon,  leaves  no  doubt  that  they  are  to  be  ascribed  to 
the  cause  which  we  have  just  assigned ;  and  it  is  readily 
seen  that,  if  the  distance  of  the  moon  from  the  earth's  centre 
is  not  strictly  constant,  as  we  have  supposed,  the  variations 
which  this  distance  undergoes,  while  the  body  is  passing 
from  the  horizon  to  the  zenith,  are  too  small  to  produce,  in 
this  interval,  any  considerable  change  in  its  apparent  diam- 
eter. 

163.  In  what  precedes  we  have  not  mentioned  the  parallax 
of  the  smi.  This  is  in  fact  so  small,  that  it  cannot  be  ascer- 
tained precisely  by  any  of  the  above  methods ;  and  BSlron- 
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omers  were  for  a  long  time  ignorant  of  its  value.  It  has, 
however,  been  determined,  not  by  direct  observation,  which 
is  too  liable  to  inaccuracy,  but  from  certain  ratios,  which  exist 
between  the  distances  of  certain  planets  and  the  earth  itself 
from  the  centre  of  the  sun.  It  will  be  seen  that  this  indirect 
method  could  not  have  been  discovered  till  the  planetary 
motions  were  known  with  great  exactness.  We  shall  on 
this  account  defer,  for  the  present,  the  explanation  of  the 
process.  The  sun's  parallax,  as  thus  deduced,  is  found  to 
be  8,8'',  which  gives  the  mean  distance  of  this  luminary  from 
the  earth  equal  to  23578  times  the  radius  of  the  earth,  or 
93275068  miles.  Nothing  can  be  determined  with  precision 
respecting  the  dimensions  of  the  solar  system,  so  long  as  any 
uncertainty  remains  respecting  this  element.  Consequently, 
if  we  would  follow  the  order  of  discovery,  we  must  refer  this 
value  to  its  proper  place  in  the  inquiry  we  are  pursuing,  and 
return  afterwards  to  the  several  results  to  be  deduced  from 
it.  Such,  indeed,  has  been  the  mode  of  proceeding  by  which 
astronomy  has  advanced.  We  have  been  able  to  make  pro- 
gress only  by  a  series  of  successive  approximations.  But  this 
course,  alternately  direct  and  retrograde,  would  be  embarrass- 
ing and  immethodical  if  too  closely  pursued.  We  will  merely 
observe,  that  the  value  of  the  sun's  parallax  being  very  small, 
the  approximate  results,  obtained  without  considering  it,  will 
differ  very  Uttle  from  the  definitive  results  at  which  we  arrive 
by  employing  it  in  a  second  approximation.  But,  this  truth 
being  well  understood,  it  is  a  much  shorter  course  to  admit 
provisionally  the  use  of  so  small  a  correction,  whose  necessity 
is  recognised,  and  whose  value  will  hereafter  be  very  exactly 
determined,  to  the  end  that  we  may  arrive  at  once  at  the 
definitive  results.  The  same  may  be  said  with  respect  to 
the  small  corrections  relating  to  the  precession,  aberration, 
and  nutation,  the  application  of  which,  for  the  sake  of  greater 
brevity  and  method,  is  taken  for  granted  before  the  subject  is 
explained. 


THEORY  OF  THE  SUN. 


Of  the  proper  Motions  of  the  Heavenly  Bodies,  and  Ike 
Means  of  determining  them. 

154.  Im  the  foregoing  part  we  have  determined,  from  cer- 
tain facts,  the  form  of  the  earth,  its  dimensions,  and  the  place 
■which  it  occupies  in  space.  We  have  found  in  its  configura- 
tion fixed  data  for  ascertaining  exactly  the  position  of  different 
points  in  the  heavens.  Furnished  with  these  results,  we  can 
follow  all  the  motions  of  the  heavenly  bodies,  and  determine 
very  exactly  the  laws  by  which  they  are  governed.  Bnt 
there  is  only  one  sure  method  of  attaining  this  end,  and, 
as  it  is  important  that  this  should  be  well  understood  in  the 
outset,  we  shall  here  explain  it. 

155.  When  a  body  moves  rapidly  near  the  earth,  we  can, 
if  we  observe  it,  know  nearly  its  direction  and  the  course  it 
pursues.  But  the  motions  of  the  heavenly  bodies,  at  the  dis- 
tance at  which  tliey  are  placed,  are  too  slow  to  be  perceived 
by  the  eye.  They  can  be  ascertained  only  by  comparing 
their  positions  at  different  times ;  in  this  way  we  find  that 
they  have  changed  their  places  in  the  heavens. 

In  like  manner,  when  we  wish  to  trace  a  curve,  the  form 
and  law  of  which  are  unknown,  a  number  of  points  are  de- 
termined by  observation ;  these  are  then  united  by  a  continued 
line.  So,  also,  in  determining  the  motions  of  the  heavenly 
bodies,  we  observe  each  day  the  point  in  which  they  are 
found  on  the  celestial  sphere,  and  afterwards  ascertain  the 
form  of  the  trajectory,  from  the  condition  that  the  body  has 
passed  successively  through  all  these  positions  in  the  order 
in  which  they  were  observed. 

The  place  of  the  heavenly  body  is  found  for  each  day,  by 
observing  its  meridian  altitude,  and  the  instant  of  its  me- 
ridian transit.    The  altitude  makes  known  its  declination ;  the 


84  Thmry  of  the  Sun. 

time  of  the  transit  will  give  the  right  ascension  with  respect 
to  the  point  of  the  equator  which  is  chosen  for  its  origin. 
These  data  will  determine  the  point  where  the  body  is  fomid 
upon  the  celestial  sphere.  The  place  of  a  moving  body  being 
foimd  at  successive  periods,  its  path  in  the  heavens  is  thus 
determined.  This  may  be  eflfected  with  very  great  accuracy 
by  calculation ;  we  are  thus  furnished  with  the  means  of 
tracing  the  true  curve  which  the  body  describes ;  and  are 
enabled  to  fix  in  imagination  its  path  on  the  celestial  sphere. 

In  order  to  a  complete  knowledge  of  the  motions  of  the 
heavenly  bodies,  it  only  remains  to  determine  the  variations  in 
their  distances.  For  this  purpose  we  make  use  of  their  appar- 
ent diameters,  which  increase  as  they  approach,  and  diminish 
as  they  recede.  Or  if  their  diameters  are  very  small,  as  is  the 
case  with  the  comets  and  most  of  the  planets,  they  are  com- 
pared with  other  celestial  bodies,  such  as  the  sun,  whose 
course  is  previously  determined. 

These  observations  are  multiplied  and  compared  with  each 
other.  They  are  corrected  by  taking  the  most  favorable  time 
for  each  in  which  the  quantities  sought,  show  themselves  in 
an  insulated  state  and  in  their  greatest  increase.  We  at 
length  arrive  at  a  very  exact  knowledge  of  the  state  of  the 
heavens;  we  learn  what  is  constant,  and  what  is  changing 
every  day,  or  every  year,  or  in  periods  still  more  considerable. 

Then  the  business  of  practical  astronomy  is  finished,  and 
that  of  theoretical  astronomy  begins;  we  compare  similar 
phenomena  for  the  purpose  of  discovering  their  relations,  that 
is,  the  great  laws  to  which  they  are  subjected,  and  which  are, 
as  it  were,  the  common  source  from  which  they  are  derived. 
We  next  seek,  by  the  principles  of  mechanics,  what  force  is 
required  to  be  exerted  upon  the  heavenly  bodies,  in  order  that 
they  may  observe  these  laws,  and  that  their  motions  may  agree 
with  observation.  This  force  is  determined,  and  it  is  found 
to  be  the  same  for  all,  namely,  one  which  draws  them  towards 
each  other  in  the  inverse  ratio  of  the  squares  of  the  distances, 
and  which  is  consequently  called  attraction  ;  not  that  by  this 
we  would  express  the  nature  of  the  power ;  we  would  only 
indicate  the  manner  in  which  it  acts.  The  effects  of  this 
power,  modified  by  the  different  distances  of  the  heavenly 
bodies,  accoqnts  for  all  astronomical  phenomena,  which  are 
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found  to  be  explained  in  their  minutest  detetils ;  and  astron- 
omy thus  becomes  a  great  mechanical  pioblero,  the  elements 
of  which  are  given  by  observation. 

We  may  then  retrace  our  steps,  reduce  to  numbers  the 
formulas  of  the  celestial  motions,  deduced  from  a  knowledge 
of  their  causes,  and  form  what  are  called  astronomical  tables. 
By  these  tables  we  know  precisely  what  will  be  the  state  of 
the  heavenly  bodies  at  any  future  time,  and  what  it  has  been 
at  any  time  past.  These  furnish  to  navigators  the  means  of 
knowing  their  course,  to  geographers  the  means  of  deter- 
mining the  position  of  places,  to  husbandmen  the  rules  for 
regulating  their  labors,  to  nations  the  epochs  for  fixing  their 
history.  Astronomy  is  thus  made  to  produce  its  proper  fruits, 
which,  like  those  of  all  the  other  sciences,  are  general  utility 
and  the  improvement  of  society.  But  to  attain  completely 
this  end,  the  greatest  accuracy  is  required  ;  this  is  the  con- 
stant aim  of  astronomical  labors.  It  is  difficult  to  imagine 
the  degree  of  precision  to  which  the  science  is  brought.  We 
may  judge  of  it,  however,  by  this  single  fact ;  if  a  telescope 
were  to-day  directed  to  a  determinate  point  in  the  heavens, 
we  are  able  to  tell,  many  years  hence,  the  hour,  minute,  and 
second,  when  a  given  star  will  be  seen  directly  in  the  centre 
of  the  telescope,  so  as  to  cover  a  wire  finer  than  a  hair. 


0/  the  Sun's  Circular  Motion. 

156.  To  measure  exactly  the  right  ascension  and  declina- 
tion of  the  centre  of  the  sun,  we  employ  the  methods  of 
observation  which  are  explained  at  length  in  the  foregoing 
part.  The  decUnation  of  the  sim  is  obtained  by  observing 
the  meridian  distance  of  his  upper  limb  fi-om  the  zenith,  and 
that  of  his  lower  limb.  These  values  are  corrected  for  re- 
fraction, and  their  half  sum  is  the  tnie  zenith  distance  of  the 
sun's  centre.  Lastly,  this  result  is  diminished  for  parallax, 
and  we  have  the  distance  such  as  it  would  be,  had  it  been 
observed  from  the  earth's  centre.  The  zenith  distance  of  the 
equator  is  known  by  previous  observations,  that  is,  by  the 
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latitude  of  the  place.     The  difference  of  these  two  distances 
is  the  declination  of  the  sun. 

In  making  these  observations,  we  note  the  contact  of  the 
upper  and  lower  limb  of  the  sun  with  the  horizontal  wire  of 
the  telescope.  In  this  case  we  have  no  regard  to  the  breadth 
of  the  wire ;  in  reaUty,  the  observed  zenith  distance  of  the 
upper  limb  is  too  small  by  a  quantity  equal  to  half  the  diam- 
eter of  the  wire,  and  the  distance  of  the  lower  too  great  by 
the  same  quantity.  These  errors  destroy  each  other  in  cal- 
culating the  mean  distance  of  the  sun's  centre;  they  are 
added  in  measuring  his  apparent  diameter.  The  breadth  of 
the  wire  must  therefore  be  subtracted  from  the  result. 

By  thus  taking  from  day  to  day  the  meridian  altitudes  of 
the  sun,  and  comparing  them,  we  know  its  motion  in  de- 
clination. 

157.  To  obtain  the  motion  in  right  ascension,  we  observe 
each  day  the  instant  of  the  sun's  meridian  transit,  and  com- 
pare it  with  that  of  a  known  star.  This  is  done  by  observ- 
ing the  contact  of  both  the  western  and  eastern  limb  with 
the  vertical  wire  of  the  transit  instrument,  and  taking  the 
mean  between  the  two  times.  The  error  resulting  from  the 
breadth  of  the  wire  is  destroyed  in  this  case,  as  in  that  of 
the  zenith  distance.  The  time,  which  intervenes  between  the 
transit  of  the  star  and  that  of  the  sun,  shows  the  difference 
of  their  meridians.  This  difference,  calculated  daily,  gives 
the  motion  of  the  sun  in  right  ascension. 

By  repeating  continually  these  two  kinds  of  obsei:vations, 
we  shall  have  all  that  is  necessary  for  determining  the  law  of 
the  sun's  motion,  and  its  course  on  the  celestial  sphere. 
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]<foie.  —  For  the  eake  of  greater  compactnesa,  the  aDgles  in  tbe 
above  table  are  expressed  in  degrees  and  decimals  of  a  degree,  and 
the  times  in  hours  and  decimals  of  an  hour.  In  the  subsequent 
application  of  these  observations,  the  usual  denominations  are  pre- 
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168.  For  the  sake  of  having  always  a  fixed  point  of  de- 
parture, astronoiDcrs  have  usually  referred  the  transits  of  the 
sun  to  those  of  the  star  a  in  the  coustellatlon  Lyra,  which 
being  very  bright  and  situated  at  a  much  greater  distance 
from  the  equator  than  the  sun  ever  attains,  may  be  observed 
at  all  seasons  with  the  transit  instrument,  even  when  it  passes 
the  meridian  at  the  same  time  with  the  sun.  Tlie  intervals 
between  the  transits  of  the  sun  and  star  are  reckoned  in 
sidereal  time,  from  west  to  east,  and  they  express  the  time 
wliich  elapses  from  the  transit  of  Lyra  to  the  next  succeeding 
transit  of  the  sun.  It  is  here  supposed  that  the  position  oif 
the  star  in  the  heavens  remains  invariably  the  same,  that  is, 
that  a  correction  is  applied  for  its  small  variations.  If  we 
would  follow  rigorously  the  course  of  discovery,  it  would  be 
Qccessary  to  refer,  each  day,  the  transit  of  the  sun  to  the 
apparent  transit  of  the  star,  as  it  is  actually  observed,  that  is, 
affected  by  precession,  aberration,  and  nutation.  But  then, 
the  small  changes  of  place  which  the  star  undei^oes  by  virtue 
of  these  three  causes,  during  a  series  of  observations  for  one 
year,  are  referred  entirely  to  the  sun,  whose  motion  appears 
to  be  affected  by  these  same  irregularities.  This  course, 
however,  will  finally  lead  to  the  same  results  as  the  other,  ' 
and  is  in  reality  that  which  is  followed  by  astronomers.  For 
the  effects  of  the  irregularities  in  question,  almost  imper- 
ceptible in  the  interval  of  a  year,  become  very  sensible  after 
a  series  of  years ;  and  when  the  errors  are  thus  suffered  to 
accumulate,  tlie  same  application  of  the  first  results,  will 
show  the  necessary  corrections,  Bui,  by  making  at  first  these 
small  corrections,  we  have  the  advantage  of  obtaining  the 
final  results  from  the  first  approximation,  instead  of  being 
obliged  to  come  at  them  by  successive  trials,  and  pursuing 
step  by  step  the  path  of  discovery.  This  anticipation  will 
not  affect  at  all  the  accuracy  of  the  reasoning,  for  it  w^ill  have 
no  infiuence  upon  the  considerations  by  which  we  discover 
the  existence  and  measure  of  the  small  apparent  motions  to 
which  all  the  stars  are  subjected. 

159.  Having  given  this  necessary  explanation,  we  shall  at 
first  consider  the  declinations  of  the  sun  as  furnished  by  a 
tabic  of  ri'gidar  observations,  and  examine  by  what  laws  they 
vary.     It  we  follow  the  order  in  which  they  wore  observed 
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we  shall  see  that  the  first,  belonging  to  the  month  of  Decem- 
ber 1806,  were  south ;  they  attained  their  greatest  value  on 
the  22d  of  this  month.  Then  the  declination  of  the  sun  was 
23^  27'  64".  From  that  time  they  dimmish,  the  sun  ap- 
proaches the  equator,  and  the  change  of  declination  firom 
south  to  north,  shows  that  the  sun  passed  the  plane  of  this 
circle  about  the  21st  of  March.  This  is  the  time  of  the 
equinoxy  when  the  length  of  the  day  is  equal  to  that  of  the 
night  all  over  the  earth.  The  sun  continues  its  course  in  the 
same  direction ;  it  recedes  from  the  equator  and  approaches 
the  north  pole ;  the  northern  declinations  increase,  and  finally 
attain  their  maximum  about  the  22d  of  June,  and  this  maxi- 
miun  is  very  nearly  the  same  as  that  for  the  southern  decli- 
nations. From  this  time  the  sim  begins  to  return  towards  the 
equator,  and  the  declinations  diminish.  It  reaches  the  plane 
of  the  equator  about  the  24th  of  September.  There  is  now 
a  second  equinox.  The  sun  continues  to  descend,  the  decli- 
nations become  south,  and  increase  to  their  accustomed  limit, 
which  happens,  as  before,  about  the  22d  of  December.  Prom 
this  time  they  again  diminish  in  the  manner  above  described, 
and  the  sim  moves  towards  the  equator  by  the  same  degrees. 
These  phenomena  are  continually  repeated  every  year  accord- 
ing to  the  same  laws. 

160.  If  we  take  the  diflferences  of  these  declinations,  it  will 
be  seen  that  they  are  to  a  certain  degree  regular  and  symmet- 
rical on  opposite  sides  of  the  equator  -,  but  the  progress  of 
these  variations  is  unequal.  They  are  more  rapid  when  the 
sun  is  near  the  plane  of  the  equator,  and  it  is  there  that  their 
value  is  the  greatest.  They  diminish  as  the  sun  departs  firom 
this  plane,  and  become  insensible  near  the  greatest  declina- 
tions. At  this  time  the  meridian  altitude  of  this  luminary 
changes  very  little  firom  day  to  day,  and  appears  almost  sta- 
tionary. Thus  the  parallels  which  the  sun  describes  at  this 
time,  are  called  the  solstices.  They  are  also  called  the  tropics, 
firom  a  Greek  word  which  signifies  to  turn,  because  the  sim, 
coming  to  these  points,  seems  to  turn  back  and  retrace  its 
steps.  That  which  is  to  the  north  is  called  the  tropic  of  can- 
cer ;  the  other  the  tropic  of  Capricorn.  These  denominations 
seem  to  have  been  given  by  a  people  situated  north  of  the 
equator,  who,  seeing  the  sun  return  toward  the  south,  after  it 
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'liad  passed  ihc  northern  tropic,  gave  to  this  parallel  ihe  sign 
Cancer  or  the  crab,  an  animal  which  frequently  moves  back- 
ward. On  the  contrary,  the  sun  appearing  to  them  to  ascend 
from  the  southern  tropic,  and  mount  again  to  the  equator, 
they  gave  to  this  parallel  the  sign  of  Capricorn  or  the  goat, 
this  animal  being  fitted  for  climbing.  The  two  parallels  are 
situated  at  equal  distances  from  the  equator,  and  this  distance 
in  1807  was  23'^  27'  54",  as  may  be  seen  by  the  observations 
contained  in  the  table  given  above. 

161.  We  now  come  to  the  motion  in  right  ascension.  If  , 
the  sun  at  first  pass  the  meridian  at  the  same  time  with  the 
star  with  which  it  is  compared,  it  will  the  next  day  be  later, 
and  it  will  recede  from  it  daily,  in  the  direction  from  west  to 
east.  This  is  proved  by  the  intervals  of  the  transits,  which 
always  exceed  the  duration  of  a  sidereal  day.  But  the  march 
■  of  the  sun  in  this  respect  is  not  uniform.  It  is  sometimes 
slower  and  sometimes  faster,  as  may  be  readily  seen  by 
comparing  the  intervals  of  successive  transits  as  fotmd  in  the 
table. 

This  comparison,  made  at  different  times  of  the  year,  gives 
the  following  values,  for  the  daily  retardation  of  the  sun  with 
respect  to  the  star,  as  measured  by  their  respective  transits,  in 
sidereal  time. 

December  22 266,64" 

February    11 236,02 

March        26 218,30 

May  16  .        ...  .  237,24 

Jime  23  .....  240,91 

July  28 237,46 

September  17 216,57 

November     1 236,02 

The  smallest  of  these  values  is  216,57",  and  the  greatest 
266,54".  Between  these  two  we  often  meet  with  the  value 
236,65",  within  a  small  fraction ;  and  this  may  be  considered, 
for  the  present,  as  the  mean  quantity,  about  which  the  daily 
retardation  varies,  or  the  difference  between  a  sidereal  and  a 
mean  solar  day,  esprossed  in  sidereal  time.  Reduced  to  mean 
solar  lime,  it  is  equal  to  236",  or  3'  56". 


The  Bim,  (ulvnncuig  every  day  towards  the  easl  through  a 
space  expressed  by  ihe  above  quantity,  tluis  passes  succes- 
sively through  all  degrees  of  right  ascension.  After  having 
made  the  entire  circuit  of  the  heavens,  it  again  passes  the  siar 
which  we  have  supposed  immovable ;  and  the  daily  differ- 
ences of  transit  reconunence  ui  the  same  order.  Tlie  motion 
of  this  body  from  west  to  cast,  considered  as  parallel  lo  the 
equator,  lakes  place  in  a  regular  manuer,  though  not  uniform- 
ly, and  in  the  interval  of  a  year. 

162.  From  these  coneidcrations  wc  are  led  to  recognise  two 
proper  motions  in  the  sun,  the  one  parallel,  the  other  perpen- 
dicular to  the  equator  ;  or,  wliich  amounts  lo  the  same  thijig, 
we  may  suppose  a  single  motion  oblique  to  the  meridians  and 
parallels,  which  will  at  once  produce  the  two  effects. 

163.  If  we  trace  each  day  upon  a  globe  the  right  asceo* 
sion  and  declination  of  this  luminary,  we  shall  find  that  Hi 
thus  describes  a  great  circle  of  the  celestial  sphere,  as  repW 
sented  in  figure  36,  in  which  EAA'  designates  the  etpiaiot,; 
AA',  AA"  .  .  .  the  right  ascensions  reckoned  isQxn  the  point  A^ 
as  their  origm,  and  ^16',  A'S',  A"S"  ...  the  declinaUonSM 
observed  from  the  point  O.  The  scries  of  points  S,  8*, 
.  .  .  .  ,  determine  the  great  circle,  oblique  to  the  eqiiatOTf' 
which  the  sun  describes  upon  the  celestial  sphere.  This  re- 
sult is  confirmed  by  calculation,  wliich  is  incomparably 
exact  than  any  graphical  construction,  the  successive  poaitioiis 
of  the  Sim  being  determined  by  spherical  trigonometry. 

The  cu-cle  described  by  the  sun  is  bounded  north  and  bouiJi 
by  the  two  tropics.  It  is  called  the  ecliptic,  because  an  ecIipA 
never  happens  except  when  the  moon  is  in  or  near  the  plan^j 
of  this  circle. 

164.  If  the  ecliptic  is  really  a  great  circle  of  the  celestials 
sphere,  it  must  cut  the  equator,  which  is  also  a  great  circle,  ial 
two  opposite  pomts,  that  is,  in  two  points  whose  right 
sions  differ  by  a  semicucumference.  Let  us  examine  the  tal 
of  observations,  to  see  if  this  condition  is  fulfilled.  We 
serve  that  on  the  21st  of  March  at  noon,  the  declination  of 
sun  was  0,0140P  or  60,45 ",  south,  aiid  the  next  day  at  ni 
it  was  0,38137°  or  22'  52,95",  north.  The  sun,  thereft 
must  have  passed  the  plane  of  the  equator  between  these  f 
observations,  and  at  a  |»oinl  of  lime  apjiruaching  much  ta 
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to  the  first  than  to  the  second.  The  precise  mnment  of  tliis 
phenomenon  is  easily  detcrminetl.  For,  by  taking,  the  interval 
of  the  [wo  transits,  we  see  that  it  was  24''  3'  38,07",  and  dur- 
ing this  time  (he  decUnation  of  the  sim  changed  60,4i5"  •{• 
a?  52,96",  or  23'  43,4" ;  by  supjKtsing  also  that  the  cliange  was 
made  in  a  luiiform  manner,  which,  for  so  sliort  a  time  is  very 
near  the  truth,  we  find  by  a  simple  proportion  tlie  interval  of 
time  necessary  to  complete  the  50,45".  This  will  bo 
SM*"  3'  38,07"  X  50,45" 


»'  43,4" 


-,  or  51'  9,8 


This  quantity,  added  to  noon  of  the  21st  of  March,  will  give 
tlie  lime  at  which  the  sim  was  ui  the  piano  of  the  eqiflitor. 
Now,  since  in  the  interval  of  two  meridian  transits  of  the  sun, 
at  this  season,  its  right  ascension  with  respect  to  Lyra  changed 
3'  38,07",  it  is  clear  that  in  0^  51'  9,88"  the  change  will  be 
3'  3S,07"  X  61'  9,88" 


24^  3'  38,07 " 


-,  or  7,7". 


This  quantity,  being  added  to  5,433'"  or  S*"  29'  29,6",  will  give 
S*"  29*  37,3"  for  the  difference  of  right  ascension  between  the 
sun  and  Lyra  at  the  moment  of  the  equinox. 

We  may  arrive  at  this  result  more  directly,  by  establishing 
at  once  the  proportionality  between  the  corresponding  changes 
of  declination  and  right  ascension ;  for  then,  from  noon  on  the 
21st  of  March  to  the  instant  of  the  equinox,  the  change  of 
right  ascension  will  be  equal  to 

3'  38,07 "  X  50,45" 

23' 43,4"        •?"-^"- 

88  we  have  just  found  by  a  process  more  circuitous. 

If  we  perform  a  similar  calculation  upon  the  observed  decli- 
nations of  the  22d  and  23d  of  September,  for  wliich  the  dif- 
ference of  declination  is  23'  24,02",  and  of  right  ascen^on, 
3'  35,65 ",  the  interval  of  the  two  transits  being  24''  3'  35,66", 
we  shall  find  that  the  sun  must  have  entered  the  plane  of  the 
equator  at  12''  13'  13,49",  afternoon  of  the  23d  of  September, 
that  is,  on  the  24th  at  13'  13,49"  in  the  mommg ;  and  the 
ditferenct  of  right  ascension  of  the  sun  and  Lyra  at  that  time 


17"  27' 45,33"  -|-  I' 61,5 


:  17''  2*  36,87". 
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By  comparing  this  result  with  that  of  the  2l8t  of  March,  it 
will  be  seen  that  the  right  ascension  of  the  sun  has  varied  in 
this  interval  11**  69'  69,57",  or  very  nearly  twelve  hours,  that 
is,  one  half  of  a  circumference.  By  neglecting  the  small 
difference  0,43",  which  may  be  attributed  to  errors  of  obsmar 
tion,  we  see  that  the  two  points,  in  which  the  sun's  path 
meets  the  equator,  are  diametrically  opposite,  as  they  ought 
to  be,  on  the  supposition  that  the  orbit  is  plane.  We  may 
make  the  same  calculation  respecting  any  two  points  opposite 
in  right  ascension,  that  is,  whose  right  ascensions  differ  by 
twelve  hours,  and  we  shall  always  find  that  they  answer  to 
equal  declinations  on  opposite  sides  of  the  equator.  We  may 
easily  make  this  comparison  with  respect  to  the  observations 
of  January  9,  and  July  11 ;  of  February  7,  and  August  11 ; 
of  May  1,  and  November  3 ;  which  are  already  very  nearly 
suited  to  our  piupose,  and  which  may  be  exactly  reduced  by 
means  of  the  diurnal  motion  of  the  sun  at  each  of  these 
epochs.  This  opposition  shows  the  perfect  symmetry  of  the 
plane  of  the  orbit  on  the  two  sides  of  the  equator. 

166.  The  two  intersections  of  the  equator  with  the  ecliptic, 
are  called  the  equinoxes  or  equinoctial  points,  because  when 
the  sun  passes  these  points,  the  day  is  equal  to  the  night 
throughout  the  earth.  This  luminary  is  then  in  the  plane  of 
the  equator,  which  divides  the  earth  into  two  equal  parts. 
Thus,  if  we  consider  the  ray^  that  come  to  us  from  the  sun, 
as  parallel  among  themselves,  which  is  very  near  the  truth, 
Fig  88.  the  earth  will  evidently  be  enlightened  from  one  pole  to  the 
other,  and  the  circle  which  separates,  upon  the  surface,  the 
light  from  the  shade,  is  a  meridian  whose  plane  is  perpendicu- 
lar to  the  solar  rays.  This  meridian  turns  with  the  sim  in 
consequence  of  the  diurnal  motion,  and  each  parallel  is  found 
to  be  enlightened  during  half  a  revolution  of  the  heavens. 

THhe  plane  of  the  equatpr  and  that  of  the  ecliptic  cut  each 
other  in  a  straight  line,  which  passes  through  the  equinoctial 
points,  and  which  is  therefore  called  the  line  of  the  equinoxes. 
This  must  not  be  confounded  with  the  equator,  as  traced  upon 
the  earth,  called  by  navigators  the  equinoctial  line,  or  simply 
the  line. 

Of  the  equinoxes,  that  which  the  sun  passes  in  ascending 
from  the  southern  tropic  towards  the  northern,  is  called  the 
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vernal  equinox;  and  is  ordinarily  designated  in  astronomy  by 
the  sign  f.  The  second  equinox,  through  which  tlic  sun 
I>asses  in  deconding  from  the  northern  tropic  towards  the 
southern,  is  called  the  autumnal  eyuinox,  and  is  designated 
by  the  character  £i.  These  denominations  are  derived  from 
the  division  of  the  year  into  seasons,  depending  upon  the 
equinoxes  and  solstices. 

166.  Astronomers  usually  take  the  point  If  of  the  equator, 
or  the  vernal  equinox,  as  the  origin  from  wliich  to  reckon  the 
right  ascension  of  the  sun  and  all  the  heavenly  bodies.  They 
here  place  the  first  point  of  the  astronomical  sign  called  arics, 
designated  by  the  character  "¥".  By  moans  of  the  results  which 
we  have  obtained,  it  is  easy  to  conform  to  this  usage.  We 
found  by  the  observations  of  21st  of  March,  that  the  vernal 
equinox,  referred  to  the  meridian  of  Lyra,  had  a  right  ascen- 
sion of  S""  29'  37,3".  If  we  would  make  this  point  the  origin 
of  right  ascensions,  we  have  only  to  subtract  S""  29*  37,3", 
frottl  all  the  right  ascensions  of  tho  sun,  referred  to  the  me- 
ridian of  Lyra.  Consequently  the  right  ascension  of  Lyra 
itself,  referred  to  this  equinox,  and  reckoned  in  the  same 
direction  as  the  others,  will  be  the  complement  of  this  quan- 
tity 24'',  or  18''  30  22,7".  We  can  find,  in  like  manner,  that 
of  all  the  other  stars  whose  difference  of  right  ascension  with 
respect  to  the  sim  or  Lyra  is  known. 

As  astronomers  have  fixed  upon  the  point  f  as  the  origin 
of  right  ascensions,  they  would  naturally  select  the  same 
point  of  the  equator  as  the  origin  of  absolute  sidereal  time. 
Tliis  they  have  done ;  and  at  any  place,  absolute  sidereal  time 
is  measured  at  any  instant  by  the  horary  angle  comprehended 
between  the  vernal  equinox  and  the  plane  of  the  meridian. 
There  is,  however,  a  want  of  unilbrmity  with  respect  to  the 
commencement  of  the  sidereal  day.  Some  have  placed  it  at 
the  instant  of  the  transit  of  the  equinoctial  point  over  the 
sopcrior  meridian,  and  they  then  reckon  O""  of  sidereal  time. 
This  method  is  used  in  the  ancient  tables.  Others  think 
tliat  the  sidereal  day  shoiUd  rather  be  made  to  commence  at 
the  instant  of  the  transit  of  the  equinoctial  point  over  the 
iuferioi  meridian,  which  would  be  conformable  to  the  general 
^mctice  of  society,  the  day  being  considered  as  beginning  at 
^Miigbt.     This  change  lias  been  introduced  into  the  new 
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astronomical  tables,  published  by  the  French  board  of  longi- 
tude. 

167.  To  complete  the  determination,  in  the  heavens,  of  the 
position  of  the  plane  of  the  ecliptic,  it  is  only  necessary  to 
know  the  angle  which  it  makes  with  the  plane  of  the  equator; 
for  the  position  of  a  plane  is  determined  when  we  know  its 
intersection  with  a  fixed  plane,  and  its  inclination  to  it.  In 
this  inquiry  we  neglect  the  diurnal  motion  of  the  celestial 
sphere,  which  being  conmion  to  the  equator  and  ecliptic,  has 

Fig.  87.  no  influence  upon  their  respective  positions.  Let  C  be  the 
centre  of  the  earth,  EQ'Q"  the  equator,  ES  e  the  ecliptic, 
E  e  the  conunon  intersection  of  these  two  planes,  or  the  line 
of  the  equinoxes.  Wc  draw  a  meridian  PSQj  whose  plane 
shall  be  perpendicular  to  this  conunon  intersection.  This 
meridian  will  cut  the  plane  of  the  equator  in  the  right  line 
CQ,  and  that  of  the  ecliptic  in  the  line  CSy  and  the 
angle  SCQ  will  be  the  obliquity  of  the  ecliptic  required. 

Now  of  all  the  visual  rays  CS,  CS'j  CS"j  which  can  be 
drawn  successively  firom  the  centre  of  the  earth  to  the  sun,  at 
different  times  of  the  year,  CS  is  that  which  makes  with 
the  equator  the  greatest  angle  ;  consequently,  the  obliquity  of 
the  ecliptic  to  the  equator  is  equal  to  the  greatest  decUnoHoh 
of  the  sun. 

168.  To  determine  this  with  the  greatest  accuracy,  it  is 
sufficient  to  observe  the  meridian  altitude  of  the  sun  on  the 
day  of  the  solstice,  if  the  solstice  happen  at  midday.  As  this 
circumstance  takes  place  at  only  one  terrestrial  meridian,  the 
observation  may  be  next  to  impossible.  But  it  should  be 
remarked,  that  when  the  sim  approaches  the  tropic,  its  me- 
ridian altitudes  vary  very  little  from  day  to  day,  and  on  the 
day  in  which  it  arrives  at  the  highest  parallel,  it  remains 
nearly  at  the  same  distance  from  the  equator.  Thus,  in  what- 
ever place  the  greatest  declination  of  the  sim  is  observed,  it 
may,  as  a  first  approximation,  be  considered  as  equal  to  the 
obliquity  of  the  ecliptic  ;  we  say  as  a  first  approximation,  for 
it  will  be  soon  seen  that  there  are  methods  by  which  we  can 
calculate  what  ought  to  be  added  to  the  result  of  direct  obser- 
vation to  make  it  what  it  would  have  been,  if  the  observation 

'had  been  made  at  the  precise  instant  of  the  solstice. 


In  oar  table  of  observations,  the  greatest  declinations  of  the 
sun  are  23,46491°  =  23^  27'  53,67"  and  23,46479°  =  23°  37' 
53,25".  Tiie  obliquity  of  the  echptic  may  therefore  be  con- 
sidered, in  a  first  approximation,  as  equal  to  33°  27'  53,46"  for 
the  year  1807. 

The  obliquity  of  the  ecliptic  may  also  be  obtained  without 
knowing  the  latitude,  by  observing  the  zenith  distances  of  the 
sun  whan  on  the  meridian  at  the  two  solstices,  and  taking 
half  the  diffGrcnoo.  For  the  visual  rays,  drawn  from  the 
centre  of  the  earth  to  the  two  solstitial  points,  must  mske 
equal  augles  with  the  equator. 

In  our  table  of  observations,  for  example,  the  zenith  dis- 
tances of  the  Sim  at  the  two  solstices,  are  72,30213°  =  72°  18' 
7,67",  December  22,  1806,  and  25,37243°  -  25°  22' 20,75", 
on  the  22d  of  June,  1807.  Their  difference  is  46°  55'  46,92", 
the  half  of  which,  23°  27'  63,46",  is  the  value  very  nearly  of 
the  obliquity  in  1807. 

169.  When  the  obliquity  of  the  ecliptic  is  known,  it  will 
be  sufficient  to  observe  one  declination  of  the  sun  in  order  to 
find  the  position  of  the  equinoctial  points.  Indeed,  by  repre- 
senting the  meridional  position  of  the  sun,  on  a  certain  day, 
by  S',  the  declination  S'Q'  may  be  known  by  observation.  Fig.  37. 
Then,  in  the  triangle  S'Q'E,  right-angled  at  Q',  we  have  the 
side  ^'Q'  and  the  opposite  angle  S'BQ,',  equal  to  the  ob- 
liquity of  the  ecliptic.  Wo  can,  therefore,  by  the  rules  of 
spherical  trigonometry,  calculate  the  side  EQ.',  which  is  the  Top.  82. 
right  ascension  of  the  sun,  referred  to  the  equinoctial  point  E. 

If,  moreover,  on  the  same  day,  the  difference  of  right  ascen- 
sion between  the  sim  and  a  star  which  passes  the  meridian 
al'ter  it,  he  observed,  and  the  arc  E  Q'  be  added  to  the  result, 
we  shall  have  the  right  ascension  of  the  star  with  respect  to 
the  equinoctial  point  E.  The  position  of  this  point  upon 
the  equator  will,  therefore,  be  very  rigorously  determined,  as 
also  that  of  the  opposite  ^uinox  e,  which  is  180°  distant. 
To  avoid  the  small  errors  which  are  likely  to  attend  these 
observations,  they  should  be  many  times  repeated  for  the 
fame  stars ;  then,  by  taking  the  mean  of  all  the  results,  the 
distance  of  the  equinox  from  each  star  will  be  known,  and 
consequently  the  position  of  tlie  line  of  the  equinoxes  will  be 
determined  with  great  precision. 

Astroii.  1:1 


170.  A  straight  line  perpendicular  lo  the  plane  of  the  eclip- 
tic, and  passing  through  the  centre  of  the  earth,  is  called  the 
ojHs  of  the  ecliptic,  from  its  analogy  to  the  axis  of  the  equator. 
The  two  opposite  points  in  which  tlus  straight  line  produced, 
meets  (he  celestial  sphere,  are  called  the  poles  of  the  ecUplie. 
That  which  is  situated  on  the  north  side  of  the  equator,  ii 
caliod  the  north  pole ;  the  other  is  called  i/ie  south  pole. 

The  axes  of  the  equator  and  the  ecliptic  being  both  per- 
pendicular to  their  respective  planes,  the  angle  which  they 
make  with  each  other  is  equal  to  the  inclination  of  these 
planes,  or  23°  27'  63".  Thus  the  angular  distance  of  the 
poles  of  the  ecliptic  from  the  plane  of  the  equator,  is  equal  to 
90° —  23'^  27'  53",  or  66^^  32'  7". 

The  two  celestial  parallels,  which  have  this  declination  nn 
the  two  sides  of  the  equator,  are  on  this  account  called  the 
polar  circles. 

It  is  easy  to  find  in  the  heavens  the  place  of  the  poles  of 
the  ecliptic  ;  for  wc  already  know  the  parallels  on  which  they 
are  situated.  We  know,  moreover,  that  they  are  in  the  same 
plane  perpendicular  to  the  equator  and  the  ecliptic,  and  con- 
sequently perpendicular  to  the  line  of  the  equinoxes.  The 
intersection  of  this  plane  with  the  equator,  will  therefore  be 
90°  distant  from  the  equinoctial  points  ;  thus  the  right  ascen- 
sion of  the  south  pole  of  the  ecliptic  will  he  90°,  and  that  of 
the  north  pole  270° ;  these  right  ascensions  being  reckoned 
from  the  vernal  equinox,  and  from  west  to  east,  in  the  direc- 
tion of  the  proper  motion  of  the  sun. 

The  north  pole  of  the  ecliptic  is  the  only  one  which 
be  seen  in  Europe.     It  is  now  situated  in  the  constellat 
Draco,  between  the  two  stars  f  and  S,  and  it  is  a  little 
lo  the  latter  star, 

171.  The  position  of  the  sun's  path  being  thus  complet 
determined,  the  sun's  place  in  the  ecliptic  can  be  calculal 
hy  knowing  simply  his  right  ascension  or  dechnation. 
I  Fig.  87.  in  the  spherical  triangle  S'EQ',  the  position  of  the  st 
determined  by  the  angle  S'CE,  which  the  visual  ray 
makes  with  the  line  of  the  equinoxes.  This  is  what  is  callfl| 
the  longitude  of  the  sun.  It  is  easy  to  calculate  this  angle 
the  arc  ES'  which  measures  it,  when  we  know  the  obliquit 
of  the  ecliptic  and  the  right  ascension  or  declination  of  tt 
sun. 
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172.  By  repeating  from  day  to  day  the  same  obserration 
and  calculation,  we  find  succesavely  the  arcs  described  by 
the  sun  in  the  ecliptic  reckoned  &om  the  equinox,  or  the 
longitudes  of  the  sun. 

The  longitudes,  like  the  right  ascensions,  are  reckoned 
from  the  vernal  equinox,  and  from  0°  to  360°,  in  the  order 
of  the  sun's  motion.  By  taking  their  difference  from  day  to 
day,  we  know  the  sun's  daily  progress  in  the  plane  of  the 
ecliptic. 

With  a  sufficient  number  of  observations  of  this  kind,  tables 
may  be  formed  wliich  shall  show  the  sim's  longitude  and 
declination,  for  any  futiue  day  and  moment.  These  constitute 
what  are  called  tables  of  the  sun.  They  may  be  calculated, 
if  desired,  in  sidereal  time,  reckoned  from  the  transit  of  the 
equinoctial  point  over  the  meridian  of  any  assumed  place. 
This  astronomers  have  done,  as  we  have  already  stated.  In 
these  tables,  the  differences  of  longitude  from  day  to  day 
may  be  determined  with  great  accuracy,  since  they  are  the 
same  every  year,  and  return  in  the  same  order,  which  admits 
of  their  being  corrected  by  time.  If  there  be  any  uncertainty, 
it  will  take  place  with  respect  to  the  epoch  at  which  the  sun 
will  have  a  certain  longitude ;  for  example,  at  the  instant  of 
the  equinox.  There  may  also  be  a  doubt  respecting  the  true 
value  of  the  obliquity.  So  that,  to  perfect  the  tables,  it  will 
be  necessary  to  apply  ourselves  to  the  rectification  of  these 
two  elements. 

The  investigation  of  the  sim's  motions,  has  then.  Like  all 
astronomical  problems,  two  distinct  parts ;  the  formation  of 
tables  from  the  first  observed  results,  and  the  correction  of 
the  tables,  on  the  supposition  tliat  their  elements  are  nearly 
known. 

173.  The  first  thing  to  be  carefully  determined  is  the  ob- 
liquity of  the  ecliptic.  Fifteen  days  before  and  after  the 
solstice,  the  observer  begins  to  take  the  meridian  altitudes  of 
the  sun  with  the  proper  inBtrimaent,  for  the  purpose  of  deter- 
mining the  declinations.  That  which  is  observed  on  the  day 
of  the  solstice  will  be  the  greatest  possible  if  the  solstice 
happen  at  midday  ;  but  it  may  happen  half  a  dny  sooner  or 
later ;  during  this  interval  the  longitude  changes  about  29' 
42",  on  the  supjxisition  that  the  daily  motion  of  the  sun  is 
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Sy  24'',  which  is  very  nearly  the  mean  value.  But  an  error 
of  29^  42''  in  longitude  will  give  an  error  of  6,48"  only  in 
declination  at  the  time  of  the  solstice,  because  very  near  the 
solstice,  the  declinations  of  the  sim  becoming  perpendicular 
to  the  ecliptic,  a  small  change  in  longitude  produces  a  much 
sUghter  change  in  declination.  Such,  then,  is  the  greatest 
error  which  can  be  committed  in  determining  directly  the 
solsticial  declination  by  an  observation  made  on  the  day  of 
the  solstice. 

But  this  error  may  be  corrected  by  calculating  firom  tables 
already  formed,  the  sun's  distance  from  the  solstice  at  the 
time  of  the  observation ;  for  from  this  we  may  infer,  with 
great  exactness,  how  much  the  observed  declination  falls  short 
of  the  solsticial  declination.  By  adding  tliis  quantity  to  the 
declination  observed  on  the  day  of  the  solstice,  we  shall  have 
the  solsticial  declination,  that  is,  the  obhquity  of  the  ecliptic, 
with  all  the  accuracy  which  can  be  attained  by  observation; 
with  the  same  precision  as  if  the  solstice  had  taken  place  at 
midday.  The  calculation  of  this  reduction,  like  that  of  alti- 
tudes observed  near  the  meridian,  does  not  require  very  pre- 
cise data ;  it  is  sufficient  to  know  approximately  the  obliquity 
of  the  ecliptic,  and  the  longitude  of  the  sun. 

A  similar  calculation  may  be  made  with  the  same  accuracy 
for  the  preceding  and  following  days.  We  can  thus  combine 
the  observations  of  twenty  or  thirty  days,  and  redtice  them  to 
the  solstice,  by  the  aid  of  the  tables ;  and  their  mean  result 
will  give  the  solsticial  declination  with  the  greatest  precision, 
especially  by  calculating  the  reductions  to  the  solstice  from 
the  modem  tables  which  are  already  so  perfect. 

The  obliquity  of  the  ecliptic,  deduced  from  these  observa^ 
tions,  is  subject  to  one  cause  of  error,  which  is  indeed  ex- 
tremely small,  but  of  which  it  is  necessary  to  free  ourselves  in 
order  to  arrive  at  the  greatest  exactness.  This  error  arises 
from  the  fact,  that  the  smi's  path  in  the  heavens,  or  the  echp- 
tic,  is  not  strictly  plane.  Nevertheless,  as  the  deviation  is 
very  small,  astronomers  preserve,  for  the  sake  of  simplicity, 
the  idea  of  a  plane  orbit,  and  they  regard  the  departures  of 
the  sun  from  this  plane  on  either  side,  as  small  inequalities,  of 
which  they  take  account  in  such  a  manner  as  to  reduce  this 
luminary  by  calculation  to  the  plane  of  the  ecliptic.     Indeed, 


this  reduction  renders  all  observations  comparable  among 
Ibemselres.  The  tlieory  of  attraction  lias  taught  us,  chat 
these  small  oscillations  are  to  be  ascribed  to  the  action  of  the 
moon  and  planets,  which  draw  the  earth's  centre  from  the 
plane  of  the  ecliptic,  and  cause  the  small  irregularities  which 
we  refer  to  the  sun ;  since  we  consider  ourselves  as  immov- 
able, and  this  luminary  seems  to  us  to  make  these  departures 
&om  the  plane  of  the  ecliptic  in  the  opposite  direction- 
Theory  gives,  at  the  same  time,  the  law  of  these  changes; 
and  they  are  found  in  the  tables  of  the  sun,  under  the  title  of 
the  sun's  motion  in  latitude.  As  they  affect  the  declination  of 
(his  body,  their  operation  belongs  wholly  to  the  obliquity 
determined  from  the  solslicial  declinations,  and  it  is  therefore 
necessary  first  to  free  ourselves  from  these  effects  in  order  to 
obtain  the  true  obliquity. 

Finally,  to  reduce  all  our  results  to  terms  exactly  compai^ 
able,  it  is  farther  necessary  to  correct  them  for  the  small 
periodical  variations  which  the  obliquity  undergoes,  _  and 
which  sometimes  augment,  and  sometimes  diminish  it.  We 
shall  hereafter  speak  of  these  oscillations.  Li  the  mean  time, 
it  may  be  thought  necessary  to  have  regard  to  them,  in  order 
to  obtain  the  values  of  the  mean  ohliquity,  which  are  alone 
capable  of  being  compared  together. 

It  is  by  this  method,  thus  corrected  and  applied  with  all 
imaginable  care,  that  M.  Delambre  has  foimd  the  mean  obli- 
quity of  the  ecliptic  for  1800,  to  be  SS^*  27'  S7". 

174,  We  pass  now  to  the  equinoxes.  During  an  entire 
month,  half  before  and  half  after  the  equuiox,  we  observe  the 
altitude  of  the  sun  each  day,  near  the  meridian,  and  thence 
determine  its  meridian  declination  for  each  day.  With  lliis 
declination,  and  the  known  obliquity,  we  calculate  the  longi- 
tude of  the  Sim. 

This  longitude  being  compared  with  that  of  tlie  tables, 
shows  the  error  to  which  they  are  liable.  But  from  the  whole 
of  the  observations  upon  which  ihey  are  constructed,  espe- 
cially from  the  regularity  of  the  algebraic  formulas  by  which 
Ihey  are  calculated,  it  is  evident  that  the  error  caimot  sud- 
denly vary  frotn  one  day  to  another,  and  therefore  that  it 
ought  to  bo  nearly  the  same  for  several  days  in  succession. 
^bf.  then  the  observation  of  the  meridian  altitude,  with  which 
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the  tables  are  compared,  be  considered  exact,  the  correctkm 
deduced  should  be  applied  to  all  the  following  days;  and, 
with  the  tables  thus  corrected,  the  instant  of  the  equinox  may 
be  exactly  calculated.  But  as  it  is  not  to  be  expected  that  a 
single  observed  altitude  will  give  the  error  of  the  tables  with 
all  the  required  precision,  these  observations,  as  we  have  be* 
fore  said,  should  be  repeated  for  several  days  before  and  aAer 
the  equinox ;  and  each  observation,  being  calculated  by  itself, 
gives  one  value  for  the  error  of  the  solar  tables.  Having  thus 
twenty  or  thirty  observations  of  this  error  which  very  neariy 
agree,  we  take  an  arithmetical  mean  of  the  whole.  From  the 
tables,  corrected  for  this  mean  error  in  longitude,  we  calculate 
the  instant  of  the  equinox,  which  is  easily  done,  since  at  this 
instant  the  longitude  ought  to  be  zero  for  the  vernal  equinox, 
and  18(P  for  the  autumnal  equinox.  In  this  calculation  it  is 
to  be  understood  that  reference  is  had  in  the  tables  to  the 
small  perturbations  by  which  the  sun  is  drawn  out  of  its 
uniform  path,  and  particularly  to  the  small  inequality  which 
causes  it  to  oscillate  from  one  side  to  the  other  of  the  plane 
of  the  ecUptic,  as  we  have  said  in  speaking  of  the  obliquity. 

175.  These  methods  suppose  always  that  the  zenith  dis- 
tance of  the  equator  at  the  place  of  observation,  that  is,  the 
latitude,  is  accurately  known.  Still  there  may  be  an  appre- 
hension of  uncertainty  in  this  particular.  To  remove  all 
doubt,  an  observation  of  the  opposite  equinox  is  also  made, 
and  a  mean  taken  between  the  two  errors  of  the  tables  which 
result  from  them.  It  will  be  readily  seen  that  the  error  in  the 
latitude,  being  the  same  at  the  two  equinoxes,  would  have 
opposite  effects  on  the  sun's  longitude,  according  as  this  body 
is  approaching  to,  or  receding  from,  the  equator. 


Of  the  Calendar, 

176.  The  motion  of  the  sun  determines  the  different  pe- 
riods employed  by  society  for  the  distribution  of  time.  The 
choice  of  these  periods,  and  the  order  of  this  distribution,  con- 
stitute what  is  called  the  calendar. 
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177.  The  jjiterval  of  time  employed  by  the  suii  between 
Iwo  successive  returns  to  the  same  eijuiiiox,  or  in  general,  to 
the  same  point  of  the  ecliptic,  is  called  the  tropiml  year.  Its 
duration  has  always  been  a  subject  of  interest.  It  is  indeed  a 
natural  measure  of  the  labors,  which  require  long  intervals, 
and  which  depend  on  the  change  of  the  seasons ;  the  knowl- 
edge of  it  is  necessary  to  the  liusbondman,  the  merchant,  and 
the  traveller;  and  great  pains  have  accordingly  been  taken  to 
determine  it. 

Wliat  i»«sents  itself  at  first,  as  the  simplest  course,  is  to 
find  how  many  solar  days  the  year  contains,  no  regard  being 
had  to  their  inequality.  For  this  purpose,  it  would  be  suffi- 
cient to  trace  on  a  horizontal  plane  a  meridian  line,  and 
liaving  erected  a  vertical  style  of  invariable  height,  to  examine 
every  day,  at  noon,  the  length  of  the  shadow.  It  would  be 
shortest  on  the  day  of  the  summer  solstice,  and  the  number  of 
days,  intervening  between  two  successive  returns  of  the  sun  to 
the  same  solstice,  would  give  the  entire  dilation  of  a  revolu- 
tion. We  should  thus  find  the  tropical  year  to  contain  about 
three  hundred  and  sixty-five  days ;  and  it  was  in  this  way 
that  the  first  astronomers  appear  to  have  observed  it. 

This  result  might  liave  sutficed  for  a  time ;  but  its  want  of 
exactness  must  necessarily  have  become  apparent,  by  the  ac- 
cumulation of  errors.  If  we  observe  the  same  solstice  during 
several  successive  years,  we  shall  find  that  it  arrives  later 
than  it  ought,  if  the  year  were  exactly  366  days ;  the  enor  ifl 
nearly  fifteen  days  in  sixty  years.  We  hence  perceive  that 
[lie  year  is  a  quarter  of  a  day  longer  than  our  first  approxima- 
tion made  it,  and  its  length  was  accordingly  fixed  at  365''  6* . 

This  computation,  though  more  correct  than  the  preceding, 
is  still  far  from  being  exact.  Hipparchus,  comparing  an  ob- 
servation of  the  solstice  made  by  himself  with  one  made  by 
Aristarchus,  a  hundred  and  forty-five  years  before,  found  that 
the  last  solstice  happened  half  a  day  sooner  than  it  ought,  if 
(he  year  liad  been  365''  &' ;  the  error  tlien  was  12''  in  a  hun- 
dred and  forty-five  years,  or  4'  6S"  a  year.  Hence  we  obtain 
the  length  of  the  year  equal  to  365''  5''  58'  2". 

178.  This  estimate  also  needs  correction ;  and  the  true 
mean  year,  as  given  by  the  last  tables  of  M.  Delambre,  is 
36B*  6*  48*  61,61".     The  aiwient  estimates  erred  from  wanl_l 
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of  exactness  in  observing  the  solstices.  Indeed,  as  the  raeii 
dian  altitudes  of  the  sun  increase  at  this  time,  by  insensilil 
degrees ;  the  shadow  of  the  style  has  a  corresponding  chang< 
and  it  is  impossible  to  decide  the  precise  instant  when  the  s: 
arrives  at  the  solstice.  We  avoid  this  inconvenience,  if  ^ 
determine,  by  observation,  two  epochs,  in  which  the  t 
meridian  altitude  is  precisely  the  same,  and  always  incre 
or  decreasing  equally.  *  The  interval  of  those  two  epoch 
gives  the  mean  length  of  the  snn's  entire  revolution. 
vations  of  this  kind  are  always  made  most  advantageously  nei 
the  equinoxes,  because  then  the  meridian  altiliides  of  the  sD 
change  very  sensibly  from  day  to  day.  Thus  Hipparchu 
observed  many  equinoxes  for  this  purpose.  But  the  imper 
fection  of  his  instruments  was  such  as  not  to  admit  of  ! 
determming  the  length  of  the  year  from  observations  eiA 
bracing  so  short  a  period.  Several  centuries  were  necea 
to  compensate  for  tins  imcertainty.  Notwithstanding  all  t 
improvements  in  modem  instnunents,  astronomers  still  maki 
use  of  the  same  method  in  finding  the  true  length  of  t 
tropical  year. 

179.  If  the  sun's  proper  motion  were  perfectly  unifonn,  i 
would  be  sufficient  to  observe  two  equinoxes  with  great  a 
racy,  proceeding  in  the  manner  already  described;  and  tl 
number  of  solar  days,  and  fractions  of  a  day,  which  interveni 
between  these  two  epochs,  would  be  the  true  length  of  tl 
year.  But  the  inequalities  in  the  sim's  proper  motion  impuT 
this  simplicity,  and  render  the  problem  much  more  difficult 
For  it  hence  results  that  this  body  does  not  always  return  W 
the  same  cqUinox,  after  intervals  of  time  exactly  equal ; 
as  the  causes  and  effects  of  these  variations  can  be  estimated 
only  by  the  theory  of  universal  gravity,  it  will  be  seen  tha 
we  must  apply  ourselves  to  that  before  we  can  completeh 
free  the  suns  motion  from  these  irregularities,  and  cona^ 
quently  before  we  can  determine  with  the  greatest  accuraejf 
the  mean  duration  of  the  tropical  year.  Here,  then,  is  a  nell 
example  of  the  successive  approximations  to  which  we  an 
obliged  continually  to  have  recourse. 

We  may  nevertheless  avoid  a  part  of  these  difficulties  atti 
arrive  immediately,  without  a  petitio  prindpii,  at  an  estimaN 
very  near  the    length  of  thf  tneim  year.      We  shall   find  1 
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what  follows,  that  the  inequalities  of  tlie  suii's  motion  are  of 
two  kinds.  Some,  -wliich  ate  called  periodical,  are  entirely 
completed  in  the  space  of  a  year,  or  a  small  number  of  years ; 
and  after  this  ihey  compensate  each  other  by  returning 
lliroiigh  tlie  same  degrees ;  so  that  they  make  the  sun  oscillate 
continually  about  a  mean  slate,  from  which  it  departs  but 
little.  The  other  inequalities,  on  the  contrary,  extend  througii 
periods  of  such  a  length,  that  ihey  are  termed  secular ;  and 
lliey  have  been  continually  increasing  or  decreasing  from  the 
times  of  the  most  ancient  astronomers.  Tlieir  effects,  then, 
must  inevitably  l>e  perceived  in  comparing  ancient  observa- 
tions with  our  own.  Hut  it  is  not  the  same  with  respect  to 
periodical  inequalities;  these  must  comirensate  each  other  a 
greater  or  less  number  of  limes,  according  as  the  epochs  com- 
pared are  farther  removed  from  each  other.  ConBequently, 
all  their  intermediate  effects  ought  to  disappear,  when  we 
compare  equinoxes,  which  are  separated  by  a  long  interval; 
and  there  ought  to  remain  of  their  influence  only  what  belongs 
lo  the  first  and  last  epoch.  Now  tliis  influence  is  much 
weakened  in  the  mean  result,  where  it  is  divided  among  the 
number  of  years  comprehended ;  and  we  might  imagine  obser- 
vations so  far  removed  from  one  another,  that  the  effect  of  the 
extreme  errors  would  be  imperceptible. 

The  mean  year,  detennuied  in  this  manner,  by  comparing 
one  of  oiu'  equinoxes  with  an  ancient  one,  observed,  for  exam- 
ple, by  Hipparchus,  might  then  be  considered  as  independent 
of  the  periodical  inequalities  of  the  sun's  motion,  and  aSected 
only  by  the  secular  inequalities.  But,  besides  that  these  are 
very  small,  we  conceive  that  they  could  be  determined  and 
corrected  only  by  a  second  approximation.  Consequently, 
we  must  not  expect  to  escape  them  in  any  other  way.  Hav- 
ing thus  anticipated  iheu  existence,  wo  will  suppose,  for  the 
sake  of  brevity,  that  regard  has  been  liad  to  them,  and  shall 
henceforward  make  use  of  the  definitive  length  of  the  mean 
year,  namely,  365''  5"  48'  51,61".  This  kind  of  anticipation, 
of  which  we  have  already  availed  ourselves,  detracts  nothing 
from  the  rigor  of  the  reasoning,  provided  it  is  properly  under- 
stood, and  regarded  only  as  a  means  of  avoiding  the  necessity 
of  retracing  otu:  steps,  lo  effect  the  successive  approximations, 
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which  astronomers  have  employed,  and  of  which  it  is  suffi- 
cient to  perceive  well  the  necessity. 

180.  To  apply  the  above  results  to  civil  life,  and  render 
their  use  general,  we  must  present  them  disengaged  from  the 
fractions,  which  accompany  them,  and  which  would  render 
it  too  difficult  to  remember  them. 

The  first  idea  that  presents  itself  is  to  neglect  these  frac- 
tions. We  should  then  have  years  of  three  hundred  and 
sixty-five  days.  These  were  formerly  in  use,  as  we  have 
already  said ;  but  the  want  of  exactness,  being  apparent  after 
very  small  intervals,  caused  them  to  be  given  up,  when  the 
world  had  become  better  informed  on  the  subject  of  astrono- 
my. The  principal  inconvenience  arose  from  carrying  the 
beginning  of  the  year  successively  into  the  different  seasons, 
one  day  in  four  years,  and  one  year  of  three  hundred  and 
sixty-five  days  and  a  quarter,  in  1508  years,  so  that,  after  this 
interval,  we  should  have  fallen  back  one  year,  and  the  sea- 
sons would  return  to  their  former  places. 

The  Egyptians  appear  to  have  known  this  period ;  but  they 
made  it  1460  years,  because  they  supposed  the  year  366**  6^ 
This  was  called  the  sotkiac  period. 

181.  To  avoid  these  inconveniences,  the  method  of  hiterca- 
laiions  was  devised,  by  which  the  civil  year  is  made  to  consist 
of  366  days,  care  being  taken  to  allow  for  the  small  annual 
error  before  it  has  accumulated  beyond  an  entire  day.  On 
this  account  the  corrections  are  frequent,  but  the  civil  year 
is  made  to  vary  between  limits  of  small  extent  about  the 
true  mean  year,  and  the  influence  of  this  error  on  the  labors 
of  society,  is  altogether  imperceptible.  It  will  be  seen,  be- 
sides, that  we  need  here  concern  ourselves  only  with  the 
mean  year;  since,  for  civil  purposes,  there  is  no  necessity 
for  taking  into  consideration  the  small  periodical  inequalities, 
which  occasion  a  variation,  sometimes  greater  and  sometimes 
less,  in  the  sun's  return  to  the  same  equinox. 

The  most  simple  intercalation  is  that  of  one  day  every  four 
years.  It  supposes  the  mean  year  to  be  365**  6**,  or  366  days 
and  a  quarter,  which  differs  but  little  from  the  truth.  This 
intercalation  was  prescribed  by  Julius  Cassar,  and  thence  de- 
rived the  name  of  the  Julian  corrccHon.  According  to  this 
manner  of  reckoning,  the  conwwii  years  are  365  days ;  they 
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aie  divided  inio  twelve  months  of  thirty  or  tliirty-nne  days, 
\Wth  the  exception  of  February,  which  has  only  twenty-eight, 
Tile  intercalary  day  is  placed,  every  four  years,  at  the  end  of 
February,  The  year  has  then  366  days,  and  takes  the  name 
of  bissextile,  so  that  there  are  always  three  common  years 
between  two  bissextile.  A  hiuidred  Jidian  years  of  365'' 6'' 
forms  the  century,  which  is  the  longest  period  employed  by 
society,  and  which  has  hiUierlo  been  sufficient  for  all  the  pur- 
poses of  chronology. 

182.  The  Julian  intercalation  has  been  transmitted  to  all 
the  nations  of  Europe,  but  our  era'is  different  from  that  of  the 
Romans,  who  reckoned  from  the  foundation  of  Rome.  In 
Christian  countries  we  reckon  from  the  birth  of  Jesua  Christ, 
or  rather  from  a  certain  year  fixed  astronomically  in  regard  to 
us,  and  to  which  we  refer  that  event,  the  precise  time  of  which 
is  uncertain ;  chronoiogists  not  being  agreed  upon  the  subject. 
But  this  is  not  material  as  it  re.spects  the  successive  progres- 
sion of  years.  It  is  sufficient  that  we  have  one  of  the  years 
fixed  by  the  observation  of  some  one  astronomical  phenome- 
non. Now  we  know,  that  when  the  comicil  of  iVice  was 
held,  the  equinox  happened  on  the  21st  of  March,  and,  ac- 
cording to  the  calculations  of  clnronologists,  325  years  had 
elapsed  since  the  commencement  of  the  Christian  era.  Noth- 
ing then  is  wanting  to  enable  us  to  connect  all  chronology 
with  this  epoch,  and  to  refer  all  eras  to  the  Christian  era. 

183,  This  manner  of  reckoning  was  continued  till  the  year 
1582;  but,  as  the  year  was  supposed  to  be  365'^  6'',  while  in 
reality,  it  was  only  365*  5''  48'  51,61",  the  small  annual  differ- 
cnce  of  11'  8,39"  had  been  accumulating,  and  faad  produced 
in  1257  years,  9''  17''  22'  46",  that  is,  about  ten  days,  by  which 
the  solar  year  had  fallen  back.  The  equinoxes  had  changed 
[irogressively  from  the  time  of  the  year,  to  which  the  council 
of  Nice  had  fixed  them,  and  the  difierence  amounted  to  one 
day  in  132  years  nearly.  Pope  Gregory  XIII.  was  hence 
led  to  make  a  change  in  the  calendar,  which  has  been  called 
the  Gregorian  reformation. 

He  iKjgan  by  correcting  the  error  of  ten  days,  ordering  that 
the  day  following  ttie  4th  of  October  1582  should  be  called 
not  the  5th,  but  the  15lh.  He  stilt  retoined  the  JiUian  intei^ 
calatiou  of  one  day  every  four  years ;  thus,  those  years,  of 
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which  the  number  is  divisible  by  four,  are  bissextile.  But 
it  was  agreed  to  suppress  this  intercalary  day  in  the  centurial 
years  1700,  1800,  and  1900,  allowmg  it  to  remain  at  the 
same  time  in  the  years' 2000,  &c.,  so  that  three  common  cen- 
turial years  are  always  followed  by  one  bissextile.  This 
intercalation,  is  at  the  same  time  very  simple  and  very  near 
the  truth ;  for  the  annual  error  of  11'  8,39"',  belonging  to  the 
Julian  intercalation  amounts  after  400  years  to  3^  2^*  16'  56'', 
that  is,  to  three  days  nearly.  The  error  of  the  centurial 
intercalation  is  then  only  2*»  15'  56"  in  400  years,  or  22**  39' 
20"  in  4000  years.  It  is,  a<;cordingly,  more  than  sufficient  for 
all  the  purposes  of  history,  especially  if  one  additional  bis- 
sextile be  suppressed  every  4000  years. 

The  above  manner  of  estimating  the  year  forms  what  is 
called  the  Gregorian  calendar,  according  to  which  the  vernal 
equinox  always  happens  between  the  19th  and  21st  of  March. 
This  calendar  was  immediately  adopted  only  by  the  CathoUc 
states  of  Europe,  which  occasioned  a  difference  in  the  man- 
ner of  dating.  Those,  which  observed  the  Julian  calendar, 
reckoned  ten  days  behind  the  others,  from  1582  to  1700, 
11  days  behind  from  1700  to  1800,  &c.  But,  with  the  excep- 
tion of  Russia,  which  still  retains  the  Juliaa  mode  of  reckon- 
ing, the  Gregorian  calendar  is  now  in  use  among  all  the  states 
of  Christendom.f 

184.  The  results  at  which  we  have  arrived  concerning  the 
length  of  the  year,  will  enable  us  to  find  the  sim's  mean  mo- 
tion in  the  ecliptic,  that  is,  the  mean  arc  which  it  describes  in 
the  interval  of  a  day.  For,  its  annual  revolution  compre- 
hending 360°,  its  progress  for  a  day  would  be,  supposing  it 
uniform, 

365«»  5h  48'  51,61'^  "'^"^  ' 

This  result  will  be  sometimes  too  great,  sometimes  too  small, 

t  It  was  not  till  1752  that  the  Gregorian  calendar  was  adopted  in 
England  and  her  colonies.  At  this  time,  moreover,  the  year  was 
made  to  begin  with  the  first  of  January,  instead  of  the  25th  of  March. 
With  respect  to  events  anterior  to  this  time,  the  former,  or  the 
present  mode  of  dating,  may  be  used ;  and  they  are  distinguished  by 
the  phrases  old  and  new  Myle,  The  difference  is  now  12  days ;  also 
the  ^^nmber  of  the  yeat  will  differ  by  one  with  respect  to  events 
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and  sometimes  exact ;  but  at  the  end  of  the  year,  all  ine- 
qualities will  be  compensated.  It  is  very  common  for  geome- 
ters and  astronomers  thus  to  accommodate  what  is  irregular 
to  exact  rules,  which,  by  continual  approximation,  are  so 
modified,  as  to  adapt  themselres  more  and  more  nearly  to  the 
iniih. 

The  same  method  will  make  us  acquainted  with  the  sun's 
mean  motion  in  a  direction  parallel  to  the  equator,  and  since 
this  luminajry  performs  the  circuit  of  the  heavens  in  the  inter- 
val of  k  3rBar,  its  mean  progress  in  right  ascension  for  one 
day,  will  bo  59'  8,33",  as  already  stated. 

185.  Astronomers  are  accustomed  to  refer  the  motions  of 
all  the  heavenly  bodies  to  that  of  a  fictitious  sun,  which 
would  have  precisely  the  uniform  motion  which  we  have 
just  determined.  The  interval  of  time,  which  elapses  be- 
tween two  successive  returns  of  the  fictitious  sun  to  the 
meridian,  is  called  a  mean  solar  day ;  and  in  general,  the  . 
instants  of  duration,  marked  by  its  successive  positions,  is 
denominated  meajt  time. 

From  the  results  which  we  have  just  obtained,  it  is  easy  to 
find  the  relation  of  the  mean  solar  day  to  the  sidereal  day, 
which  we  have  hitherto  adopted  as  the  unit  of  time.  For,  tho 
proper  motion  59^  8^33",  being  from  west  to  east  in  a  direc- 
tion contrary  to  the  diurnal  motion  of  the  heavens,  this  arc  is 
to  be  added  to  the  rotation  of  the  celestial  sphere ;  and  the 
fictitious  or  mean  sun  does  not  retmn  to  the  meridian  from 
day  to  day  till  it  has  described,  in  a  direction  parallel  to  the 
equator,  an  arc  of  360°  59'  8,33".  If  then  the  duration  of  4 
a  mean  solar  day  is  represented  by  24'',  the  time  which  this 
body  employs  in  describing  the  diurnal  arc  69'  8,33"  will  be 

"  jq,  o'-Ti::'  °^  ^'  55,91".  This  quantity,  subtracted  from 
24  mean  hours,  gives  23'"  56'  4,09"  for  the  time  of  the  diurnal 
rotation  of  the  celestial  sphere,  expressed  in  mean  solar  time. 
The  small  difference  3'  55,91",  or  more  accurately  3'  55,9091", 
is  the  excess  of  the  mean  solar  day  over  the  sidereal,  ex- 
pressed in  mean  time. 

occnrring  between  the  1st  of  January  and  25th  of  March.  In  this 
case,  both  years  are  sometimes  written  ;  thm,  Washington  was  born 
llih  of  February,  old  alilc,  or  32(1,  new  stile,  1731-2. 
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186.  If  we  would  employ  the   sidereal  day  for  the  unit, 
which  is  often  done  in  astronomy,  the  mean  solar  day  will  be 

I  lid.  d. 

expressed  by  a  99726957  ^^  lj00273791.    The  small  difference 

■id.  d. 

0,00273791  or  3'  56,5554'', 
is  the  excess  of  the  mean  solar  day  over  the  sidereal,  this 
excess  being  expressed  in  sidereal  time.  It  is  the  quantity 
by  which  a  clock,  regulated  according  to  the  motion  of  the 
fixed  stars,  must  gain  from  day  to  day,  with  respect  to  the 
sun,  regard  being  had  simply  to  its  mean  motion.  This  gain, 
being  3'  56,5554''  sidereal  time,  in  a  sidereal  day,  is  9,8565" 
for  an  hour,  and  for  ^V  ^^  ^^  houi  or  six  minutes,  it  is 
0,98565"  or  very  nearly  1"  sidereal  time. 


Mafiner  of  Referring  the  Positions  of  the  Heavenly  Bodies 

to  the  Plane  of  the  Ecliptic, 

187.  In  order  to  determine  the  position  of  different  points 
in  the  heavens,  we  first  referred  them  to  two  planes,  the 
horizon  and  meridian,  which  are  fixed  for  each  point  of  the 
earth's  surface.  But,  that  observations  made  at  different 
places  might  be  compared  with  each  other,  it  was  found 
nedessary  to  have  recourse  to  other  planes  independent  of  the 
position  of  the  observer,  and  even  of  the  figure  of  the  earth. 
Accordingly,  having  ascertained  the  position  of  the  celestial 
equator,  and  the  method  of  estimating  the  angles  of  the  me- 
ridians by  corresponding  portions  of  time,  we  made  use  of 
these  data  for  the  purpose  of  determining  the  position  of  the 
heavenly  bodies,  by  means  of  their  observed  right  ascension 
and  declination. 

But  as  most  of  the  phenomena  relating  to  our  planetary 
system  take  place  in  the  plane  of  the  ecliptic,  or  in  planes 
very  nearly  parallel  to  it,  we  proceed  to  refer  the  heavenly 
bodies,  in  a  similar  manner,  to  this  plane,  such  reference  being 
of  constant  use  in  astronomy. 

For  this  purpose  we  suppose  great  circles  to  pass  tlirough 
the  several  points  of  the  heavens,  perpendicular  to  the  plane 
of  the  ecliptic ;   these  are  called  circles  of  latitude.     Then 
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the  position  of  a  heavenly  body  is  determined  by  two  ele- 
ments. 

The  first  is  the  arc  of  a  great  circle  comprehended  between 
ihe  ecliptic  and  the  body.  This  axe  is  called  the  latitude  of 
the  body.  The  second  is  the  arc  of  the  echptic,  comprehended 
between  the  vernal  equinox  and  the  circle  of  latitude.  This 
arc  is  reckoned,  like  the  right  ascension,  from  west  to  east,  in 
the  direction  of  the  proper  motion  of  iho  snn,  and  is  called 
the  longitude  of  the  body,  from  its  analogy  to  the  longitude 
of  the  sun. 

In  figure  39,  C  represents  the  centre  of  the  celestial  sphere, 
f  Q  £i  the  equator,  fEa  the  echptic,  "Vii  the  line  of  equi- 
noxes, SA  the  declination  of  a  star  S,  T  J  its  right  ascension, 
SL  its  latitude,  and  T/.  its  longitude,  Wlien  the  star  is 
situated  north  of  the  ecliptic,  the  latitude  is  north;  when  it  is 
situated  south  of  the  echptic,  the  latitude  is  south.  The  angle 
PSF'  is  called  the  angle  of  position,  of  the  star. 

188.  Wo  do  not  observe  directly  the  latitude  and  longitude 
of  the  heaverdy  bodies,  on  accoimt  of  the  difficulty  of  veri- 
fying the  proper  instrument  intended  for  tliis  purpose  ;  but  we 
deduce  them  by  calculation  from  the  observed  declinatiou  and  Top 
right  ascension.  To  th^  end,  it  is  only  necessary  to  resolve 
a  spherical  triangle. 

The  determination  of  the  latitude  and  longitude  of  the 
heavenly  bodies,  supposes  the  observer  placed  at  the  centre  of 
the  earth.  But  as  we  are  always  confined  to  the  earth's  sur- 
iace,  it  is  necessary  to  apply  a  correction  to  the  apparent 
latitude  and  longitude,  precisely  analogous  to  the  parallax  in 
declination  and  right  ascension.  Indeed  the  analogy  is  so 
complete,  that  the  formulas  investigated  for  the  latter  will 
serve  also  for  the  former,  as  may  be  easily  shown. 

For  this  purpose  we  make  use  of  a  construction  exactly  m. 
similar  to  that  employed  for  the  parallax  in  altitude.  Let  C  Fig.  J 
represent  the  centre  of  the  earth,  supposed  to  be  a  spheroid, 
COZ  a  radius  of  tlie  earth  produced,  O  the  place  of  the 
observer,  and  ^  the  true  zenith.  Then  P'  being  the  pole  of 
llie  ecUi)lic,  let  us  suppose  that  the  plane  of  the  figure  passes 
through  the  hues  CP'  and  CZ.  In  this  case,  the  plane  of 
n.llus  ecliptic,  which  must  be  perpendicular  to  the  line  CP', 
■|^P  be  projected  in  the  figure,  according  to  a  straight  hue 
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CE.  The  arc  ZP'  will  be  the  distance  of  the  zenith  from 
the  pole  of  the  ecliptic,  and  the  arc  ZE^  the  complement  of 
this  distance,  will  be  the  latitude  of  the  zenith.  We  here 
understand  celestial  latitude,  referred  to  the  plane  of  the 
ecliptic,  and  not  terrestrial  latitude. 

If  we  now  draw  from  the  observer  to  the  heavenly  body 
L,  a  visual  ray  Oi,  the  body  will  be  seen  at  S'  on  the  ce- 
lestial sphere,  and  the  arc  ZS'  will  be  the  apparent  distance 
of  the  body  from  the  true  zenith.  The  arc  P'S'  will  be  its 
distance  from  the  pole  of  the  ecliptic,  or  the  complement  of 
its  apparent  latitude  ;  and,  lastly,  the  angle  at  the  pole  S'P'Z^ 
contained  between  the  circles  of  latitude  drawn  through  the 
zenith  and  the  body,  will  be  the  apparent  difference  of  longi- 
tude of  the  body  and  the  zenith.  We  here  understand  celes- 
tial longitude,  reckoned  on  the  ecliptic,  and  not  terrestrial 
longitude. 

But  if  from  the  centre  C  of  the  earth,  we  draw  to  the 
same  body  the  visual  ray  CLS^  which  will  project  it  in  5  on 
the  celestial'  sphere,  iS  will  be  the  true  place  of  the  body, 
ZS  its  true  zenith  distance,  P'S  its  true  distance  from  the 
pole  of  the  ecliptic,  or  the  complement  of  its  true  latitude ; 
and  the  angle  at  the  pole  SP'Z^  will  be  the  true  difference  of 
longitude  of  the  body  and  the  zenith.  The  difference  be- 
tween these  elements  and  those  of  the  spparent  place,  will  be 
the  corresponding  parallax.  Thus  the  difference  SS'  between 
the  zenith  distances,  will  be  the  parallax  in  altitude,  the  differ- 
ence between  the  polar  distances  P'Sy  P'S',  will  be  the  par- 
aUax  in  latitude,  and  the  angle  SP'S'  will  be  the  paralka 
in  longitude. 

Thus  the  analogy  above  mentioned  is  shown  to  be  com- 
plete ;  for  the  figure  here  made  use  of,  is  the  same  as  that 
employed  for  the  right  ascension  and  declination.  The  sys- 
tem of  coordinates  in  latitude  and  longitude  is  of  exactly  the 
same  nature ;  and,  therefore,  the  consequences  must  be  the 
same.  Indeed,  it  will  be  readily  seen  that  the  parallax  in 
latitude  answers  to  the  parallax  in  declination,  and  the  paral- 
lax in  longitude  to  the  parallax  of  the  horary  angle  or  right 
ascension.  In  order,  then,  to  apply  the  formulas  already  in- 
vestigated, it  is  manifestly  suflBicient  to  give  to  the  letters 
there  used,  the  signification  which  we  here  intend  they  should 
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have.  We  aliall  thus  have,  without  any  new  calculation, 
expressions  for  the  parallax  in  longitude  and  latitude. 

Only  as  the  angle  SP'Z,  which  corresponds  to  the  horary 
angle,  is  here  the  diiference  of  longitude  of  the  zenith  and 
the  star,  it  is  necessary  that  we  should  be  able  to  determine 
the  longitude  of  the  zenjth.  For  this  purpose  we  have  only 
to  ascertain  the  declination  of  the  zenith,  referred  to  the  plane 
of  the  equator,  and  its  right  ascension,  referred  to  the  equi- 
noctial point ;  after  which,  we  convert  the  coordinates  into 
latitude  and  longitude,  referred  to  the  plane  of  the  ecliptic,  in 
the  same  manner  as  we  should  convert  those  of  a  star,  by  tha 
formulas  already  given  for  this  purpose. 

The  declination  of  the  zenith  is  very  easily  obtained,  it 
being  the  distance  of  the  zenith  from  the  equator  or  the  lati- 
tude of  the  place  of  observation.  As  CZ,  the  radius  of  the 
earth,  differs  from  the  vertical,  it  is  necessary  to  employ  the 
(leclination  of  the  true  zenith  ;  that  is,  to  subtract  from  the 
terrestrial  latitude  the  angle  contained  between  the  radius  and 
the  vertical. 

As  to  the  right  ascension  of  the  zenith,  it  is  evidently  meas- 
ured by  the  variable  horary  angle  contained  between  the 
equinoctial  point  T  and  the  fixed  plane  of  the  meridian  of  the 
place.  It  is  the  sidereal  time  converted  into  degrees  on  the 
equator.  In  order  to  obtain  it,  we  pursue  the  method  laid 
down  in  article  81.  We  ascertain  the  horary  angle  of  a  known 
star,  by  an  observation  of  the  altitude,  this  angle  being  reck- 
oned from  the  superior  meridian,  and  from  0"^  to  360°,  in  the 
direction  of  the  diurnal  motion.  To  this  we  add  the  right 
ascension  of  the  star,  and  from  the  sum  subtract  the  entire 
circumferences,  if  there  be  any,  and  the  remainder  will  be  the 
sidereal  time,  or  the  distance  of  the  equinoctial  point  T  from 
the  plane  of  the  meridian. 

This  distance  will  be  the  right  ascension  of  the  zenith.  It 
is  what  astronomers  call  the  right  ascension  of  jitid-heaven. 
It  might  be  obtained  in  a  manner  still  more  simple,  by  ob- 
serving the  transits  of  stars,  or  of  the  sun  over  the  meridian, 
with  a  meridian  telescope,  and  calculating  the  right  ascension 
of  the  body  in  question  for  the  moment  of  observation.  For, 
since  it  is  then  in  the  meridian,  its  right  ascension  would  be 
that  of  the  meridian  itself. 
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Knowing  the  declination  and  right  ascension  of  the  zenith, 
ve  can  easily  calculate  its  latitude  and  longitude  ;  and  as  one 
of  the  two  first  coordinates,  namely,  the  right  ascension,  va- 
ries at  each  instant  in  consequence  of  the  diurnal  motion,  il 
will  be  perceived  that  the  two  others,  both  of  wliich  involve 
it,  will  be  variable  also.  The  latitude  and  longitude  of  the 
zenith  change,  therefore,  at  each  instant.  This  might  have 
been  easily  foreseen  from  the  oblique  direction  of  the  plane  of 
the  ecliptic,  with  respect  to  the  diurnal  motion.  But  the  pre- 
ceding considerations  furnish  us  with  the  means  of  obtaining 
for  each  instant  the  values  of  these  variable  coordinates. 

Astronomers  have  given  the  name  nonagesimal  to  the  poiiil 
E  of  the  ecliptic,  where  this  plane  is  intersected  by  the  circle 
of  latitude  ZP%  which  passes  through  the  zenith.  The  word 
nonagesimal  signifies  ninetieth.  The  denomination  appears 
to  have  been  selected  because  the  point  E  is  situated  90°  from 
the  point  of  the  echptic,  which  is  in  the  horizon  at  the  same 
moment.  Indeed,  if  through  the  centre  C  of  the  eaith  we 
draw  a  plane,  perpendicular  to  the  radius  CZ,  and  consequeni- 
ly  horizontal,  this  plane  will  be  represented  m  the  figure  l)j" 
the  straight  line  CH,  as  the  echptic  is  by  the  straight  line 
CE.  The  intersection  of  these  two  planes  will  therefore  be 
a  straight  line,  drawn  through  the  point  C  perpendicular  to 
the  plane  of  the  figine.  Consequently,  the  angles  made  by 
this  straight  line  with  CE  and  CH  will  be  right  angles. 

This  point  of  the  echptic,  thus  situated  in  the  horizon,  9CP 
from  the  point  E,  or  nonagesimal,  was  formerly  termed  Ae 
horoscope;  and  that  species  of  superstition,  called  judicial  a»- 
trologfj,  consisted  in  beheving  that  the  point  of  the  ecliptic, 
which  happened  to  be  rising  at  the  moment  any  event  occur- 
red, would  have  an  influence  upon  it  either  favorable  or  un- 
favorable. Consequently,  the  position  of  this  point  in  the 
ecliptic  was  carefully  calculated,  and  according  to  the  particu- 
lar part  in  which  it  was  found,  good  or  bad  omens  were  dtawv 
from  it.  Tliis  was  called  aistin^  the  horoscope.  The  bare 
mention  of  tliis  practical  superstition  is  sulficient  to  show  its 
absurdity.  ■ 

189.  Accordmg  to  the  preceding  definitions,  the  angulu 
distance  of  the  point  E  from  the  plane  of  the  horizon,  or  the 
angle  ECH,  is  called  in  astronomy  the  altitude  of  the  notw 
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gtsimal.  This  distance  is  evidently  equal  to  the  angle  P'CZ, 
the  distance  from  the  pole  of  the  ecliptic  to  the  true  zenith. 
These  denominations  being  frequently  employed,  it  is  well  to 
know  what  they  signify.  But  it  is  evident  that  they  are  not 
very  characteristic  or  necessary,  and  that  the  general  expres- 
sions, latitude  and  longitude  of  the  zenith,  are  much  more 
convenient;  we  shall,  therefore,  employ  them  through  the 
rest  of  this  work,  it  being  an  evil  to  multiply  tectmical  terms 
without  necessity. 


Progressive  Diminution  of  the  Obliquity  of  the  Ecliptic.  — 
General  Motion  of  the  Stars  parallel  to  the  Ecliptic; 
•wlience  results  the  Precession  of  the  Equinoxes. 

190.  The  values  assigned  to  the  obliquity  of  the  ecliptic  by 
astronomers  of  different  ages,  do  not  agree  with  each  other. 
They  have  been  continually  diminishing  from  the  time  of  the 
earliest  astronomers  to  the  present.  These  differences  cannot 
be  ascribed  wholly  to  the  imperfection  of  instruments  and  ob- 
servations ;  for  had  this  been  the  case,  the  results  obtained 
must  have  been  sometimes  too  great  and  sometimes  too  small  j 
and  there  is  not  the  slightest  probability  that  all  would  have 
agreed  in  indicating  a  progressive  diminution  of  the  obliquity 
of  the  ecliptic,  if  this  diminution  were  not  real.  Indeed,  the 
conclusion  derived  from  observations,  is  completely  confirmed 
by  the  theory  of  gravity.  It  is  proved  that  the  attraction  of 
the  different  planets,  which  compose  our  system,  must  neces- 
sarily change  by  degrees  the  position  of  the  plane  of  the  eclip- 
tic in  the  heavens,  and,  according  to  the  present  disposition  of 
the  system,  must  diminish  its  inclination  to  the  equator,  by  a 
quantity  equal  to  52,109"  in  a  century,  or  0,52109"  in  a  year. 
In  a  memoir  of  Laplace,  published  in  the  Connaisance  dcs 
Terns,  for  1811,  may  be  seen  a  comparison  of  the  results  of 
leory  and  observation. 
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Observations  prior  to  the  Christian  Era. 


DUiqHilT. 


TcheoU'KouDg 

Pytheas 

Eratosihenes 

Lieou-Hiang 


China  23°  54'  (W 

Marseilles  23  49  20 
Alexaociria23  45  39 
China         l23  45  39 


23°  51' 58" 
23  46  07 
23  45  19 
23  44  03 


Observations  sit 


'.  the  Christian  Era. 


Tsou-Choug 
Litchou-Foung 

Albategnii 
Ebn-Jouni 
Cocheou-King 


Cairo 


23°  41' 33' 
23  38  52 
23  40  04 
23  35  41 
23  34  26 
23  32  02 


23°  42'  17' 
23  39  53 
23  38  17 
23  35  13 
23  34  50 
23  32  22 


1437  Ulugh  Begh   Samarcand  23  31  48  23  31  05  -j-O  OQ  43 


-U)°  (B  04' 
4-0  03  13 
4-0  00  20 
-1-0  01  36 


—0' Off  44' 
— 0  01  01 
-f^  01  47 
-i-0  00  28 
— 0  00  "■ 
— 0  00 


These  observations,  taken  together,  put  beyond'all  question  i 
the  progressive  diminution  of  the  obhquity  of  the  ecliptic 
Their  agreement  with  the  results  of  theory,  from  which  theyfl 
vary  by  being  sometimes  greater  and  sometimes  less,  lekves 
no  doubt  that  the  diminution  is  owing  soleiy,  as  the  theory 
indicates,  to  the  attraction  exerted  by  the  sun  upon  the  plan- 
ets, and  by  the  different  planets  upon  each  other. 

We  perceive  also  the  effects  of  this  diminution,  when  w1 
compare  the  positions  of  the  same  stars  with  respect  to  thB:a 
echptic  at  very  distant  epochs.     The  effect  is  most  reinarki»« 
ble  in  the  stars  situated  near  the  summer  and  winter  solstice 
Those  which  were  formerly  situated  north  of  the  ecliptiD|fl 
near  the  summer  solstice,  are  now  found  to  be  still  far 
north  and  farther  from  this  plane,      On  the  contrary,  thoi 
which,  according  to  the  testimony  of  the  ancient  astronomei 
were  situated  south  of  the  ecliptic,  near  the  summer  solstiM 
have  approached  this  plane,  and  some  are  now  either  situata 
within  it,  or  just  on  the  north  side  of  it.     Analogous  changt 
have  taken  place  with  respect  to  those  situated  in  the  neigl 
bourhood  of  the  winter  solstice.     All  the  stars  participate  k 
this  motion,  but  differently,  and  less  according  to  their  pro 
imity  to  the  Ime  of  the  equinoxes ;  so  that  this  line  app* 
to  perform  the  office  of  a  hinge,  about  which  the  rotatic 
seems  to  take  place.     It  is  natural  to  conclude  from  these  ph( 
nomena,  that  the  plane  of  the  ecliptic  has  an  actual  motion  if^ 
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(he  heavens,  and  that  it  thus  produces,  in  a  contrary  direction 
with  respect  to  the  stais,  the  appearances  we  observe.  For 
we  can  hardly  believe  that  these  motions  really  belong  to  the 
stars,  since  such  a  supposition  would  require,  among  all  the 
heavenly  bodies,  a  corresponding  motion,  which  no  one  would 
think  of  maintaining. 

191.  But  it  is  important  to  observe,  and  in  this  particular 
we  are  confirmed  by  theoretical  considerations,  that  the  dimi- 
nution of  the  obliquity  of  the  ecliptic  will  not  always  con- 
tinue. A  time  will  arrive  when  this  motion,  growing  less  and 
less,  will  at  length  entirely  cease,  and  the  obliquity  of  the 
ecliptic  will  appear  constant;  after  which,  the  displacement 
will  commence  in  the  opposite  direction.  The  ecliptic  will 
then  gradually  diverge  from  the  equator  by  the  same  degrees 
according  to  which  it  before  approached  ;  and  these  alternate 
states  will  constitute  an  endless  oscillation,  comprehended 
withui  certain  fixed  limits.  Theory  has  not  yet  enabled  us 
to  determine  what  these  limits  are,  but  it  may  be  demonstrated 
from  the  constitution  of  our  globe,  that  such  limits  exist, 
and  that  they  are  very  restricted.  Thus,  if  we  consider  only 
the  eflect  of  those  constant  causes  which  act  at  present  upon 
the  system  of  the  universe,  it  may  be  affirmed  that  the  plane 
of  the  ecliptic  never  has  coincided  with  the  plane  of  the  equa- 
tor, and  never  will  coincide  with  it ;  a  circumstance,  which, 
could  it  happen,  would  produce  upon  the  earth  a  perpetual 
spring. 

192.  We  have  here  spoken  only  of  the  slow  and  secular 
diminution  of  the  obliquity  of  the  ecliptic.  This  obhquity 
experiences,  moreover,  certain  small  oscillations,  by  which  it 
varies  from  its  mean  value,  in  opposite  directions,  alternately. 
Among  these  oscillations,  that  which  is  most  considerable  is 
completed  in  a  period  of  18  years ;  that  is,  at  the  end  of  18 
years,  whatever  depends  upon  this  inequahty  is  compensated, 
and  there  remains  only  the  constant  and  general  effect  of  the 
progressive  diminution.  Observation  has  made  known  the 
law  of  these  small  oscillations,  and  theory  has  made  known 
their  cause.  They  are  produced  by  the  action  of  the  moon, 
and  make  a  part  of  the  phenomenon  called  imtaiion.  But  as 
their  value  and  period  depend  upon  the  motions  of  this  body, 
we  shall  not  here  undertake  to  explain  the  phenomenon ;  it  is 


118  Tfwery  of  tlu  Sun. 

Bufficient  for  the  present,  to  have  noticed  simply  the  effeci 
thus  produced  upon  the  obliquity  of  the  ecliptic.  There  b 
also  a  smail  effect  of  the  same  kind  produced  by  the  sun  ;  bH 
it  is  much  less  considerable,  and  takes  place  in  the  period  of 
half  a  tropical  year. 

As  we  advance  in  the  study  of  astronomy,  we  shall  see  that 
all  the  elements  of  our  system  are,  like  the  obliquity  of  tha 
ecliptic,  subject  to  variations  of  two  sorts.  The  first  are  ao 
slow  in  their  operation,  that  their  course  appears  to  have  bees 
progressive  fi-om  the  time  of  the  most  ancient  astronomers  to 
the  present.  For  this  reason  they  are  called  secidar  inequaH- 
lies.  The  other  are  more  rapid,  and  accomplish  their  peiiodl 
at  intervals  of  time  which  are  not  very  considerable.  Several 
of  their  revolutions  have  already  been  observed  by  astrono- 
mers. These  are  called  periodical  ine^aUties,  to  distinguish 
them  from  the  other,  which  are  also  periodicaJ,  but  <:ompr&- 
hended  within  hmils  very  much  more  extended. 

193.  When  we  have  determined  by  observatJoD,  for  a  ixtr- 
tain  epoch,  the  instant  of  the  sun's  passage  tbrougH  the  venul 
equiiios,  it  is  easy  to  refer  to  tliis  point  the  right  ascensions  of 
all  the  stars.  For  this  piu'pose,  it  is  sufficient  to  observe  « 
calculate  the  difference  of  right  ascension  between  each  star 
and  the  equinoctial  point,  according  to  the  method  explained 
in  article  168.  Now,  if  we  repeat  this  observation  with 
respect  to  the  same  stars  at  different  epochs,  comprehending 
intervals  even  of  a  small  number  of  years,  we  shall  find  is 
them  very  sensible  changes,  the  general  result  of  which  is, 
that  the  right  ascensions  of  all  the  stars  go  on  increasing, « 
that  their  meridians  appear  to  depart  continually  from  that  of 
the  equinox,  in  the  direction  of  the  proper  motion  of  the  sun. 
The  declinations  of  the  stars  change  also  at  the  same  time ; 
so  that  the  equator  ceases  to  pass  through  the  same  stars ; 
and  this  change  of  place  is  so  considerable,  that  the  situation 
of  the  different  constellations,  with  respect  to  the'equalor  and 
the  equinoxes,  is  entirely  different  fi:om  that  described  by  the 
ancient  astronomers. 

194.  At  first  view,  when  we  refer  these  motions  to  the 
plane  of  the  equator,  their  law  does  not  seem  very  manifest ; 
but  if  we  refer  them  to  the  plane  of  the  ecliptic  by  means  of 
latitude  and  longitude,  and  thus  compare  the  present  poaititHis 
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of  the  stars  with  those  observed  and  hauded  down  by  the 
ancient  astronomers,  we  shall  immediately  perceive  a  remark- 
able agreement.  It  will  be  found  that  the  latitudes  of  the 
stars  have  experienced  no  variations,  or  onJy  snch  slight  ones 
as  woidd  naturally  result  irom  the  secular  variation  of  the 
obliquity ;  whereas  the  longitudes  of  all  the  stars  have  been 
constantly  increasing,  and  all  by  the  same  quantity.     Thus,  it 

luld  seem  as  if  they  moved  in  the  heavens  in  a  direction 
.Icl  to  the  plane  of  the  ecliptic ;  or,  to  express  it  in  a 

;orous  and  georaelrical  manner,  the  phenomena  take  place 

they  would  do  if  the  celestial  sphere  revolved  about  the 
oi  the  ecliptic  with  a  very  slow  motion,  directed  from 

ist  to  east  hke  that  of  tlie  sun. 

196,  In  order  to  measure  this  motion,  it  is  sufficient  to 
compare  together  the  longitudes  of  the  same  star,  observed  at 
two  different  times.  The  effect  being  the  same  for  all  the 
stars,  it  is  of  no  importance  which  we  take. 

For  example,  according  to  the  observations  of  Dr.  Bradley, 
the  longitude  of  the  star  called  Spica  Vtrginis,  at  the  b&- 
ginning  of  1760,  was  200=  29'  39". 

According  to  the  observations  of  Dr.  Maskelyne,  the  longi- 
tude of  the  same  star  was  at  the  beginning  of  1802,  201° 
4'  41". 

The  difference  is  35'  2"  in  forty-two  years ;  which  gives  for 
the  yearly  increase  50,05".  The  comparison  of  a  great  num- 
ber of  observations  gives  for  the  yearly  increase  in  longitude 
50,1".  It  will  be  perceived  at  once  that  an  element  so  deli- 
cate caimot  be  established  with  certainty,  except  by  taking 
the  mean  of  a  great  number  of  observed  results. 

196.  In  consequence  of  this  motion,  the  equinoctial  points 
do  not  always  correspond  to  the  same  points  of  the  celestial 
sphere  ;  and  the  sun  employs  a  little  less  time  in  returning  to 
the  equator,  than  iu  retiuning  to  the  same  fixed  star.  In  this 
consists  what  is  called  the  precession  of  the  equirioxes. 

Iu  order  to  estimate  this  interval,  it  is  necessary  to  remark, 
that  when  the  mean  Sun  has  returned  lo  the  equinox  after  a 
tropical  revolution  of  366''  5*'  48'  51,6",  there  still  remains 
to  be  described  upon  the  ecliptic  the  small  arc  of  60,1",  before 
it  leaches  the  point  in  the  sphere  of  the  stars  which  passed 

S equinox,  the  preceding  year,  at  the  same  time.     Indeed, 
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this  point  is  iiself  in  motion  on  the  ecliptic,  in  virtue  of  thi' 
precession ;  and  it  departs  a  little  from  the  sun,  while  thai 
liuninary  is  moving  round  to  overtake  it ;  but  its  annual  mo- 
tion being  only  50,1",   the  quantity  by  which  it  advances 
from  the  moment  thai  the  sun  has  reached  the  equinox  until 
it  reaches  this  point  itself,  is  altogether  insensible ;  so  thai 
we  may  suppose  the  point  in  question  immovable  durins  this 
interval.     Accordingly,  in  order  to  estimate  the  interval  !■ 
tween  the  sun's  passing  the  equinox  and  arriving  at  (In 
point,  we  have  only  to  reduce  to  time  this  small  arc  ot    "h  ' 
by  the  proportion 

360°  :  365^  S*"  48'  51,6"  :  :  50,1"  :  0°  SC  19,9". 
If  we  add  this  to  the  tropical  year,  we  shall  have  the  duraiion 
of  a  complete  revolution  of  the  sun  with  respect  to  the  stars, 
expressed  in  mean  solar  time.     This  is  called  the  sidereal 
year,  and  is  equal  to  SeS"*  e*"  09'  11,5". 

197.  From  this  calculation  it  is  readily  perceived,  that  the 
line  of  the  equinoxes  has  a  retrograde  motion  in  the  ecliptic    1 
of  one  degree  in  71,6  years. 

It  is  likewise  easy,  on  the  supposition  that  this  motion  is 
uniform,  to  calculate  the  lime  required  for  the  equinoxes  to 
move  entirely  through  the  ecliptic  ;  for,  if  it  require  a  year  to 
move  through  50,1",  the  lime  necessary  for  moving  360°,  must 

be  equal  to  ^jrr;,  1'  or  25S68  years.  But  the  motion  of  preces- 
sion ia  subject  to  inequalities  in  different  centuries,  which 
would  probably  aSect  in  some  degree  the  length  of  this 
period. 

198.  The  discovery  of  the  precession  of  the  equinoxes, 
does  not  date  farther  back  than  the  lime  of  Hipparcbiu. 
Before  Ihis  epoch,  it  was  supposed  that  when  the  sun  i 
turned  to  the  same  equinox,  it  also  returned  to  the  i 
fixed  stars ;  and  aa  the  presence  of  this  luminary  in  1 
different  parts  of  the  heavens  determined  and  regulated  I 
labors  of  the  husbandman,  the  ecliptic  was  divided,  &om  t 
most  ancient  limes,  into  twelve  equal  portions, 
with  the  vernal  equinox.  These  portions  were  denom 
signs,  undoubtedly  on  account  of  the  labors  belonging  to  t 
season  when  the  sun  was  in  them ;  for  the  names  given  I 

-the  different  signs  have  a  manifest  reference  to  these  lab< 
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The  passage  of  the  sun  through  each  of  the  signs  was  easily 
afcertaitted  by  means  of  the  stars  which  are  situated  in  the 
ecliptic,  and  which  were  therefore  divided  into  twelve  groups 
or  constellations.  But  since  this  remote  period,  the  appear- 
ance of  the  heavens  has  considerably  changed.  The  equinoxes 
have  retrograded  in  the  ecliptic,  by  the  effect  of  the  preces- 
sion, and  the  some  constellations  no  longer  indicate  the  same 
labors.  But  the  same  division  is  still  recognised  in  astronomy, 
and  even  the  names  of  the  twelve  signs,  with  the  characters 
which  represent  them,  are  retained  j  but  they  are  counted 

k  on  the  ecliptic  from  the  vernal  equinox,  which  is  constantly 

E  changing  its  position. 

F  ■  These  signs  arc,  aries  f,  taums  y,  gemini  n,  cancer  ss, 
leo  St,  Virgo  -nj;,  libra  ^,  scorpio  "l,  Sagittarius  t,  capricor- 
nus  >J,  aquarius  zs,  pisces  K. 

They  are  arranged  in  order  in  the  two  following  verses, 
which  may  be  easily  remembered. 

Sunt  aricB,  laurus,  gemini,  cancer,  leo,  rirgo, 
Libraque,  scorpiiu,  nrcilenens,  caper,  amphora,  pisces. 

Each  sign  is  a  twelfth  part  of  the  circumference,  and  contains 
30^.  The  assemblage  of  these  signs  forms  what  is  termed 
the  zodiac. 

By  the  general  consent  of  astronomers  the  first  point  of  the 
sign  aries  always  corresponds  to  the  vernal  equinox,  the  first 
of  cancer  to  the  summer  solstice,  the  first  of  libra  to  the  au- 
tumnal equinox,  and  the  first  of  capricomus  to  the  winter 
solstice. 

199.  About  the  time  of  Hipparchus,  or  a  little  before,  the 
constellations  aries,  cancer,  hbra,  and  capricomus,  were  actually 
situated  in  the  four  points  of  the  sun's  orbit,  above  men- 
tioned, but  they  have  changed  since  that  time,  by  the  preces- 
sion of  the  equinoxes,  about  SO''. 

The  vernal  equinox  now  takes  place  in  the  constellation 
pisces,  the  summer  solstice  in  gemini,  the  autumnal  equinox 
in  virgo,  and  the  winter  solstice  in  Sagittarius.     Each  has  re- 

[•~>graded  one  sign. 
Hence  we  must  carefully  distinguish  between  the  signs  of 
i  xodiof,  which  arc  fixed  with  respect  to  the  equinoxes, 
d  the  constellations,   which  are   movable  with  respect  to 
Bse  points. 
Asiron.  16 
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200.  Hitherto  we  have  ascribed  to  the  stars  this  continued 
motion  of  precession,  considering  them  as  all  movuig  together 
parallel  to  the  ecliptic,  and  constantly  changing  theur  relative 
positions  with  respect  to  the  equator.  But,  if  wo  have  con- 
sidered these  changes  of  place  as  real,  it  is  only  because  we 
have  found  it  convenient  to  regard  the  equator  as  a  fixed  and 
immovable  plane,  to  which  we  may  refer  the  positions  of  all 
the  stars,  by  means  of  their  right  ascensions  and  declinations. 
For,  the  appearances  would  be  absolutely  the  same,  if,  instead 
of  attributing  these  motions  to  the  stars,  we  were  to  consider 
the  earth  as  moving  in  a  contrary  direction.  According  to 
this  supposition,  it  is  the  celestial  equator  which  changes  its 
position  together  with  the  earth,  moving  backward  along  the 
ecliptic  in  the  inverse  order  of  the  signs,  in  such  a  manner 
that  the  common  intersection  of  these  planes,  or  the  line  of 
the  equinoxes,  shall  describe  annually  upon  the  ecliptic  an 
arc  of  50,1'',  in  a  direction  contrary  to  the  proper  motion  of 
the  sun.  In  this  case,  the  stars  would  be  really  stationary, 
and  the  earth  only  would  be  in  motion  ;  the  celestial  equator 
would  change  its  place  with  respect  to  tlie  stars,  and  not 
the  stars  with  respect  to  it.  According  to  this  supposition, 
we  must  also  consider  the  axis  of  the  diunial  motion  as 
changing  its  place  at  the  same  time  with  the  plane  of  the 
equator,  to  which  it  always  remains  perpendicular ;  for  the 
elevation  of  the  pole  at  each  place  remains  invariably  the 
same,  although  it  does  not  always  correspond  to  the  same 
stars ;  consequently  the  direction  of  the  diurnal  motion,  being 
constantly  the  same  witli  respect  to  each  horizon,  must 
change  with  it.  But  this  displacement  of  the  axis  of  rotation 
of  the  heavens,  far  from  appearing  extraordinary,  is  only  an 
additional  argument  tending  to  confirm  us  in  the  supposition 
that  the  diurnal  motion  of  the  heavens  is  only  apparent,  and 
that  the  appearance  is  caused  by  the  motion  of  the  earth  in  a 
contrary  direction.  If  we  remember  what  has  aheady  been 
said  respecting  the  illusions  produced  by  the  relative  motions 
of  a  system  of  which  the  observer  forms  a  part,  the  idea  of 
giving  to  the  earth  a  motion  of  rotation  upon  itself,  about  an 
axis  fixed  relatively  to  its  surface,  and  to  this  axis  a  motion 
of  precession  in  the  heavens,  offers  nothing  either  impossible 
or  strange.     And,  after  all,  this  mode  of  explaining  the  celes- 
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I  tial  phcoiomeiia  is  still  more  siinple,  than  that  of  supijoaiiig 
tliroughout  the  whole  system  of  the  heavenly  bodies,  so 
many  geucral  aiid  commou  motions  of  rotation  aud  preces- 
KJon,  which,  considering  the  multitude  of  these  bodies  and 
the  variety  of  their  distances,  would  require  in  their  particular 
motions  a  connexion  and  correspondeuce,  which  no  one  would 
tliink  of  mohitaining.  Besides,  all  the  phenomena  which 
occur  as  we  advance  in  tlie  study  of  astronomy,  conspire  to 
show  tliat  this  latter  supposition  is  not  tlie  true  one.  In  the 
mean  time,  until  their  developeraeut  furnishes  ns  with  a  series 
nf  inductious  not  to  be  resisted,  it  is  well  to  be  apprized  of 
tlie  possibility  of  this  double  mode  of  explanation. 

201.  The  theory  of  universal  attraction  has  laughl  ns  that 
the  phenomenon  of  the  precession  of  the  equinoxes  proceeds 
Irom  the  attraction  exerted  by  the  moon  and  sun  upon  the 
oblate  spheroid  of  the  earth.  Tins  attraction,  being  uucqiial 
ui>oii  the  different  portious  of  the  splieroid,  on  accoimt  of  tiie 
oblatcness,  tends  conUnually  to  draw  the  plane  of  the  equator 
out  of  its  direction,  and  causes  it  to  retrograde  upon  the 
ecliptic,  conformably  to  the  laws  which  we  have  deduced 
IJrom  observation.  If  the  earth  were  exactly  spherical,  this 
elTect  would  not  be  produced ;  no  precession  would  take 
place,  and  the  equinoxes  would  always  correspond  to  the 
same  points  of  the  ecliptic,  at  least  so  far  as  the  kind  of  action 
we  have  been  considering  is  concerned. 

Suicc  the  attractions  exerted  by  the  sun  and  moon  upon 
the  terrestrial  spheroid,  vary  with  the  posirions  of  these  bodies, 
there  result  certain  small  oscillations  in  the  procession  of  the 
equinoxes,  by  which  it  sometimes  increases  and  sometimes 
lishes.  The  period  of  these  oscillations  is  different  in 
G  of  the  sun  from  what  it  is  in  that  of  the  moon  ;  it 

>euds  upon  the  time  required  in  the  body  which  produces 
,  after  leaviug  a  certain  position  in  which  it  exerts  a 
tven  inllueiice,  to  arrive  at  a  position  in  which  it  shall  exert 
Bie  same  influence.  The  inequalities  of  tliis  kind,  produced 
by  the  action  of  the  siin,  have  ibr  their  period  lialf  a  tropical 
year  ;  those  which  are  produced  by  the  moon,  have  a  period 
of  18  years.  Both  are  connected  with  correHi>onding  oscilla- 
lions  in  the  obhquity  of  the  ecliptic,  as  above  mentioned ; 
and  they  uioke  a  part  of  the  phenomenon  of  nutation,  the  laws 
of  which  will  be  cxploinod  hereafter. 
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Moreover,  the  raotion  of  the  equinoxes  is  also  modified  by 
another  cause.  We  have  already  mentioned  that  the  attrac* 
Uon  exerted  by  the  planets  upon  each  other  and  upon  the  sim, 
gradually  changes  the  direction  of  the  plane  of  the  ecliptic  is 
idisolute  space.  This  change  causes  a  variation  in  the  incUua^ 
tion  of  the  ecliptic  to  the  equator,  as  before  remarked.  At  the 
same  time  it  causes  also  a  change  of  place  in  the  points  rf 
intersection  of  these  two  planes,  that  is,  in  the  line  of  thft 
equinoxes.  This  foreign  motion  is  combined  with  that  which 
the  attractions  of  the  sun  and  moon  would  produce  if  ihef 
were  the  sole  agents.  In  the  present  disposition  of  the  planet- 
ary system,  the  displacement  of  the  ecliptic  causes  in  the 
equinoxes  an  annual  motion  of  0,31".  This  motion  is  direct, 
that  is,  in  the  direction  of  the  sun's  motion  in  longitude.  It 
is,  consequently,  opposite  to  the  retrograde  motion  caused  by 
the  sun  and  moon.  Hence  it  appears  that  the  aimual  preces- 
sion which  we  observe,  is  strictly  the  difference  between  these 
two  contrary  motions;  and  without  the  displacement  of  tha 
ec  Up  tic,  the  observed  precession  woiUd  be  equal  to  60,1" + 
0,31"  or  50,41".  These  effects  of  the  action  of  the  planets 
are  in  themselves  independent  of  the  figure  of  the  earth.  Bat 
they  have,  nevertheless,  an  indirect  influence,  which  is  coa- 
nected  with  this  figure.  For,  as  they  displace  the  plan&of 
the  ecliptic,  which  is  the  orbit  of  the  sun,  they  bring  this 
luminary  into  different  positions  with  respect  to  the  terrestrial 
spheroid,  and  thus  modify  the  action  which  it  exerts  upon 
this  spheriod,  in  virtue  of  the  oblateness.  The  position  of  the 
orbit  of  the  moon  which  always  accompanies  the  ecliptic,  is 
affected,  in  like  manner,  and  by  the  same  cause  ;  so  that  the 
action  of  this  body  also  varies.  Hence  arise  new  modifica- 
tions in  the  motion  of  the  equinoxes,  and  the  obHquity  of  the 
ecliptic.  These  secondiury  effects  modify  considerably  the 
residts  which  would  have  been  produced  by  tlie  action  merely 
of  the  sun  and  moon  upon  the  terrestrial  spheroid,  on  the 
supposition  that  the  plane  of  the  ecliptic  is  mjmovable. 

These  variations  which  take  place  in  the  action  of  the  sun, 
in  consequence  of  the  displacement  of  the  ecliptic,  are  period- 
ical, like  the  displacement  itself  The  inequalities  in  the 
motion  of  the  equinoxes,  and  in  the  obliquity  of  the  echptic, 
which  result  from  these  variations  are,  therefore,  periodical 
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also.  These  inequalities  are  analogous  to  the  lunar  nutation, 
but  much  slower.  They  may  be  termed  the  secular  nutation. 
As  they  are  not  proportional  to  the  time,  they  render  the  pre- 
cession unequal  in  dilfercnt  centuries.  But  these  variations' 
are  so  slow,  that  observation  alone  would  not  be  sufficient  to  ' 
detect  them,  especially  on  accoiuit  of  the  imperfection  of  the 
ancient  determinations,  which  it  Would  be  necessary  to  make 
use  of  in  order  to  estimate  and  compare  the  ])recoasion  of  tlie 
equinoxes  at  different  epochs.  From  the  operation  of  this 
cause,  the  annual  relrogradation  of  the  equinoxes  is  now 
greater  by  about  0,455"  than  it  was  in  the  time  of  Hipparchus. 
Consequently,  the  mean  tropical  year  is  shorter  now  by  11,076" 
than  it  was  then.  For,  since  the  relrogradation  of  the  equi- 
noctial points  is  greater  now  than  formerly,  the  siui  has,  each 
year,  a  space  of  0,455"  less  to  pass  through  in  the  ecliptic,  in 
order  to  reach  the  plane  of  the  equator.  The  mean  tropical 
year,  which  is  measured  by  the  interval  comprehended  be- 
tween two  successive  returns  of  the  sun  to  the  same  equinox, 
is  therefore  less  by  the  time  required  to  describe  on  the  ecliptic 
an  arc  of  0,455"  with  its  mean  motion,  which  shortens  the 
Irojiical  year  11,076",  as  may  be  proved  by  a  simple  propor- 
tion. In  order  that  this  diminution  in  the  tropical  year  may 
be  real,  it  is  necessary  to  admit  that  the  sidereal  year  with 
which  we  compare  it,  and  the  sidereal  day  by  wliich  we 
measiu'e  it,  are  constant  periods.  Indeed,  they  are  demon- 
strated by  theory  to  be  invariable,  as  has  been  before  observed. 

These  results  of  theory,  by  giving  to  our  observations  and 
calculations  an  exactness  which  could  not  have  been  obtained 
without  this  aid,  serve  to  throw  light  at  the  same  time  upon 
the  true  laws  of  the  phenomena.  It  is  for  this  reason  that  it 
was  deemed  proper  to  present  them  here  hf  way  of  antici- 
pation. 

202.  The  progressive  changes  which  take  place  in  the  lon- 
gitude of  the  stars,  in  consequence  of  the  precession  of  the 
equinoxes,  extend  to  the  declination  and  right  ascension,  and 
alter  the  value  of  these  two  elements.  But  we  have  already 
seen  that  the  arcs  which  express  them  are  connected  with 
those  of  the  latitude  and  longitude,  by  means  of  spherical 
triangles ;  we  are  thus  enabled  to  ascertain  their  value.  Hence 
we  are  able  also  to  calculate  the  effect  which  a  small  change 
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of  longitude  produces  in  the  riirht  ascension  and  declination. 
We  accordingly  obtain  the  precession  in  right  ascension  and 
declination, 

203.  If  the  plane  of  the  ecliptic  were  immovable  in  the 
heavens,  and  its  inclination  to  the  e<|uator  constant,  the 
preceding  considerations  would  1)0  suiricient  to  enable  us  to 
determine,  for  any  given  epoch,  the  ))Osition  of  a  star  with 
respect  to  these  two  planes,  provided  this  jKisition  iiail  been 
once  observed.  It  would  only  be  necessary  to  make,  in  the 
longitude  of  the  star,  the  change  recpiired  by  i)recession,  and 
with  this  corrected  longitude,  the  latitude  remaining  the  siunc, 
we  might  calculate  the  right  ascension  and  declination. 

But  the  latitude  of  the  stiu's  cannot  remain  constant,  because 
tlie  ecliptic  also  varies  its  iwsition  in  the  heavens.  Tlie  varia- 
tions in  latitude,  therefore,  combine  with  those  in  longitude, 
resulting  from  the  precession  of  the  equinoxes ;  and,  according- 
ly, in  ortlcr  to  ascert;iin  the  place  of  a  star  at  any  given  epochf 
regard  must  be  had  to  those  simultaneous  changes. 

We  have  already  remarked,  that  the  theory  of  attraction 
explains,  in  the  most  ])erfect  manner,  the  laws  of  these  phe- 
nomena. Although  we  cainiot  here  i)resent  the  proofs,  ujiou 
which  thesi^.  exj)lanatious  rest,  wo  shall,  nevertheless,  make 
known  the  i)rincipal  results ;  for  this  affords  the  only  means 
of  forming  clear  and  distinct  ideas  resjiccting  the  displacement 
of  the  ecliptic,  and  the  motion  of  tb<^  eciuinoxes. 
Fig.  41.  204.  For  this  jairjiose,  let  Eff  be  the  jwsition  of  the 
ecliptic  at  a  given  ej)och,  for  instance,  at  the  beginning  of 
1750,  a  year  rendered  momomble  by  the  lal^ors  of  liacaille, 
and  ado])tod  as  the  origin  of  several  astronomical  calculations. 
Let  TQ  rei)resent  the  c^piator  at  this  same  e])och,  and  T  the 
equinoctial  ]>oint;  so  that  the  loncritudc  shall  be  reckoned 
from  T  towards  A',  and  the  right  ascensions  from  T  towards 
Q.  Ijct  us  now  supjmse  another  ('i)och  subsequent  to  the 
preceding.  The  equator  will  have  retrograded  in  consequence 
of  the  precession,  l^et,  then,  f'Qf  re]ir(?sent  its  new  i)ositiou 
at  thisei>och,  and  T'  its  intersection  with  the  ecliptic,  consid- 
ered as  having  the  same  jiosition  as  in  17;>0;  the  spherical 
angle  Ef'Qf  will  be  its  inclination  to  (he  ecliptic.  But  then 
the  tme  ecliptic  will  have  varied  its  ])osition  in  the  heavens, 
and  will  have  taken,  for  exiunple,  the  direction  NE\  making 
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with  tlio  iirecoilingn  spherical  angle  ENE'.  In  consequence 
of  this  variation  it  will  cut  the  new  position  of  tho  equator  in 
T",  and  the  point  f"  will  be  the  new  position  of  tho  true 
rquinoctial  point;  so  that  the  longitude  will  be  reckoned 
from  f"  towards  E^,  and,  the  right  ascensions  from  ?|°"  to- 
wards Q'. 

Now,  supposing  the  obliquity  of  the  ecliptic  to  have  been 
observed  at  the  first  epoch,  the  theory  of  attraction  makes 
known  for  any  other  epoch ;  1.  The  arc  f  T',  or  the  preces- 
■^'nu  of  the  equinoctial  point  upon  the  fixed  ecliptic  of  1750. 
:    The  angle  Ef'Q,',  or  the  obliiiuity  of  the  equator  to  this 

uii;  ecliptic.  3.  The  arc  f'T"  or  the  motion  of  the  eqv.i' 
ii'irtial  point  in  i-iirht  ascension.  4,  The  obliquity  of  the 
>  qiiator  to  the  movable  ecliptic,  or  the  angle  E'f'Qf.  With 
ilii  sc  data  it  is  easy  to  transfer  the  catalogues  of  tho  stars 
from  one  position  to  another,  and  to  calculate  what  will  be, 
or  what  must  have  been,  the  latitudes,  longitudes,  right  as- 
censions, and  declinations.  This  process  is,  strictly  speak- 
ing, nothing  but  a  simple  transformation  of  coordinates. 

Indeed,  knowing  the  longitudes  I,  and  the  latitudes  l,  re- 
furred  to  the  primitive  position  of  1750,  we  add  to  the  longi- 
tudes tlie  arc  of  precession  f  »f"  on  the  fixed  ecliptic,  wliich 
arc  we  shall  call  v ;  the  longitudes  l-\-f,  and  the  latitudes  1, 
will  delerniine  the  position  of  llie  stars  with  respect  to  the 
fixed  ecliptic  for  tho  new  epoch  in  question.  Since  we  know 
also  the  angle  Ef'Q',  tho  obliquity  of  the  equator  to  this 
ecliptic  at  the  same  epoch,  we  can  calculate,  with  these  data, 
'!'!'   right  ascensions  and  declinations  with   reference  to  the 

w  position  t'Q,'  of  the  equator.  We  shall  call  them  a' 
Jiid  d'.  The  necessary  formulas  for  obtaining  them  will  be 
I'oimd  in  tho  Appendix. 

But  these  arcs  are  reckoned  from  the  equinoctial  point  f. 
Ill  order  to  reduce  them  to  the  true  equinox  V,  it  is  sufficient 
to  subtract  from  all  the  right  ascensions  the  arc  ff",  which 
expresses  the  motion  of  the  equinox  in  right  ascension.  Let 
this  arc  be  a'.  Then 'the  right  ascensions  a'  — «',  and  the 
declinations  d',  will  determine  the  elements  of  the  stars  with 
reference  to  the  new  position  of  the  equator  and  of  the 
trne  equinoctial  point  f" ;  and  as  we  know  also  the  angle 
E"f"Q',  which  expresses  the  apparent  obliquity  of  the  eclip- 
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tic  to  the  equator  for  the  new  epoch,  we  can  easily  calculaie 
the  longitudes  and  latitudes  for  this  same  epoch,  with  refer- 
ence to  the  movable  ecliptic.  By  this  means  we  shall  have 
the  right  ascensionsj  declinations,  longitudes,  and  latitudes  of 
the  stars,  referred  to  the  new  position  of  the  equator,  ecliptic, 
and  equinoctial  point  "V". 

We  have  supposed  the  new  epoch  to  be  later  than  1750.  If 
it  were  earlier,  the  process  would  be  the  same,  the  signs  only 
being  changed.  The  precession  tf,  instead  of  being  added 
to  the  longitudes,  would  require  to  be  subtracted,  and  wiili 
respect  to  the  motion  of  the  equinoctial  point,  instead  of  sub- 
tracting it  from  the  right  ascension  a',  we  should  add  it.  The 
same  formulas  are  applicable  in  all  cases,  the  time  being  coo- 
sidered  as  positive  for  epochs  subsequent  to  1750,  and  nega- 
tive for  others. 

206.  We  have  said  that  the  sidereal  day  had  for  its  meas- 
ure the  interval  of  time  comprehended  between  two  consec- 
utive returns  of  the  same  star  to  the  meridian,  this  interval 
being  supposed  to  be  corrected  for  the  effects  of  precession, 
aberration,  and  nutation.  This,  in  other  words,  is  equivalenl 
to  referring  the  star  to  the  mean  eqiunox  •¥"',  and  consider- 
ing it  immovable  with  respect  to  this  point  during  the  interral 
of  a  day.  Consequently,  the  duration  of  a  sidereal  day  ii 
really  measured  by  two  consecutive  returns  of  the  mean 
equinox  *f "  to  the  meridian.  The  point  T"  is  here  called 
the  meaji  equinox,  to  distinguish  it  irom  the  true  equjno^ 
which  oscillates  about  it  in  virtue  of  the  nutation. 

But,  according  to  what  has  been  said  respecting  the  seciilar 
displacement  of  the  ecliptic,  the  equinoctial  point  °f"  does 
not  always  correspond  to  the  same  physical  point  of  the 
equator.  It  is,  on  the  contrary,  movable  upon  this  great 
circle,  and  its  displacement,  af^er  a  given  interval  of  time,  is 
measured  by  the  arc  f"f"^  as  we  have  seen  in  figiu'e  41. 
The  small  portion  of  this  proper  motion,  which  corresponds 
to  one  rotation  of  the  heavens,  makes,  therefore,  in  reality,  a 
part  of  the  sidereal  day ;  in  the  same  manner  as  the  diurnal 
arcs,  described  upon  the  equator  by  the  stin,  in  virtue  of  iis 
proper  motion,  make  a  part  of  the  duration  of  a  solar  day- 
If  the  motion  of  the  equinoctial  point  T"  were  setifltbly  une- 
-  qnal,  the  sidereal  days  would  themselves  be  unequal  in  dura- 
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tion,  like  the  solar  days.  But  this  motion  is  so  slow,  that  the 
effect  of  its  vaiiatious  would  scarcely  amount  to  minutes  ia 
the  total  duration  of  several  millions  of  years.  The  influence 
of  these  variations  on  the  determination  of  absolute  time,  is 
therefore  altogether  insensible,  for  the  periods  which  astrono- 
mers have  hitherto  had  occasion  to  consider.  Accordingly, 
neglecting  them,  we  may  always  consider  the  sidereal  day  as 
a  constant  period  of  time,  the  duration  of  which  is  measured 
by  two  consecutive  returns  to  the  meridian,  of  the  equinox 
f",  moving  imiformly. 

A  mere  inspection  of  fignro  41,  will  enable  us  to  account 
for  a  phenomenon  before  mentioned ;  namely,  that  the  dis- 
placement of  the  ecliptic,  caused  by  the  attraction  of  the 
planets,  modifies  in  some  degree  the  precession  which  we 
observe,  and  renders  it  somewhat  smaller  than  that  which 
lakes  place  on  the  fixed  ecliptic.  To  be  convinced  of  this, 
let  ¥,  be  the  physical  point  of  the  movable  echptic,  which, 
at  the  epoch  of  1750,  coincided  with  the  point  T  of  the  fixed 
ecliptic.  When,  after  a  certain  lapse  of  time,  these  two 
planes  become  detached  from  each  other,  the  true  equinox 
comes  to  T",  and  the  arc  T,T",  reckoned  on  the  movable 
ecliptic,  is  tlie  apparent  precession  which  we  observe.  It 
remains  to  prove  that  this  arc  is  less  than  Tf ,  which  repre- 
sents the  precession  on  the  fixed  ecliptic  in  the  same  interval. 
This  is  very  easily  done  ;  for,  since  f  and  T,  corresponded 
originally  to  the  same  physical  points  on  the  two  ecliptics,  the 
arcs  Nf,  VVf,,  reckoned  irora  the  point  N  where  these  two 
planes  cut  each  other,  are  equal.  Now  the  part  Nf"  of  the 
last,  is  evidently  greater  than  the  arc  A^  T'  of  the  other,  since 
the  acute  angle  JVT"  If",  expressing  the  obliquity  of  the 
Diovable  ecliptic  to  the  equator,  is  less  than  the  obtuse  angle 
NfT",  which  expresses  the  supplement  of  the  obliquity  of 
the  same  equator  to  the  fixed  ecliptic.  Consequently  T,f" 
must  be  less  than  f"¥,  that  is,  the  apparent  precession  must 
bo  less  than  that  which  takes  place  on  the  fixed  ecliptic. 
The  point  t"  is  here  regarded  as  the  true  eqiunox,  since  we 
leave  the  nutation  out  of  consideration. 

If  from  the  trtic  equinox  *¥"'  we  draw  the  arc  of  a  great 
circle,  fp",  perpendicular  fo  the  fixed  ecliptic ;  it  follows, 
from  ihe  smalliiess  of  the  angle  A^,  tlial  tlie  aics  tP,  f,f", 
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will  be  very  nearly  equal  to  each  other.  Thus,  calling  ^ 
precession  upon  the  fixed  ecliptic,  and  ^'  the  precession 
the  movable  ecliptic,  the  arc  f'P  will  be  nearly  equal 
V  —  ip'.  Moreover,  in  this  same  triangle  fPY",  we  know 
also  the  angle  PT'T",  expressing  the  obliquity  of  the  equa- 
tor to  the  fixed  ecliptic.  With  these  data  we  c^n  calculate 
the  side  T'T",  which  expresses  the  secular  motion,  of  the 
equinoctial  point  in  right  ascension,  and  Pf",  wliich  ex- 
presses its  secular  motion  i»  latitude.  But  as  tliese  arcs  are 
extremely  small,  even  when  we  go  back  to  the  most  ancient 
observations,  it  is  sufficient  to  resolve  the  small  triangle 
•f'V'P,  as  if  it  were  a  plane  triangle.     Wc  thus  find  f"f" 

—  "*  i[^;  f^d  f"P  =  {f  —  v')  'ang  P;  designatmg  by  V 
the  angle  "fY'Y";  that  is,  the  obliquity  of  the  equator  to 
the  fixed  ecliptic-  We  heuce  perceive  that  these  quantities 
are  connected  with  the  motion  in  longitude,  and  also  how 
they  depend  upon  this  motion.  It  is  to  be  observed,  that  the 
motion  of  the  equinoctial  point  in  right  ascension  is  directed 
from  east  to  west,  and  that  its  motion  in  latitude  is  from  north 
to  south  of  the  fixed  echptic. 

21)6.  In  the  Appendix  may  be  fotmd  the  exact  formulas, 
furnished  by  theory,  for  calculating  these  values  with  refer- 
ence to  any  epoch  whatever,  and  for  determimng  all  the  other 
elements  of  the  apparent  places  of  the  stars.  The  operation 
reduces  itself  to  a  simple  change  of  coordinates.  But,  when 
the  period  in  question  embraces  only  a  smalt  number  of 
centiuies,  before  or  after  the  epoch  of  1750,  which  we  have 
selected  as  the  point  of  departure,  the  calculation  is  simpli- 
fied by  the  consideration  that  the  variations  which  take  place 
in  the  coordinates  are  very  inconsiderable,  and  we  may  make 
use  of  general  and  very  simple  formulas  to  express  the  slight 
corrections,  necessary  to  be  introduced  into  the  primitive 
elements,  in  order  to  transfer  them  to  the  epoch  fixed  upc 
In  the  Appendix  we  have  proceeded  in  this  manner  in  detf* 
mining  the  effects  of  precession  upon  the  right  asi 
declination  of  stars  for  a  short  interval  of  time ;  and  gen( 
rally  this  mode  of  approximation  is  of  constant  i 
tronomy,  in  reducing  observations  of  the  heavenly  1 
taken  at  different  periods,  to  the  same  position  of  the  equata 


and  equinox,  for  the  purpose  of  rendering  tliera  comparable 
■with  each  other. 
I  This  simplification  is  founded  upon  a  principle  of  analysis, 
'  "which  may  be  advantageously  employed  in  a  variety  of  cir- 
cumstances. When  we  examine  the  simultaneous  effects  of 
several  causes  of  minute  variations,  tins  mode  of  approxima- 
tion allows  us  to  estimate  each  effect  separately,  and  to  con- 
sider the  total  effect  as  the  sum  of  these  partial  results.  It  is 
thus  that  several  simultaneous  sounds  may  agitate  the  air 
at  once  and  remain  distinct.  Thus,  too,  on  the  surface  of  a 
tranquil  lake,  when  small  undulations  are  propagated  circu- 
larly from  any  point,  if  we  excite  a  new  agitation  in  another 
point,  the  tmdulations  here  created,  will  spread  over  the  sur- 
face, as  if  it  had  not  been  troubled,  and,  at  the  points  where 
they  cross  each  other,  the  total  elevation  of  the  small  wave 
will  not  differ  sensibly  from  the  sum  of  the  separate  eleva- 
tions. The  same  is  tnie  generally  of  very  slight  motions, 
and  this  is  the  principle  which  facilitates  the  approxima- 
tion. 

207.  When  we  wish  to  transfer  the  positions  of  stars  from 
one  epoch  to  another  little  distant,  the  change  in  the  position 
of  the  equator  and  ecliptic,  and  the  change  in  the  obliquity 
of  the  equator  to  the  fixed  and  the  movable  ecliptic,  are  all 
so  small,  that  the  principle  just  laid  down  may  be  employed 
in  estimating  them.  Thus,  when  we  have  calculated  the 
sbsolule  value  of  these  changes  for  the  period  in  question, 
it  will  be  sufficient  to  estimate  separately  the  effect  which 
each  is  capable  of  producing  upon  the  coordinates  of  the 
heavenly  bodies.  The  sum  of  the  partial  effects  will  express 
the  total  variation  which  takes  place  in  these  coordinates. 
By  this  means  the  calculation  is  rendered  much  more  short 
;uid  simple,  and  yet  furnishes  a  sufficiently  close  approxima- 
tion, when  the  period  does  not  embrace  more  than  two  or 
three  centuries. 


208.  Is  the  foregoing  section  we  have    examined  all  the 
slow  and  secidar  variations,  which  affect  the  obliquity  of  the 
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The  theory  of  universal  attraction  has  made  known  the  r»- 
SOD  why  the  periodical  variations,  observed  by  Dr.  Bradley,  iu: 
the  obliquity  of  the  ecliptic  and  the  position  of  the  eqiunozes, 
are  connected  with  the  position  of  the  moon's  nodes.  W» 
have  already  stated  that  they  are  produced  by  the  attractioB 
of  this  body,  which  causes  the  equator  of  the  earth  to  oscillate. 
Hence  we  have  been  enabled  to  understand  also  why  the  two 
motions  of  obliquity  and  of  the  equinoxes,  are  connected  «►• 
gether,  a  connexion  already  known  as  a  fact  from  observation, 
but  which  could  only  be  established  experimentally,  withont 
our  knowing  whether  the  relations  which  it  indicated  wen 
rigorous  or  simply  the  result  of  approximation.  It  is  W 
D'Alenibert  that  we  owe  this  important  confirmation  of  the 
theory  of  universal  attraction.  It  has  been  also  found,  that 
the  attraction  of  the  sun  produces  a  simitar  effect,  but  mucb ' 
more  feeble. 

The  phenomenon  of  nutation  being  thus  reduced  to  a  small ' 
change  in  the  obliquity  of  the  ecliptic  and  the  position  of  ths 
equinoxes,  caused  by  a  derangement  of  the  equator,  nothing 
can  be  easier  than  to  calculate  the  effects  wliich  it  produces 
upon  the  declinations  and  right  ascensions  of  the  stars. 
rig.  42.  210.  But  why  has  it  been  called  nutation  ?  This  can  be 
explained  by  a  geometrical  constniction,  in  which  its  effects 
may  be  represented.  Let  C  be  the  centre  of  the  earth  and  of" 
the  celestial  sphere,  f  Q^i:  the  equator,  fE^  the  eliptic,  P 
the  north  pole  of  the  first  of  these  two  circles,  and  P'  the 
north  pole  of  the  second ;  the  point  T  will  be  the  vernal 
equinox,  ii  the  autumnal  equinox,  and  the  angle  PCP*  will, 
be  the  obliquity  of  the  ecliptic  to  the  equator.  This  beioff, 
supposed,  if,  without  changing  this  angle,  we  cause  the  axisi 
CP  lo  describe  a  conical  surface  about  ihe  axis  CP',  SO  that 
the  pole  P  shall  describe  the  circumference  of  a  circle  pcfr  ■■ 
pendicular  to  tliis  axis,  tliis  motion  will  transfer  the  intcrsec-^ 
tion  f  of  these  two  planes  tlu-ough  the  whole  extent  of  tl 
ecliptic,  without  changing  their  mutual  inclination.  Conse^ 
quently,  if  this  rotation  be  made  in  the  direction  XXea,- 
contrary  to  the  order  of  the  signs,  and  if  we  give  to  the  pote 
Pf  upon  its  circle,  the  annual  motion  of  the  equinoxes,  th» 
intersection  T  will  retrograde  on  the  ecliptic  m  the 
manner,  and  this  construction  will  exactly  represent  the  meaw, 
precession. 
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But,  since  the  obtiquily  of  the  cijimtor  to  the  ecliptic  Is  not 
perfectly  constant  in  dilferent  centuries,  the  angles  PCI"  st 
the  centre  of  the  cone  must  bo  made  to  vary  in  such  a  manner 
as  to  follow  and  represent  these  changes ;  or,  more  simply, 
the  points  P  and  P',  must  be  considered  as  the  mean  poles 
of  the  equator  and  ecliptic,  about  whicli  the  true  poles  move, 
approaching  and  receding  alternately,  according  to  the  in- 
equalities to  which  they  are  subject. 

Accordingly,  let  P,  i"  represent  the  poles  of  the  equator  Fig.  48. 
and  ecliptic,  determined  for  a  certain  epoch,  as  we  have  de- 
scribed, regard  being  had  to  the  secular  inequalities  only. 
In  order  to  represent  the  periodical  inequalities  of  nutation, 
the  true  pole  a  of  the  equator  must  be  supposed  to  move 
about  the  pole  P,  conformably  to  the  laws  deduced  from 
observation.  According  to  these  laws,  when  the  ascending 
node  of  the  moon  is  in  T  ou  the  ecliptic,  that  is,  when  it 
corresponds  to  the  vernal  equinox,  the  apparent  pole  a  is 
found  to  correspond  to  the  summer  solstice,  OO"-*  in  arrear. 
In  proportion  as  the  node  retrogrades  on  the  ecliptic,  the 
apparent  pole  «  follows  its  motion,  and  thus  turns  about  the 
true  iKjle  P  wliile  the  node  makes  the  circuit  of  tlie  ccUjitic. 
Its  orbit  is  a  small  ellipse,  whose  transverse  axis  u  m",  always 
remains  a  tangent  to  the  circle  of  latitude  PP',  drawn  through 
the  poles  of  the  equator  and  ecliptic,  and  occupies  on  this 
circle  an  arc  of  49,26".  The  conjugate  axis  of  this  ellipse,  ^*^' 
being  perpendicular  to  the  transverse,  is  a  tangent  to  the  circle 
PP,P,„  in  which  the  pole  of  the  equator  moves  parallel  to 
the  ecliptic  ;  and,  since  it  is  very  small,  it  may  even  be  con- 
sidered as  making  part  of  this  parallel,  on  which  it  occupies 
an  arc  of  36,01".  To  obtain  for  any  instant  the  position  of 
the  apparent  pole  u  in  this  ellipse,  we  make  the  following 
construction,  the  elements  of  which  are  determined  by  calcu-  Fig.  44. 
lation.  Suppose  a  circumference  of  a  circle  a  Ka",  concentric 
with  the  ellipse  of  nutation,  and  having  its  transverse  axis 
for  a  diameter ;  in  this  circumference  suppose  a  radius  uP, 
first  situated  in  <u  at  the  extremity  of  the  transverse  axis 
nearest  the  ecliptic,  when  the  ascending  node  of  the  moon 
is  in  the  vernal  equinox.  Then  cause  this  radius  to  pass 
romid  the  circle  with  a  retrograde  motion,  equal  to  that  of 
the  node  in  the  ecliptic.     If,  in  each  position  of  this  radius. 
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wo  draw  tlirongh  the  extremity  K  an  ordinate  KR  to  th 
circle,  the  point  <a",  where  this  ordinate  meets  the  ellipse  e 
□Illation,  will  be,  for  that  instant,  the  place  of  the  appaiea 
pole.     This  construction  is  only  the  enunciation  of  the  resu 
furnished  by  calculation  and  subjoined  in  the  Ap]>endix. 

This  oscillatory  motion  of  the  pole  is  very  well  dcsignald 
hy  the  word  nutation.  We  have  said,  that  the  sun  also  i 
duces  a  similar  oscillation,  but  much  smaller;  it  may,  lhe» 
fore,  be  represented  geometrically  in  the  same  manner.  Tbs 
combination  of  these  two  makes  what  is  called  the  luni-folar 
nutatmi.  Lastly,  the  attraction  of  the  moon  produces 
another  inequality  of  the  same  kind,  the  period  of  which  a 
half  a  month  ;  but  it  is  so  small,  that  it  is  imnecessary  to  taki: 
accoimt  of  it.  Now,  that  we  know  the  laws  of  these  oscito- 
lions,  we  caji  suppose  thera  to  have  been  all  along  employed 
in  reducing  the  positions  of  the  stars  to  comparable  temuj 
and  if  we  have  sometimes,  by  way  of  anticipation,  made  IM 
of  this  knowledge,  for  the  purpose  of  obtaining  in  the  short 
est  manner  tlie  deiiuite  results  of  observation,  it  is  evidenl 
that  we  have  only  anticipated  what  we  shoidd  in  the  eid 
have  been  obliged  to  do  by  a  circuitous  process,  when  we  had 
made  ourselves  acquainted  with  these  phenomena. 

We  shall  close  this  section  by  remarking  that  the  phenomo' 
non  of  nutation  is  not  regulated  by  the  motion  of  the  moonV 
apparent  node,  which  is  variable  in  the  ecliptic,  but  byli 
motion  of  the  mean  node,  that  is,  the  node  considered  apat 
from  its  periodical  inequalities.  This  is  a  theoretical  resuH^ 
which  caimot  here  be  explained.  Some  astronomers,  f 
inattention  to  this  point,  have  thought  they  had  foimd  ti 
error  in  the  formulas  hitherto  used  for  calculating  the  nuGi 
tion,  and  which  are  regulated  by  the  mean  node  ;  but  no  sud 
error  exists. 


Second  Approxintation  to  the  Motions  of  tkv  Hun.  —  37teof] 
of  its  EUiplical  Motion. 

211.  Ik  what  precedes,  we  have  considered  the  sun 
passing  each  year  througii  a  great  circle  of  the  celee 
sphere.     We  have  determined  the  position  of  this  circle, ; 
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I  furnished  the  means  of  ascertaining  its  variations.  We  are " 
I  now  to  examine  more  critically  the  motions  of  the  sun  in  this 
I  plane.  We  have  already  seen  the  method  of  determining  by 
I  observation  the  extent  of  the  arcs  described  each  day,  as  well 
as  of  collecting  these  results  together  and  forming  tables,  by 
means  of  which  the  successive  positions  of  this  luminary 
on  the  celestial  sphere  may  be  predicted.  But  results  thus 
insulated  would  never  be  free  from  error  and  uncertainty ; 
and  their  cliangns,  if  they  experience  any,  conld  only  be 
corrected  by  continually  comparing  them  with  new  observa- 
tions. In  order  to  make  the  requisite  corrections  with  greater 
scciu-ily  and  facility,  it  becomes  necessary  to  mvestigate  rigor- 
ously the  law  which  governs  them ;  or  at  least  to  approxi- 
mate as  near  to  it  as  possible,  by  some  simple  geometrical 
construction  ;  for  the  mutual  dependence  of  the  facts  being 
once  known,  a  sufEciciit  degree  of  accinacy  will  be  attained 
by  the  precise  determination  of  a  small  number  of  elements. 
This  dependence  is  evidently  founded  upon  the  motion  of  the 
sun  in  space.  Let  us,  tlierefore,  endeavour  to  ascertain  the 
laws  of  tlUs  motion. 

212.  For  this  purpose  two  kinds  of  data  are  necessary  j  the 
angular  motion  of  the  sun,  deduced  from  the  measurement  of 
its  longitudes;  and  the  variations  of  its  distance,  computed 
from  observations  of  its  apparent  diameter.  Let  us  combine 
the  consequences  which  are  hence  derived. 

In  the  first  place  the  angular  motion  of  the  sun  in  its  orbit, 
the  ecliptic,  is  not  uniform,  but  sometimes  slower  and  some- 
times faster.  This  is  made  evident,  by  calculating  front:, 
day  to  day  its  longitude,  for  the  moment  of  its  passage  over- 
the  meridian,  by  means  of  its  observed  right  ascension  and 
declination.  For  these  meridian  longitudes  do  not  increase 
uniformly,  and  their  differences  from  one  day  to  another 
are  not  proportional  to  the  intervals  of  time,  which  elapse 
between  the  consecutive  passages  of  the  sim  over  the  me- 
ridiiui.  Repealed  observations  prove  that  the  greatest  differ- 
ences take  place  in  two  points  of  the  ecliptic,  situated  the  one 
toward  the  winter,  the  other  toward  the  summer  solstice. 

In  the  first,  the  sun  describes  an  arc  of  the  ecliptic  equal  to 
1°  01'  09,95"  during  a  mean  day ;  its  velocity  is  then  the 
gfeatest.     Tliis  happens  at  present  about  the  31st  of  Deceiu- 
Astron.  18 
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ber.  In  the  second,  it  describes  only  67'  11,48^'  in  a  mean 
day ;  then  its  velocity  is  least ;  this  takes  place  at  the  present 
time  about  the  1st  of  July.     Its  mean  velocity  is  equal  to 

r  or  09,95" +  5ril.48"^  or  59'  10.72". 

The  above  two  points  correspond  to  equal  declinations  on 
opposite  sides  of  the  equator,  and  their  right  ascensions  differ 
180°.  They  are,  therefore,  situated  in  the  same  straight  line, 
drawn  through  the  centre  of  the  earth  and  the  celestial  sphere. 
Their  longitude  varies  a  little  from  time  to  time,  which  shows 
that  they  are  in  motion  with  respect  to  the  equinoxes.  We 
shall  soon  see  how  to  make  allowance  for  this  change. 

213.  We  now  come  to  the  apparent  diameter  of  the  son. 
This  observes  the  same  periods  as  the  aJEigular  velocity ;  that 
is,  it  increases  and  diminishes  with  the  velocity,  but  in  a  less 
ratio.  It  attains  its  marimum  at  the  point  where  the  velocity 
is  greatest,  and  is  then  32'  36,56''.  It  reaches  its  mifUinum 
at  the  point  where  the  velocity  is  least,  and  is  then  equal  to 
31'  30,9".  The  mean  is  32'  03,23".  These  estimates  should 
be  diminished  by  some  seconds  in  consequence  of  irradiation^ 
which  dilates  a  little  the  apparent  diameters  of  objects ;  but 
the  exact  quantity  of  this  dilatation  is  not  yet  well  ascer- 
tained. 

214.  By  means  of  these  observations  we  can  determine  the 
greatest  and  smallest  distances  of  the  sun  from  the  earth,  or  at 
least  their  ratio  ;  for  we  know  that  the  distances  of  the  same 
object  are  reciprocally  proportional  to  its  apparent  diameters. 
Accordingly,  if  we  compare  the  greatest  and  least  apparent 

32'  35  56" 
diameters  of  the  sun,  their  ratio  will  be         qaq//>  or  1,03416; 

that  is,  if  1  represent  the  smallest  distance,  the  greatest  will 
be  1,03416.  The  arithmetical  mean  between  these  distances 
is  1,01708.  If,  according  to  the  practice  of  astronomers,  we 
consider  it  as  unity,  the  smallest  will  have  for  its  expression 

0,01708 


and  the  greatest 


1,01708  '  ^^  ^        1,01708 ' 

1,03416         ,    .     0,01708 
,  or  1  -|- 


1,01708  '  '     1,01708  ' 

which  are  reduced  to  1  —  0,01679  or  0,98321  and  1,01679. 
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The  distance  0/ the  sun  from  the  earth,  therefore,  varies  an- 
nttally  by  a  quantilij  nearly  equal  to  the  one  hundred  and 
9ixlif-eight  ten  thousandth  part  of  its  mean  value. 

215.  The  points  of  the  sun's  orbit,  which  correspond  to  its 
greatest  and  least  distances  from  the  earth,  are  called  the 
apogee  and  perigee,  two  Greek  words,  which  signify  from  the 
tarth  and  about  the  earth.  They  are  designated  by  the  com- 
mon name  of  apsides. 

216.  From  these  results  it  appears  that  when  the  sun  ap- 
proaches the  earth,  its  velocity  increases,  and  when  it  recedes 
from  the  earth,  the  velocity  diminishes.  But  we  have  not 
yet  determined  whether  these  variations  are  real  or  only  ap- 
parent, for  from  the  very  circumstance  that  it  approaches,  the 
arcs  it  describes  in  its  orbit  must  appear  greater,  and  when  it 
recedes,  they  must-  appear  smaller.  In  order  to  compare  these 
arcs  with  accuracy,  we  must  refer  them  to  the  same  distance. 
The  arc  which  has  for  its  measure  0°  57'  11,48",  and  which 
the  sun  describes  in  its  apogee,  would  have  appeared  greater 
if  it  had  been  observed  at  the  perigee.  In  order  to  refer  it 
to  this  point,  it  is  suthcient  to  multiply  it  by  the  inverse  ratio 

1.01679 
^  0,98321  ■ 

for  its  apparent  magnitude  must  be  reciprocally  proportional 
to  its  distance.  We  thus  obtain  (P  59*  08,77"  for  the  measure 
of  this  arc,  as  seen  at  tlie  distance  of  the  perigee.  Now  the 
arc,  actually  described  at  this  point  by  the  sun,  is  equal  to 
1°  01'  09,95",  as  we  have  seen  above,  and  consequently  ex- 
ceeding the  former  by  0°  02'  01,18";  thus  the  apparent  dimi- 
nution of  the  sun's  motion  at  the  apogee,  is  not  to  be  ascribed 
to  its  increased  distance  merely ;  but  arises  also  from  an  actual 
retardation  in  its  motion,  as  it  recedes  from  the  earth. 

217.  If,  in  like  manner,  we  compare  the  angular  motions 
and  apparent  diameters  of  the  sun  for  other  ejiochs  in  the 
year,  we  shall  find  this  general  law  ;  the  angle  described  each 
duy,  being  multiplied  by  the  square  of  the  distance,  gioes  a 
prodtKl  very  nearly  constant.  Consequently,  the  angular 
motion  diminishes  very  nearly  as  the  square  of  the  distance 
increases. 

218.  When  we  have  thus  obtained  a  simple  law,  which 
extends  with  very  inconsiderable   and  irregular  errors  to   a 
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great  variety  of  observations,  independent  of  each  other  and 
separated  by  long  periods  of  time,  we  may  regard  it  as  more 
exact  than  the  observations  themselves ;  for,  if  it  were  not 
really  a  law  of  nature,  it  is  incredible  that  it  should  represent 
the  observations  so  accurately ;  indeed,  it  is  in  the  highest 
degree  probable  that  it  would  go  on  varying  firom  them  more 
and  more ;  and  this  probability  amounts  to  absolute  certainty, 
when  the  number  of  observations  is  greatly  multiplied,  as  is 
the  case  in  astronomy. 

219.  With  the  results  now  obtained,  we  can  calcidate  the 
ratios  of  the  distances  of  the  sun  from  the  earth,  in  any  two 
points  of  its  orbit,  without  having  recourse  to  observations  of 
its  apparent  diameter ;  for  these  distances  will  be  reciprocally 
proportional  to  the  square  roots  of  the  daily  angles  described 
on  the  ecUptic.  For  example,  if  the  perigee  distance  be  sup- 
posed equal  to  1,  the  apogee  distance  will  be 


^  ^°  ^^'  «^'^"    or  1.0341 ; 
VO"  67' 11,48" 

as  deduced  above  from  the  values  1,01679  and  0,98321,  which 
represent  these  distances. 

This  result,  being  expressed  geometrically,  makes  known 
a  very  remarkable  law  respecting  the  motion  of  the  sun. 
We  draw  from  the  centre  of  the  earth  to  the  sun  a  straight 
line,  called  the  riidius  vector.     This  straight  line  will  describe 
each  day  in  the  solar  orbit  a  small  sector,  the  area  of  which 
will  be  nearly  equal  to  half  the  product  of  the  daily  arc  by 
the  square  of  the  radius  vector.     This  area  is  therefore  con- 
stant ;  and  the   total  area  thus  described,  beginning  from  a 
fixed  point,  increases   in  proportion  to  the  number  of  days 
elapsed.     This  is  found  to  be  confirmed  in  the  most  rigorous 
manner,  when  we  calculate  exactly  by  analysis  any  elliptical 
sectors,  and  compare  them  with  the  times  employed  in  de^ 
scribing  them.     Hence  we  derive  this  conchision,  the  areas^ 
described  by  the  radius  vector  of  the  stm,  arc  proportional  to 
the  times.     This  is  one  of    the   great  laws  discovered  by 
Kepler,  and  serves  as  the  basis  of  the  theory  of  the  sun  and 
planets. 

220.  By  following  this  law  and  combining  with  it  the  obser- 
vation of  the  daily  angles,  we  may  trace  the  curve  described 


EtHp^eal  Motion  of  the  Sun. 


141 

by  the  sun  in  the  plane  of  the  ecliptic.  For  this  purpose, 
from  a  given  point  representing  the  centre  of  the  earth  and 
the  celestial  sphere,  we  draw  upon  a  plane  straight  lines, 
whose  angular  distance  is  equal  to  the  angular  motion  of  the 
sun  for  the  interval  of  a  day.  These  lines  will  represent  the 
visual  i-ays  drawn  to  the  sim  each  day.  We  set  off  on  their 
direction  from  the  fixed  point  the  corresponding  distances  of 
the  sun  from  the  earth,  deduced  from  the  daily  motion, 
taking  one  of  them  for  unity.  The  points  determined  in 
this  maimer  will  indicate  the  place  of  the  sun  for  each  day, 
and  the  curve  which  unites  them  will  represent  tlie  sun's 
orbit. 

221.  Let  us  take,  as  an  example,  the  24  following  observa- 
tions made  at  Greenwich,  by  Dr.  Maskelyne.  They  are  a 
part  of  that  series  employed  by  M.  Delambre,  in  constructing 
his  iirst  tables  of  the  sun. 


Difforonmof 

24  04  19,2 

10     1  06,7 

24  03  51,4 

1  00  25,8 

24  03  39,1 

0  59  37,0 

'fU  03  47,7 

0  58  14,3 

34  03  55,8 

0  57  27,4 

24  04  09,6 

0  57  16,7 

24  04  00,7 

0  57  16,0 

24  03  39,7 

0  57  57,2 

24  03  35,7 

0  58  49.3 

24  03  50,7 

!  00  00,0 

48  08  22,8 

2  01  24,2 

24  04  26,3 

1  01  07,4 

JanusTy 

February 

March 

April 

May 

June 

July 

August 


12  19  3G  0S,8 

13  19  40  22,0 
17  22  03  30,8 
1822  07  22,2 
1423  37  06,2 
1523  40  45,3 

28  2  22  19,9 

29  2  26  07,6 
15   3  28  03,7 


October 

NoTcmbor 

E)eceiiiber 


I  31  I 
5  42  29,8 
5  46  39,4 
7  50  07,3 
7  54  08,0 
10  19  24,2 

10  23  03,9 

11  57  14,7 

12  00  60,4 

13  58  55,6 

14  02  46,3 

15  38  57,4 
15  47  20,2 
17  40  15,4 
17  44  41,7 


2M  13  36,7, 
293  14  43,4 
;)2S  43  47,2 
329  44  13,1 

353  45  49,1 

354  45  26,0 

37  57  13,4 

38  55  27,7 

54  23  10,9 

55  20  38,3 

85  59  05,1 

86  56  21,7 

115  33  V2,() 

116  30  28,0 

152  53  48,0 

153  51  45,2 

179  14  56,9 

180  13  46,2 
311  54  24,2 
212  54  24,8 
237  02  04,3 
239  03  28,5 

265  28  14,0 

266  29  21,4 


223.  These  longitudes  are  all  reckoned  on  the  ecliptic  from 
the  same  straight  line,  drawn  from  the  centre  of  the  earth  to 
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the  vernal  equinox,  confonnably  to  the  general  usage  of  as- 
tronomers. The  diffei^nce  between  the  observations  made 
on  consecutive  days  gives  the  daily  angles,  and  the  square 
roots  of  the  ratios  of  these  angles  make  known  the  distances 
of  the  sun  from  the  earth  at  the  different  times.  By  referring 
these  distances  to  the  intermediate  instant  between  the  two 
observations  of  each  month,  we  form  the  following  table,  in 
which  1  represents  the  distances  corresponding  to  the  mean 
angular  velocity  69^  10,72^^.  The  observations  are  taken  ex- 
actly as  they  were  made,  without  any  modification,  that  the 
results  might  be  independent  of  any  anticipated  knowledge. 


Date*  of  the 

Loofitudet  . 

Diatiuieet  ftom 

ObMiratioofl. 

of  the  Son. 

the  Earth. 

January      12  to  13 

2&2  44  19,0 

0,98448 

February     17  to  18 

329  14  00,1 

0,98950 

March         14  to  15 

354  15  37,5 

0,99622 

April           28  to  29 
May             15  to  16 

38  26  20,6 

1,00800 

54  51  54,6 

1,01234 

June            17  to  18 

86  27  43,4 

1,01654 

July             18  to  19 

116  01  50,0 

1,01658 

August       26  to  27 

153  22  46,6 

1,01042 

September  22  to  23 

179  44  21,5 

1,00283 

October      24  to  26 

212  24  24,5 

0,99303 

November  18  to  20 

238  02  46,4 

0,98746 

December    17  to  18 

265  58  47,7 

0,98415 

By  means  of  these  data  we  construct  figure  46,  which 
represents  the  annual  orbit  of  the  sun. 

223.  This  curve  is  a  little  elongated  in  the  direction  of  the 
line  which  joins  the  observations  of  December  and  June.  It 
is,  consequently,  toward  these  points  that  we  are  to  look  for 
the  perigee  and  apogee.  The  resemblance  which  this  orbit 
bears  to  an  ellipse  suggested  the  idea  of  a  careful  comparison, 
by  which  it  was  foimd  that  the  solar  orbit  is  <ictiuiUy  an 
ellipse,  having  the  earth  in  one  of  its  foci, 

224.  The  ellipse,  it  will  be  recollected,  is  a  plane  ciuve  of 
such  a  nature  that  the  sum  of  the  distances  from  any  point, 
situated  in  it,  to  two  fixed  points,  called  foci,  is  always  the 
same.  In  order  to  describe  it,  we  attach  to  the  foci  the  ex- 
tremities of  a  thread ;  we  then  extend  this  thread  by  means 
of  a  stile  round  in  such  a  manner  as  to  keep  the  parts  of  the 
thread  always  extended.  The  curve  is  completed  by  an 
entire  revolution  of  the  stile.     This  curve  is  represented  in 
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figure  47.  The  right  line,  drawn  through  the  foci  and  ter- 
minating each  way  in  the  curve,  is  called  the  transverse  or 
major  axis  of  the  ellipse.  The  middle  of  this  axis  is  called 
the  centre;  it  is  e^iually  distant  from  the  two  foci,  and  its 
distance  from  either  of  them  is  called  the  eccentricity ;  be- 
cause, if  the  two  foci  were  united  at  the  centre,  the  ellipse 
would  be  changed  into  a  circle,  from  which  it  differs  only 
by  reason  of  its  eccentricity.  Lastly,  a  right  line,  drawn 
through  the  centre  perpendicularly  to  the  transverse  axis,  is 
denominated  the  conjugate  or  minor  axis ;  and  the  distance 
of  its  extremities  from  either  focus  forms  the  meaii  distance, 
because  it  is  in  fact  the  arithmetical  mean  between  the  dis- 
tances of  the  perigee  and  apogee.f  In  the  figure,  the  points 
F  and  F"  are  the  foci,  C  the  centre,  AP  the  transverse  axis, 
BF  or  BF"  the  mean  distance,  and  CF  or  CF  the  eccen- 
tricity.    ■ 

225.  Now,  in  order  to  ascertain  whether  the  curve  indicated 
by  the  above  observations  of  the  sun  is  strictly  an  ellipse, 
we  must  take  the  indeterminate  equation  of  some  ellipse,  and 
subject  it  to  the  test  of  satisfying  some  of  these  observations  ; 
and  when  its  elements  have  been  determined  by  this  condi- 
tion, we  shall  see  whether  it  likewise  represents  the  other 
observations,  that  is,  whether  it  gives,  for  the  distance  of  the 
sun  irom  the  earth,  at  the  different  longitudes,  values  equal 
to  those  found  in  the  preceding  table. 

This  process  may  be  facilitated  by  making  use  of  the  in- 
dications furnished  by  the  observations  themselves,  with 
respect  to  tlie  position  of  the  apogee  and  perigee.  It  is  mani- 
fest that  the  apogee  must  be  between  the  observation  of  June 
and  July,  which,  in  the  table  of  article  222,  gave  the  greatest 
distances  of  the  sun  from  the  earth.  Moreover,  as  these 
values  are  nearly  equal,  the  apogee  must  be  nearly  midway 
between  the  longitudes  answering  to  those  distances.  Upon 
this  supposition,  the  longitude  of  the  apogee  is  101"^  14'  46"; 

f  It  is  indeed  the  mean  of  all  the  distances ;  for,  being  equal  to 
the  eemitiansverse,  it  is  equal  to  half  the  sum  aC  ail  the  distances  to 
the  two  foci,  from  the  nature  of  the  curve ;  and  the  two  foci,  being 
in  all  respects  similarly  situated  with  regard  to  the  curve,  the  aemi- 
transverse,  or  half  the  sum  of  all  the  distances  to  the  two  foci,  must 
be  equal  to  the  sum  of  all  the  distances  to  one  focus. 
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and,  consequently,  that  of  the  perigee  281°  14'  46'',  for  these 
two  points  are  opposite  to  each  other  in  the  ellipse.  Indeed, 
if  we  consider  the  observations  of  December  and  January, 
which  give  the  smallest  values  for  the  distance,  and  which, 
consequently,  must  contain  the  perigee,  the  mean  of  the  cor- 
responding longitudes  is  279°  21'  29",  differing  but  little  from 
the  one  obtained  above. 

It  is  obvious,  therefore,  that  if  we  had  observations  made 
when  the  sun  was  precisely  in  these  two  longitudes,  his  dis- 
tances from  the  earth,  thence  deduced,  would  be  exactly 
those  of  the  apogee  and  perigee.  Now,  if  we  consult  with 
this  view  .the  catalogue  of  observations  published  by  Dr. 
Maskeljrne,  which  we  have  already  employed,  we  shall  find 
the  following  exactly  suited  to  our  purpose. 


Dateiof 

tbeObMr- 

vfttions, 

1775. 


June  30 
July  1 
Dec.  SO 
31 


Sidereal 

Time 

at  Greenwich. 


k    /      // 

6  36  31,4 

6  40  39,6 

18  37  59,7 

18  43  25,1 


Obeenred  Loo- 
,  gitndes. 


98  23  15,2 

99  20  24,1 

278  43  33,7 

279  44  43,9 


Difference  of 
the  Times. 


1»      /     // 

24  04  08,2 
24  04  25,4 


Difference 

of  the 
Lon^todes. 


o     /      // 

0  57  08,9 


Intermediate 
Lcmgiiodes. 


o      t       It 

98  51  49,6 


1  01  15,2  279  14  11,3 


Diitiaee 

fiponthe 
Earth. 


1,01767 

0,98309 


The  arc  of  longitude  contained  between  these  observa- 
tions is  not  exactly  equal  to  a  semicircumference,  as  it  would 
be  if  the  points,  to  which  they  are  referred,  were  situated 
exactly  opposite  in  the  same  straight  line  ]  but  the  difference, 
22'  21,4'',  being  very  small,  may  be  neglected  in  the  first 
approximation.  Then  the  distances  belonging  to  these  ob- 
servations may  be  considered  as  the  distances  of  the  apogee 
and  perigee.  Their  half  sum,  equal  1,00038,  will  be  the 
mean  distance  or  semitransverse  of  the  ellipse.  Their  half 
difference,  equal  to  0,01729,  will  be  the  eccentricity;  and  if 
we  divide  this  last  by  the  other,  we  shall  have  0,01728  for  the 
ratio  of  the  eccentricity  to  the  semitransverse  axis.  Lastly, 
if  we  take  the  arithmetical  mean  between  the  observations 
of  the  longitude,  we  shall  have  99^  03'  for  the  longitude  of 
the  apogee  in  1775,  and,  consequently,  279°  03'  for  the  longi- 
tude of  the  perigee. 

226.  We  have  here  employed  only  foiu:  observations  to 
determine  these  elements.  Moreover,  these  observations  were 
not  exactly  opposite  to  each  other  in  the  orbit.    Besides,  the 
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apogee  and  perigee  which  we  haye  here  supposed  to  be  fixed, 
are  actually  in  motion  in  the  heavens,  as  we  shall  soon  see, 
and  strict  accuracy  requires  that  we  should  have  regard  to 
this  motion  in  our  comparison  of  observations.  Finally,  the 
method  here  employed  to  determine  the  distances  of  the 
apogee  and  perigee  is  by  no  means  the  most  accurate  that 
can  be  made  use  of,  and  we  shall  soon  give  another  much 
preferable  to  it.  The  result  we  have  obtained,  therefore,  is  to 
be  regarded  only  as  an  approximation,  and  it  will  be  easily 
conceived,  that,  by  employing  more  precise  methods  and  com- 
bining" a  greater  number  of  observations,  we  might  arrive  at 
results  entitled  to  greater  confidence.  Indeed,  by  taking  all 
possible  precautions,  M.  Delambre  foimd  the  semitransverse 
of  the  ami's  elliptical  orbit,  at  the  close  of  1776,  equal  to 
1,00041 ;  the  ratio  of  the  eccentricity  to  the  semitransverse 
0,0168,  and  the  longitude  of  the  perigee  279°  03'  17".  These 
values  do  not  differ  essentially  from  those  deduced  above; 
but  still  they  ought  to  be  employed  as  more  exact. 

227.  Now,  in  order  to  be  assured  that  the  solar  orbit  is 
really  an  ellipse,  and  such  as  oiir  computation  has  made  it, 
we  have  only  to  calculate,  according  to  the  above  elhpse,  the 
values  of  the  distances  of  the  sun  from  the  earth  for  each  of 
the  longitudes  given  in  the  table,  and  then  see  if  these  values 
agree  with  those  obtained  from  observation.  We  have  made 
this  comparison,  and  the  results  are  contained  in  the  follow- 
ing table. 


I 


jjsi^'z. 

SSSS' 

e.^^..  U  lb. 

3§i!  44  10,0 

0,98448 

0,98406 

+  0,00042 

329  14  00,1 

0,98950 

0,98949 

4-0,00001 
-  -  0,00037 

354  15  37,5 

0,99022 

0,99585 

38  20  20,0 

1,00800 

1,00845 

—  0,00045 

54  51  54.0 

1.01234 

1,01233 

+  0,00001 

80  27  4:1,1 

1,01054 

1,01080 

—  0,00026 

98  51  49,0 

1,01707 

1,01722 

+  0,00045 

110  01  50,0 

1,010.58 

1,01047 

--0,00011 

163  22  46,0 

1,01042 

1,01003 

.-0,00039 

179  44  21,5 

1,00283 

1,00286 

—  0,00003 

212  24  24,5 

0,99303 

0,993.52 

—  0.00049 

23S  02  46,4 

0,98746 

0,98762 

—  0.00010 

265  58  47,9 

0,98115 

0,98403 

+  0,00012 

279  14  11,3 

0,98309 

0,98.349 

—  0.00040 
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The  differences  between  the  results  of  observation  and 
those  of  calculation  are  so  small  and  irregular,  that  we  may, 
without  fear  of  mistake,  ascribe  them  partly  to  errors  in  the 
observations;  though  some  portion  of  this  difference  must 
undoubtedly  be  considered  as  proceeding  from  the  elliptical 
hypothesis,  and  the  manner  in  which  it  has  been  employed. 
This  will  be  illustrated  hereafter.  Li  the  mean  time  this 
correspondence  is  sulhciently  exact  to  justify  the  conclusion, 
that  the  sun's  orbit  is  an  ellipse  having  the  earth  in  one  of 
its  foci. 

228.  We  have  seen  that,  the  mean  distance  of  the  sun  from 
the  earth  being  1,  the  eccentricity  is  0,0168.  This  eccen- 
tricity would,  therefore,  be  less  than  17  lines  in  an  ellipse 
whose  semitransverse  is  only  1000  lines.  Hence,  we  see  why 
it  is  scarcely  sensible  in  the  figure.  But  in  the  heavens  the 
semitransverse  being  nearly  100000000  of  miles,  this  eccen- 
tricity must  amount  to  about  ITOOPOO  miles. 

Having  now  arrived  at  a  near  approximation  to  the  elements 
of  the  sun's  orbit,  we  next  proceed  to  a  consideration  of  the 
methods  employed  by  astronomers  for  ascertainhig  the  exact 
values  of  these  elements. 


Method  of  Determining  exactly  the  Position  of  the  Solar 
Ellipse  in  the  Plane  of  the  Ecliptic,  —  Origin  of  Mean 
Time. 

229.  In  order  to  determine  exactly  the  position  of  the  solar 
ellipse,  it  is  necessary  to  fix,  witli  precision,  the  places  of  the 
apogee  and  perigee  in  the  ecliptic.  The  circumstance  that 
the  angular  Arclocity  is  least  in  the  one  and  greatest  in  the 
other  of  these  points,  has  already  aflbrded  us  the  means  of  a 
close  approximation,  making  use  of  our  daily  observations. 
But  we  are  still  unable  to  determine,  within  half  a  day,  the 
exact  instant  when  the  sun  passes  either  of  tlieni.  In  order  to 
obtain  them  with  greater  precision,  it  is  to  be  remarked,  that 
the  sun  must  employ  half  a  year  in  passing  from  one  of  these 
points  to  the  other,  and  that  the  difference  of  longitude  at 
these  points  is  180°.     The  union  of  these  two  conditions  be- 
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lon^s  exclusively  to  the  transverse  axis  of  the  ellipse  ;  for,  if 
we  draw  through  the  centre  of  the  earth  any  other  straight 
line  cutting  the  ellipse  in  two  i>oint«,  though  the  difference  of 
longitude  will  still  be  l^U",  yet  the  time  employed  by  the  sun 
in  passing  from  one  to  the  other  will  differ  from  half  a  tropi- 
cal revolution.  It  will  be  greater  if  the  arc  described  contains 
the  apogee,  and  less  if  it  contains  llie  perigee,  the  motion 
being  slower  in  the  former,  and  more  rapid  in  the  latter,  than 
in  any  other  part  of  its  orbit. 

It  woidd  be  very  extraordinary  if  we  shoidd  happen  to  fall 
u)wn  observations  differing  in  longitude  exactly  ISff^,  and  the 
interval  of  which  should  be  precisely  half  a  year.  But  when 
we  have  hit  upon  the  observations  which  l>est  satisfy  these 
conditions,  the  known  laws  of  the  sun's  motion  will  enable  us 
to  maJie  the  small  corrections  that  are  necessary  in  order  to 
anive  at  the  true  times  and  longitudes.  Formulas  for  this 
purpose  will  be  given  hereafter. 

Ity  applying  these  considerations  to  the  observations  of  Dr. 
Maskelyne,  M.  Delambre  found  the  longitude  of  the  )terigee, 
as  before  stated,  to  be  279°  03'  17"  for  the  end  of  the  year 
1775. 

•230,  liCt  us  compare  this  residt  with  more  ancient  observsr 
lions.  In  1690,  Flamstead  found  the  longitude  of  the  perigee 
to  lie  277*^  35'  31".  This  point  of  the  sun's  orbit,  therefore, 
(idvanced  1°  27'  46"  in  83  years,  wluch  makes  the  annual 
advancement  61,952".  The  theory  of  attraction  makes  the 
advancement  61,905,  and  this  is  to  be  regarded  as  more  accu- 
rate than  observation,  wherever  such  small  quantities  are  con- 
remod. 

The  transvcxse  axis  of  the  solar  orbit  is  not,  therefore,  fixed 
in  the  heavens,  but  advances  annually  61,905"  in  the  direc- 
tion of  the  sun's  motion. 

When  the   sun  has  returned  to  the  point  of  the  ecliptic 

where  the  perigee  was  situated  the  preceding  year,  the  perigee 

will  hiLVc  removed  from  it,  and  the  sun  must,  therefore,  de- 

nbe  au  arc  of  61,905",  l»foro  overtaking  it.     The  time  ne- 

f  for  this  is  the  fourth  term  of  the  following  proportion  ; 

:  365''  5''  48'  51,6"  :  :  61,905"  :  0"  2!5'  07,3". 

[Cality  the  solar  ellipse  does  not  remain  jwrfectly  stationary, 
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while  the  sun  is  describing  this  small  arc ;  but  its  motion  is 
so  slow,  that  for  so  short  a  time  it  may  be  neglected  ;  for  in 
0**  25'  07,3''  it  would  only  describe  an  arc  equal  to 

Qh  25  07,3".  61, 905" 
365^  5^  46"  51,6"  ' 
a  quantity  which  is  less  than  the  three-hundredth  part  of  a 
second.  If  we  would  perform  the  calculation  rigorously,  we 
have  only  to  employ  the  same  process  that  we  used  in  article 
66,  for  ascertaining  the  exact  value  of  the  excess  of  the  sidereal 
year  over  the  tropical. 

231.  It  will  be  seen,  as  a  necessary  consequence  of  these 
phenomena,  that  the  sun  employs  a  little  more  than  a  tropical 
year  in  returning  to  the  apogee  or  perigee  of  his  orbit.  The 
difference  is  equal  to  0*»  25'  07,3",  and  the  duration  of  a  revo- 
lution with  respect  to  the  apsides  is  365^  5^  48'  61,6"  +  tf»2a' 
07,3"  or  366**  6**  13'  58,91".  This  is  denominated  the  anonwr 
listic  revolution,  the  angular  distance  of  the  sun  from  the 
perigee  of  his  orbit  being  called  the  anomaly. 

232.  This  period  differs  sensibly  from  the  tropical  revolu- 
tion. It  is  therefore  to  be  employed,  instead  of  the  tropical, 
for  determining  the  opposition  of  observations  made  at  the 
apogee  and  perigee.  Indeed,  it  is  evident  that  regard  should 
be  had  to  the  displacement  of  the  perigee  during  the  interval 
of  the  observations  which  wc  compare.  These  conditions 
form  the  basis  of  the  method  by  which  we  reduce  to  the 
apogee  and  perigee  the  observations  which  are  made  very  near 
these  points. . 

The  motion  which  we  have  been  considering  is  that  of  the 
perigee  with  respect  to  the  vernal  equinox ;  and  we  find  that 
its  longitude  increases  continually.  But  we  have  before  seen 
that  the  equinox  itself  has  a  retrograde  motion  in  the  ecliptic, 
which  increases  yearly  the  longitude  of  all  the  points  of  the 
heavens  60,1".  The  absolute  displacement  of  the  perigee 
with  respect  to  a  fixed  point  of  the  ecliptic,  or  with  respect  to 
the  stars,  considered  as  immovable,  is,  therefore,  equal  to  the 
excess  of  its  apparent  motion  above  that  of  the  equinoxes, 
that  is, 

61,905"  —  50,1"  or  11,806". 
This  is  the  sidereal  motion  of  the  sun's  perigee.     We  observe 
that  the  tropical  motion  of  the  perigee  exceeds  the  retrograde 
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motion  of  the  equinoxes  ;  accordingly,  the  sidereal  motion  of 
the  perigee  is  direct.  By  tlie  theory  of  gravity  wo  leam  that 
it  arises  from  the  attraction  exerted  by  the  siiii  and  planets 
upon  the  earth.  It  is,  consequently,  subject  to  some  inequality 
proceeding  from  the  displacement  of  the  orbits  of  these  bodies. 
But  these  variations  being  very  slight,  we  may  represent  it 
■with  sufficient  accuracy  by  an  expression  compounded  of  two 
terms,  the  one  proportional  to  the  time,  and  the  other  much 
smaller,  being  proportional  to  the  square  of  the  time.  We 
here  speak  only  of  the  sidereal  motion.  When  we  reter  this 
motion  to  the  varying  equinox,  the  inequalities  of  precession 
enter  also  into  the  expression, 

233.  We  have  mentioned  that  the  sun  experiences  small 
periodical  perturbations,  in  consequence  of  the  attraction  of 
the  planets,  which  cause  it  to  oscillate  about  its  mean  place. 
Accordingly,  if  we  calculate  directly  the  longitude  of  the 
perigee,  from  the  longitudes  of  the  true  sun,  as  given  by  ob- 
servation, the  result  will  be  affected  by  all  these  small  per- 
turbations ;  these  we  correct  before  completing  the  calculation. 
Moreover,  we  jeduce  the  observations  to  the  mean  equinox  by 
making  in  the  observed  longitudes  the  corrections  required  by 
nutation.  Then  the  longitude  of  the  perigee,  deduced  from 
observations  thus  corrected,  is  exempt  from  these  small  ine- 
qualities, and  reduced  to  its  mean  position. 

We  have  also  applied  the  term  anomaly  to  the  angle  con- 
tained between  the  radius  vector  and  the  line  joining  the 
centre  of  the  earth  and  the  perigee.  It  should  be  observed 
that  astronomers  have  for  a  long  time  .reckoned  the  anomaiy 
from  the  apogee.  This  is  attended  with  no  advantage  or  dis- 
advantage, as  it  respects  the  sun  or  the  planets ;  it  becomes 
impracticable  in  the  case  of  comets,  which,  as  we  shall  see 
hereafter,  have  their  orbits  so  exceedingly  elongated,  that  they 
can,  for  the  most  part,  be  observed  only  in  that  portion  which 
is  nearest  the  perihelion.  This  consideration  induced  the 
author  of  the  Mccaniqve  Celeste  to  reckon  the  anomaly  from 
the  perigee,  and  the  Board  o£  Longitude  have  followed  his 
example  in  their  new  tables,  which  renders  them  uniform  for 
aH  the  heavenly  bodies.  The  same  will  be  done  in  this  work. 
But  since,  notwithstanding  the  advantages  of  this  mode  of 
reckoning,  it  has  not  yet  been  generally  adopted,  the  learner 


160  Theory  of  the  Sun. 

should  be  apprized  that,  before  employing  the  anomalies  laid 
down  in  other  works,  it  is  necessary  to  observe  from  which 
point  they  are  reckoned,  and  to  make  his  calculations  accord- 
ingly ;  if  this  precaution  be  taken,  tlio  difference  will  be 
attended  with  no  difficulty. 

234.  The  moment  the  sun  passes  the  perigee  of  its  orbit,  is 
that  which  astronomers  have  agreed  to  adopt  as  the  arbitrary 
origin  of  absolute  mean  time  ;  we  say  agreed,  because  they 
might  have  fixed  this  origin  in  any  other  way.  When  they 
have  ascertained  by  observation  the  mean  longitude  of  the 
perigee,  making  all  the  corrections  above  described,  they  re- 
duce it  to  the  i)lane  of  the  mean  equator,  reckonhig  from  the 
vernal  equinox,  and  proceeding  from  west  to  east,  as  if  it  were 
right  ascension.*  This  longitude,  thus  reduced,  they  regard 
as  the  right  ascension  of  the  mean  sun,  referred  to  the  mean 
equinox,  for  the  instant  when  the  tme  sun  is  in  the  perigee 
of  its  orbit.  The  position  of  the  mean  sun  is  completely 
determined  by  this  construction,  for  the  instant  of  its  i>assing 
the  j)erigee  ;  and  hence  it  is  determined  once  for  all,  since  we 
know  that  the  motion  is  uniform. 

Suppose  we  wish  to  calculate  for  this  instant  the  meaii 
horary  angle  of  the  mean  sun  for  a  detcnninate  place,  as 
Paris,  for  example.  We  have  only  to  determine  for  that 
instant  the  distance  of  the  moan  equinox  from  the  meaii 
meridian  of  Paris.f  This  distanc(3  is  simply  the  sidereal  time 
converted  into  degrees.  If  from  this  we  subtract  the  right 
ascension  of  the  moan  sun,  (loteriniucd  as  al)ovo,  it  is  evi- 
dent that  the  remainder  will  bo,  for  the  same  instant,  the 
distance  of  the  mean  sun  from  the  monn  meridian  of  Paris, 
or  its  horary  angle  reckoned  from  east  to  Avest,  like  that  of 
the  tnie  sun.     If  we  convert  this  arc  into  mean  time  by  the 


•  By  mean  equator  we  hero  understand  tho  equator  wliich  corre- 
sponds to  the  mean  pole  of  the  earth.  This  polo  remains  stationary 
at  the  centre  of  the  small  ellipse  of  nutation,  while  the  true  pole  is 
constantly  moving  in  the  circumference  of  the  ollii)se,  and  drawing 
the  true  equator  with  it. 

t  By  mean  meridian  we  here  understand  that  which  passes  through 
the  mean  zenith  of  Paris  and  tho  mean  \)o\v,  of  the  earth,  jK»r|>en- 
dicular  to  the  mean  equator. 


Elliptical  Motvm  of  the  Su?i.  161 

jiroportjon  of  15°  to  an  hoiir,  we  shall  have  the  meaii  hour, 
or  absolute  mean  time,  for  the  instaut  of  the  true  passage  of 
the  sunjJiTOUgh  the  perigee,  and  consequently  for  any  other 
lime,  the  motion  being  miiform. 

Tliis  direct  and  rigorous  method  may  bo  much  simplified 
in  the  application,  by  considering  that  the  true  equator  and 
cquijiox  always  differ  very  little  from  the  mean  equator  and 
equinox. 

In  order  to  illustrate  this  simpUfication  clearly,  let  "f'fE,  Fig.  4S. 
represent  the  ecliptic,  "V  Q  the  mean  equator,  and  f  the  mean 
L'quinox;  also  let  f'Qf  be  the  Inie  equator,  and  *f'  the  true 
equinoctial  point;  so  that  the  two  equators  being  produced,  ■ 
shall  intersect  each  other  in  /.  Then  the  angle  at  /  will 
rfj)resent  the  variation  of  the  obhquity,  and  the  arc  ff,  the 
variation  of  longitude,  occasioned  by  the  nutation.  Let  us 
now  suppose  that  at  the  instant  for  which  we  TA-ish  to  calcu- 
late the  mean  time,  the  arc  f'M'  is  the  true  right  ascension 
of  the  zenith  of  the  place  of  observation,  that  is,  the  apparent 
sidereal  time  converted  into  degrees.  Also  let  fM  be  the 
mean  right  ascension  of  the  mean  zenith  of  the  same  place, 
on  the  mean  equator,  so  that  fM  shall  be  the  mean  sidereal 
lime  converted  into  degrees.  All  the  questions  which  can 
arise  respecting  mean  time  are  reduced  to  calculating  fM, 
•f'M'  being  given,  or  reciprocally,  to  calculating  f'M',  fM 
being  known.  In  performing  this  calculation,  it  is  to  be 
remembered  that  in  nutation  the  poles  and  the  equator  vary 
their  positions  at  the  same  time,  so  tliat  the  pomts  and  the 
circles  which  make  part  of  this  system  are  displaced  togethai 
without  altering  their  relative  positions.  From  this  self- 
evident  fact  it  follows  that  the  two  points  M,  M',  always  " 
correspond  to  the  same  physical  point  of  the  equator,  whether 
true  or  mean  ;  for,  being  the  intersection  of  this  plane  by  the 
meridian  of  the  place  of  observation,  they  move  with  the 
whole  system  of  terrestrial  circles,  and  consequently  do  not 
change  tlieir  relative  positions  with  respect  to  each  other. 
This  amounts  to  the  same  as  saying  that  the  points  M,  M', 
always  preserve  the  same  geographical  longitude  on  the 
globe.  Accordingly,  the  distances  MI,  M'T,  of  these  points 
from  the  intersection  of  the  two  equators  are  equal ;  that  is, 
the  true  right  ascension  f'M',  increased  by  the  arc  f'l,  is 
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equal  to  the  mean  right  ascension  *¥*Af,  increased  by  the  arc 
*¥*/,  or  in  other  words,  to  obtain  the  true  right  ascension  of 
the  zenith  of  a  place,  when  we  know  its  mean  right  ascen- 
sion, we  must  add  to  this  last  the  excess  of  the  arc  T/aboye 
the  arc  *f'L 

Now  if  from  the  mean  equinox  we  draw  an  arc  of  a  great 
circle  <¥**¥*'',  perpendicular  to  the  true  equator,  and  which  will 
be  the  meridian  of  *¥*,  it  is  easy  to  see  that  on  account  of  the 
extreme  smallness  of  the  angle  /  and  the  arc  W,  which 
expresses  the  nutation  in  longitude,  the  difference  betweeo 
the  arc  *¥*/  and  T'/,  is  nearly  equal  to  the  arc  <¥*'*¥*",  con- 
tained between  the  true  equinox  and  the  meridian  of  T. 
This  distance  V*¥*^^  is  really  the  apparent  right  ascension  of 
^ />'.;.  the  4mBKb  equinox.  Thus,  if  we  stop  at  this  approximation, 
which  is  always  sufficient,  it  appears  that  the  mean  right 
ascension  of  the  zenith  is  equal  to  its  apparent  right  ascenr 
sion  minus  that  of  the  m^ean  equinox,  Tliis  last  may  be 
easily  calculated;  for  in  the  right-angled  triangle  YY^Y" 
we  know  the  angle  T^  equal  to  the  apparent  obhquity  of  the 
ecliptic,  and  the  side  Y  *¥*^,  equal  to  the  nutation  in  longitude. 
It  is  easy  to  see  that  <¥»'<Y»'^,  the  arc  sought,  is  equal  to  the 
nutation  in  longitude  multiplied  l)y  the  cosine  of  the  ap- 
parent obliquity  of  the  ecliptic.  In  all  these  calculations  we 
cap  resolve  the  triangles  Iff',  T  Y'T'' ,  as  if  they  were 
plane  triangles,  on  account  of  the  smallness  of  the  arcs  by 
which  they  are  formed. 

Reciprocally^  to  obtain  the  apparent  right  ascension  of  the 
zenith  of  a  place,  whe7i  the  mean  right  accension  is  known, 
we  add  to  the  latter  the  apparent  right  ascension  of  the  mean 
equinox. 

By  these  very  "simple  methods  it  is  easy  to  determine,  for 
any  instant  whatever,  the  absolute  mean  time,  when  we 
know,  for  the  same  place  and  instant,  the  mean  right  as- 
cension of  the  mean  sun  upon  its  equator  and  the  appar- 
ent sidereal  time.  We  have  only  to  apply  the  rules  just 
given. 

For  example,  by  means  of  a  variety  of  observations  of  the 
sun,  made  by  Dr.  Maskclync,  M.  Delambre  ascertained  that 
the  true  sun,  corrected  for  the  small  perturbations  which 
affect  it,  and  thus  reduced  to  the  elliptical  motion,  passed  the 


perigee  of  its  ellipse  the  SOlli  of  December,  1780,  at  lO"*  04' 
00,4"  sidereal  tinie  at  the  meridian  of  Paris.f  this  time  being 
reckoned  from  the  superior  meridian  and  from  the  true  equi- 
nox. TTie  longitude  of  the  perigee,  referred  to  the  mean 
equinox,  was  at  this  instant  279°  09'  26,7" ;  this,  therefore, 
was  the  mean  right  ascension  of  the  tQean  sun,  according  to 
the  preceding  definition,  If  we  reduce  it  to  time,  it  becomea 
IS''  36'  37,8".  The  nutation  of  the  mean  equinoctial  point 
in  right  ascension,  or  its  apparent  right  ascension,  was  — 
0^  00'  10,7",  or  in  time  —  0,7".  It  was  negative,  because 
the  node  of  the  moon  was  then  in  the  ascending  signs  of  the 
echplic,  between  T  and  53.  Thus,  by  subtracting  it  from 
the  sidereal  time  10''  04'  00,4",  it  becomes  additive,  and  we 
shall  have  10''  04'  01,1"  for  the  mean  right  ascension  of  the 
zenith  referred  to  the  mean  equinox.  If  from  this  we  subtract 
the  mean  right  ascension  of  the  sun  18''  36'  37,8",  adding  24'' 
if  necessmy,  to  render  the  subtraction  possible,  the  difTerence 
15''  27'  23,3"  will  be  the  horary  angle  of  the  mean  sim  at 
this  epoch.  Thus  we  say  that  the  true  sim,  corrected  for 
perturbations,  and  reduced  to  the  elliptical  motion,  passed  the 
perigee  of  its  orbit  the  29th  of  December,  1780,  at  15''  27' 
23,3"  mean  time  at  the  meridian  of  Paris,  We  have  taken 
1  from  the  number  of  days,  because  one  day  was  converted 
into  hours  to  render  the  subtraction  possible. 

235.  Now  that  the  origin  from  which  we  reckon  mean  time 
is  well  known,  we  return  to  the  phenomena  presented  by  the 
mobility  of  the  solar  ellipse.  The  major  axis  of  this  ellipse 
having  a  progressive  motion  in  the  plane  of  the  ecliptic,  it 
must  at  certain  epochs  coincide  with  Uie  line  of  the  equinoxes, 
and  at  others  bo  perpendicular  to  it.  These  epochs  are  etisily 
determined,  because  we  know  by  observation  the  present 
position  of  this  axis  and  its  motion. 

According  to  the  observations  of  Lacaille,  the  longitude  of 
the  perigee  in  1750  was  278^  37'  27,93".  When  the  major 
axis  was  perpendicular  to  the  line  of  the  equinoxes,  this 
longitude  was  270'^.     The  difference  is  8°  37'  27,95",  which, 

t  The  time  is  readily  changed  from  the  meridian  of  Paris  to  that 
of  Greenwich,  by  subtracting  0"  9'  20",  and  oice  vtna,  by  adding  the 
same  (quantity. 

,43(ro;T.  20 
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at  the  rate  of  61,906^'  for  a  year,  gives  a  number  of  yean 

equal  to 

y  37^  27,95^^ 

61,905"     ' 

or  about  500.  This  phenomenon,  therefore,  took  place  in 
1250.  Then  the  perigee  of  the  sun  coincided  with  the  wintor 
solstice,  and  the  apogee  with  the  summer  solstice. 
In  like  manner,  when  the  major  axis  coincided  with  the^ 
.  line  of  the  equinoxes,  the  longitude  of  the  perigee  was  \9fP.' 
Prom  this  period  to  1750,  it  advanced  98^  37'  27,95".  The 
number  of  years  necessary  for  this  advancement  is  equal  to 

98°  37;  27,95" 
61,905"      " 

or  about  5735 ;  which  refers  this  phenomenon  to  about  4O00 
years  before  the  Christian  era.  By  a  singular  coincidence, 
this  is  nearly  the  time  when  most  chronologists  fix  the  fint 
residence  of  man  upon  the  earth  ;  although  a  variety  of  ail- 
ments, drawn  from  natural  science,  tend  to  show  that  the 
existence  of  the  earth  itself  is  to  be  traced  to  a  period  fiir 
more  remote. 

236.  It  is  evident  that  the  same  phenomenon  will  again 
take  place  when  the  sim's  perigee  shall  have  attained  a  lon- 
gitude of  360° ;  that  is,  when  it  shall  have  described  90^  — 
8°  37'  27,95'',  from  its  place  in  1750 ;  and  from  what  has 
already  been  shown  it  will  be  seen  that  the  number  of  years 
necessary  for  this  is  equal  to  5735  —  3  X  500  or  4735,  which 
refers  the  phenomenon  onward  to  the  year  6485.  Then  the 
perigee  will  coincide  with  the  vernal  equinox,  whereas  in  the 
opposite  position  it  coincided  with  the  autmnnal.  In  these 
two  cases  the  line  of  the  solstices,  which  is  always  perpen- 
dicular to  the  line  of  the  equinoxes^  coincides  with  the  minor 
axis  of  the  solar  ellipse. 

In  general,  it  is  obvious  that  this  line  of  the  solstices  never 
corresponds  during  two  consecutive  years  to  the  same  points 
of  the  solar  orbit.  The  preceding  results  are  evidently  only 
approximations ;  for  it  is  plain  that  we  should  obtain  values 
somewhat  different,*  if  account  were  taken  of  the  variations 
of  the  perigee  and  equinoxes ;  which  might  easily  be  done, 
by  employing  the  exact  expressions  which  we  have  given  for 
these  motions.  But  such  precision  could  not  be  of  any  gres^ 
utility. 
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237.  When  the  major  axia  AP  is  perpendicular  lo  the  line  Fig  b 
of  the  equinoxes,  the  eqiialor  E  e  divides  this  ellipse  into  two 
unequol  portions,  the  smallest  of  which  is  situated  next  to 
the  perigee.  This  part  must,  then,  be  described  iii  less  lime 
than  the  other ;  since  the  extent  is  less,  and  the  surfaces  de- 
scribed are  proportional  lo  the  times.  This  circumstance, 
added  to  the  motion  of  the  major  axis,  renders  the  duration 
of  the  four  seasons  unequal,  and  different  in  different  cen- 
turies. 

At  the  time  of  this  position  of  the  sun  in  l'i260,  the  perigee 
coiucided  with  the  winter  solstice.  Then  the  interval  be- 
tu^een  the  vernal  equinox  E  and  the  summer  solstice  was 
equal  to  that  between  this  solstice  and  the  autumnal  equi- 
nox. Spring  was  therefore  equal  to  summer,  and  autumn  to 
winter. 

At  the  time  of  Uippaichus  or  128  years  B.  C,  the  apogee 
was  less  advanced  than  in  1750,  by  a  quantity  equal  to 

61,905"  X  1878  or  32°  17'  39,67". 
The  longitude  of  the  perigee  at  this  epoch  was,  therefore, 
equal  to  246°  19'  49,39".  The  ellipse  was  situated  very 
nearly  as  is  rcpreseftted  in  figure  51,  and  the  angle  PTS  was 
equal  to  23°  40'  10,7",  The  interval  EAS'  between  the 
vernal  equinox  and  the  summer  solstice,  was  then  94^  days, 
and  the  interval  S'  e  between  this  solstice  and  the  autumnal 
equinox,  waa  only  92^,  according  to  the  observations  of  this 
great  astronomer.  Spring  was  therefore  longer  than  siunmer, 
and  winter  longer  than  autumn. 

23S.  At  present  the  position  of  the   ellipse  is  such  as  ia 
represented  in  figure  52.     At  the  beginning  of  1800,  the  angle       | 
PTS  was  9=>  29'  03" ;  and  the  lengths  of  the  different  sea-      ■ 
sons  were  as  follows : 


From  the  vernal  equinox  W  the  aummer  wlalice  93  21  44  28,0 

From  the  summer  solatice  to  the  autumnal  equinox  93  13  34  48,6 

Prom  the  autumnal  equinox  to  the  winter  solstice  89  16  47  20,3 

Prom  the  winter  solstice  to  the  vernal  equinox  89  01  43  23,0 

At  present,  therefore,  spring  is  shorter  than  summer,  and 
sutuimi  longer  than  winter. 

As  long  as  the  solar  perigee  remains  on  the  side  of  the 
eqnator  where  it  now  is,  spring  and  summer,  taken  together, 
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will  be  longer  than  autumn  and  winter.  In  this  century  the 
difference  is  about  seven  days,  as  may  be  seen  by  the  preced- 
ing statements.  These  periods  will  become  equal  about  the 
year  6485,  when  the  perigee  will  have  reached  the  vernal 
equinox.  It  will  then  pass  to  the  other  side,  and  spring  and 
summer  will  together  be  shorter  than  autumn  and  winter. 

239.  These  phenomena  would  not  take  place,  if  the  motion 
of  thQ  sun  were  circular  and  uniform.  All  the  seasons  would 
be  equal  to  each  other,  and  we  should  never  perceive  any 
difference.  The  eccentricity  of  the  orbit,  though  very  small, 
has,  therefore,  a  sensible  effect  upon  the  duration  of  these 
periods.  The  motion  of  the  major  axis,  although  very  slow, 
produces  the  variations  observed  in  different  centuries ;  varia- 
tions which  are  imperceptible  during  the  short  period  of  a 
single  Ufe,  but  whose  effects  will  be  actually  felt  by  the  suc- 
cessive generations  of  men.  This  is  the  second  time  we  have 
had  occasion  to  point  out  the  application  of  astronomy  to  the 
past  and  future  condition  of  our  system ;  a  consideration 
which  has  induced  us  to  dwell  so  long  upon  this  subject. 


Exact  Determination  of  the  Eccentricity^  from  Observations 

of  the  Eqtuition  of  the  Centre, 

240.  The  position  and  eccentricity  of  the  solar  ellipse  are 
determined  by  the  preceding  calculations.  If  these  were 
rigorously  exact,  we  might  thence  deduce  the  course  of  the 
sun. 

But  there  still  remains  much  uncertainty  with  respect  to 
the  eccentricity.  We  first  deduced  it  from  a  comparison  of 
the  apparent  diameters  of  the  sun  at  the  apogee  and  perigee. 
But  the  observations  in  this  case  are  liable  to  inaccuracy  from 
irradiation,  of  which  we  have  no  means  of  divesting  them. 
Besides,  this  method  is  impracticable  in  the  case  of  the  plan- 
ets, on  account  of  the  smallncss  of  their  apparent  diameters. 
Accordingly,  we  have  had  recourse  to  this  method  only  to 
demonstrate  the  ellipticity  of  the  sun's  motion  ;  and,  tliis  ellip- 
ticity  being  once  known,  we  have  deduced  the  eccentricity 
from  the  observed  angular  velocities  at  the  perigee  and  apogee. 
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Bui,  in  order  to  obtain  this  element  with  all  the  necessary 
precision,  we  must  seek  some  result  in  which  its  influence 
shall  be  more  continued  and  more  sensible.  Such  is  the 
variation  in  the  angiilar  motion  of  the  sun. 

The  fundamental  law  of  this  motion  is  that  the  areas  de- 
scribed by  tlie  radius  Tector  are  proportional  to  the  times.  If 
the  sun's  orbit  were  circular  and  without  eccentricity,  equid 
areas  would  correspond  to  equal  angles,  and  the  motion 
would  be  uniform.  The  periodical  inequahties  which  we 
observe  are,  therefore,  the  necessary  eflect  of  the  eccentricity 
of  the  orbit.  They  are  connected  with  this  eccentricity,  and 
their  extent  depends  upon  its  magnitude.  Now  these  inequal- 
ities may  be  observed  with  great  precision,  by  means  of  iJie 
excellent  clocks  which  are  now  in  use  ;  so  that  we  may  hope 
to  determine  the  eccentricity  by  this  means,  with  much 
greater  precision,  than  by  direct  observation. 

241.  In  order  to  have  a  clear  idea  of  these  inequalities,  we 
must  consider  the  motion  of  the  sun  as  composed  of  a  uniform 
circular  motion,  and  a  correction  depending  on  the  eccentrici- 
ty of  the  ellipse,  by  wliich  the  first  value  is  modified. 

Or,  if  we  would  express  these  ideas  geometrically,  we  must 
suppose  a  fictitious  sun  »  moving  uniformly  about  the  earth  in  Fig-  m. 
a  circumference  wliose  radius  is  equal  to  the  distance  of  the 
perigee.  To  this  fictitious  aun  we  ascribe  a  mean  motion 
equal  to  that  of  the  true  sun  ;  so  that,  departing  together  liom 
the  perigee  P,  they  return  to  it  together  after  an  entire  revo- 
lution. Let  us  follow  their  course  from  this  point.  While 
the  fictitious  sim  moves  in  a  uniform  manner,  the  true  sun 
moves  unequally,  forming,  with  the  distance  of  the  perigee, 
elliptical  sectors  proportional  to  the  times.  As  the  velocity  of 
the  true  sun  is  greatest  at  its  departure,  it  at  first  precedes  the 
sun  s ;  but  its  velocity  diminislics  as  it  removes  from  the 
perigee ;  and  there  is  an  instant  when  its  motion  is  the  same 
as  that  of  the  other;  after  ?which  this  last  has  the  greater 
velocity,  and  overtakes  the  first  at  the  apogee  A,  at  wliich 
they  arrive  together.  The  contrary  takes  place  in  passing 
from  thence  to  the  perigee.  In  this  case,  the  fictitious  aun  s 
at  first  precedes  the  true  one.  Soon  the  velocity  of  the  lat- 
ter increases ;  and  there  is  a  moment  when  the  velocities  of 
the  two  are  equal ;  al'ter  which  that  of  the  true  sun  predomi- 
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nates ;  it  approaches  the  otiier,  aiiil  tlie  two  arrive  togetbei 
the  perigee,  perlbmiiiig  their  mean  tropical  levolutioas  in  the 
same  time. 

Consequently,  if  we  conceive  two  ladius  vectors,  drawn  at 
any  instant  from  the  centre  of  the  earth  to  the  two  suns,  tlie 
angle  formed  by  these  lines  will  6rst  be  nothing  at  the  peri- 
gee ;  it  will  then  increase  to  a  certain  limit,  where  it  will  have 
attained  its  niaxhnum ;  after  which  it  will  diminish  toward 
the  apogee,  where  it  will  again  become  nothing.  From 
thence  to  the  perigee  it  will  vary,  in  a  contrary  direction,  by 
the  same  degrees.  This  angle,  therefore,  is  the  coirecuoo 
to  be  made  in  the  circular  motion,  in  order  to  obtain  the  ellip- 
tical motion.  It  is  called  the  equation  of  the  orbit,  or  the 
equation  of  the  centre,  since  it  is  the  custom  of  astronomers  to 
apply  the  term  equation  to  those  quantities  which  require  to>l 
be  added  to  the  mean  results,  or  subtracted  from  them 
order  to  make  them  er/tial  to  the  true  results. 

242.  Prom  the  perigee  to  the  apogee  the  equation  of  ti 
centre  is  to  be  added  to  the  luean  motion  of  the  sun,  to  obtata 
the  true  motion ;  from  the  apogee  to  the  perigee  it  is  to  be 
subtracted.  Moreover,  there  are  two  points  in  the  orbit 
where  it  is  at  its  maximtmi.  The  caJcidus  shows  that  if  this 
value  is  known,  the  eccentricity  may  be  deduced  directl] 
from  it.  Now  it  is  easy  to  determine  this  maximum 
observation,  as  we  shall  see. 

In  these  two  points  the  two  suns  move  for  some  instants 
with  the  same  velocity,  and  the  motion  of  the  real  sud  is 
therefore  equal  to  that  of  the  mean,  pr  59'  08,3297".  This  it 
the  condition  by  which  we  know  the  epoch  of  the 
equation. 

Now  there  are  two  such  points  in  the  orbit ;  and,  since 
iigure  of  the  orbit  is  symmetrical,  these  points  must 
sarily  be  situated  symmetrically  on  the  two  sides  of  the  mtyi 
axis,  as  in  figure  63,  where  they  are  denoted  by  (S  and  9\ 
Moreover,  before  the  sun  passes  the  apogee  the  equatioa  " 
additive,  and  after  the  passage  it  becomes  subtractivft 
whence  it  follows,  that  in  both  cases  the  true  sun  is  ueaM 
the  apogee  than  the  other,  as  appears  in  the  figure. 

It  is  obvious,  therefore,  from  a  mere  inspection  of  the  figun 
that  if  we  coiUd  calculate  the  angles  STS',  s  Ts',  their 
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ference  would  be  equal  to  the  sura  of  the  angles  STs,  S'T^, 
or  double  the  greatest  equation  of  the  centre ;  for,  on  account 
of  the  symmetry  of  tlie  orbit,  these  two  angles  must  be 
equal. 

Now  if  we  represent  hy  E  e  the  line  of  the  equinoxes,  the 
angle  STS'  is  easily  calculated.  It  is  the  difference  between 
the  true  longitudes  of  the  smi  E  TS,  E  TH',  observed  at  the 
points  of  the  greatest  equation. 

The  angle  3  T  s"  is  also  readily  found.  It  is  the  angle 
which  the  sun  would  describe,  in  virtue  of  its  mean  tropical 
motion,  during  the  same  interval  of  time.  It  is  equal  to  the 
diderence  between  the  vtean  longitudes,  this  expression 
being  used  to  denote  the  longitude  which  the  sun  would 
have  had  at  these  epochs,  on  the  supposition  of  a  uniform 
motion  from  the  perigee. 

Hence  we  have  the  following  rule.  Having  observed  the 
Inie  longitude  of  the  sun  at  the  epoch  of  the  greatest  equation 
an  each  side  of  the  line  of  the  apsides,  we  obtain  the  equation 
of  the  centre  by  taking  half  the  difference  between  the  mean 
and  true  nwtions  in  longitude  for  the  same  intervaL 

243.  Hitherto  we  have  paid  no  regard  to  the  progressive 
displacement  of  the  solar  orbit.  Yet  it  has  an  influence  on 
the  positions  of  the  sun  with  respect  to  the  major  axis. 

In  consequence  of  this  displacement,  the  longitude  observed 
at'  the  first  epoch  becomes  too  small ;  and  m  order  to  reduce 
it  to  the  same  point  of  the  ellipse,  to  which  it  first  corre- 
sponded, we  must  add  to  it  the  arc  described  by  the  perigee, 
during  the  Interval  between  the  first  and  second  observation. 
Thus  the  angle  STS',  deduced  from  the  dilference  between 
the  true  longitudes,  is  too  great  by  the  same  quantity.  But 
the  difference  of  the  mean  longitudes,  which  is  estimated  by 
(he  time  elapsed  between  the  two  observations,  is  augmented 
in  the  same  manner,  and  by  an  exactly  equal  quantity.  The 
error,  therefore,  disappears  in  the  final  result,  which  is  the 
difference  between  the  preceding,  and  the  whole  is  reduced 
to  the  simple  rule  above  given. 

344.  For  example,  among  the  observations  of  Dr.  Maske- 
lyne  for  the  year  1775,  we  find  the  longitude  of  the  sun  on 
the  2d  of  April  at  tf'  03'  36,01",  mean  lime  at  Greenwich, 
12P  33'  39,06".     The  sun  was  at  tliis  epoch  very  near  its 
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greatest  equation,  a  circumstance  indicated  by  its  diurnal 
motion. 

On  the  30th  of  the  following  Septemfber  at  23»"  49^  35,2" 
the  longitude  of  the  sun  was  188^  05'  44,45^'.  At  this  epoch 
also  it  was  near  its  greatest  equation. 

The  difference  between  the  two  longitudes  is  175°  32' 
05,39^^  To  obtain  the  difference  of  time  between  the  two 
epochs,  we  must  consider  that  from  the  2d  of  April  at  0*  to 
the  30th  of  September  at  24**  is  182  days.  The  first  obser- 
vation is  later  by  O'*  03'  35,01'' ;  the  second  earlier  by  1^  W 
24,8",  which  makes  in  all  0*»  13'  59,81"  to  be  subtracted  from 
182  days.  The  remainder,  181^  23'*  46'  00,19",  is  the  inter- 
val required. 

The  mean  tropical  motion  corresponding  to  this  )   o     /     // 
interval  is  360°  X  ISl'J  23»>  46-  00,19--  __  (  179  22  41,48 

interval  is  365a  5^  48-  51,61-  "  ) 

The  true  motion  is 176  32  05,39 

The  difference  is 3  50  36,09 

Which  gives  for  the  greatest  equation  of  the  centre  1  55  18,04 

To  have  this  result  rigorously  exact,  the  longitudes  should 
have  been  observed  precisely  at  the  epochs  of  the  greatest 
equation,  which  is  hardly  to  be  expected.     But  the  error  is 
always   very  small ;  since   about    this   epoch,  the    true   and 
mean  suns  move  on  with  nearly  the  same  velocity  for  several 
days,  and  the  equation  of  the  centre  varies  very  little.     Yet, 
if  greater  acciuracy  be   desired,   we  may  proceed  as  in  the 
observations  for  the  solstice.     We  ascertain  from   the  tables 
how  much  the  observed  longitude  wants  of  being   that  of 
the  greatest  equation,  and  this  may  be  done  with  great  accu- 
racy from  the  approximate  value  of  the   eccentricity.      We 
find  also  how  much  the  equation  of  the  centre  wants,  at  the 
epoch  of  observation,  of  being  the  greatest  in  the  orbit,  and 
this  also  may  be  done  with  great  precision,  although  we  have 
only  the  approximate  value  of  the  eccentricity.     Then,  by 
adding  to  the  observed  longitude  the  reduction  of  the  longi- 
tude, and  also  the  reduction  for  the  equation  of  the  centre, 
the  whole  is  brought  to  the  same  condition  as  if  the  observa- 
tion had  been  made  at  the  point  of  the  greatest  equation ; 
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aiiii  llip  rpsull  obtained  from  observations,  thus  reduced,  be- 
comes rigorously  exact. 

We  may  even  dispense  with  the  correction  of  the  longi- 
tude ;  for  if  wc  transfer  the  true  longitude  to  the  epoch  of  the 
greatest  equation,  we  must  transfer  the  mean  longitude  also ; 
and  for  tliis  purjioso,  we  must  perform  a  reduction  Eimilar  to 
that  for  the  true  longitude.  Now  these  corrections  are  not 
only  similar,  but  exactly  equal ;  for,  about  the  epoch  of  the 
tTcatcst  equation,  the  tnie  and  mean  motions  are  equal. 
Since,  then,  the  mean  interval  is  to  be  subtracted  from  the 
true,  it  is  obvious  that  this  common  correction  cannot  affect 
llie  result,  and  it  may  accordingly  be  dispensed  with. 

As  we  have  the  means  of  reducing  observations  to  the 
e|M>ch  of  the  greatest  equation,  it  is  manifestly  not  necessary 
to  coniiHc  ourselves  to  a  single  one;  but  the  greatest  pos- 
sible number  should  be  made  to  concur  in  the  determination 
of  this  important  clement.  Accordingly,  we  reduce  to  this 
epoch  several  observations  made  a  few  days  prior  and  subse- 
quent! to  it.  Each  of  these  will  give  the  equation  of  the 
centre  for  the  moment  it  is  made,  and  the  mean  of  the  whole 
will  express  its  value  very  exactly.  It  was  nearly  in  this 
ninimer  that  M.  Delambrc  found  the  greatest  equation  of  the 
centre,  for  the  year  1775,  to  be  1°  55'  31,66".  From  this  we 
deduce  immediately  the  eccentricity  for  the  same  epoch, 
namely,  0,016803. 

245.  The  observations  wc  !iave  been  considering  suggest 
an  interesting  remark.  The  ei>ochs  which  separate  them  are 
tilKtut  \%%  days  distant  from  each  other,  that  is,  half  a  year. 
The  corresponding  radius  vectors  must  therefore  be  nearly  in 
a  straiglit  line  ;  and  as  we  know,  besides,  that  tliey  make 
equal  ajigles  with  the  major  axis  of  the  orbit,  they  must  aJso 
be  nearly  perpeudicidar  to  this  axis.  Tlius  the  anomaly 
which  corresponds  to  the  greatest  equation  differs  little  from 
a  right  angle.  It  appears  by  calculation  that  this  circum- 
stance is  owing  to  the  smullness  of  the  eccentricity. 

240.  It  is  proved  by  a  comparison  of  observations,  that  the 
<  quatioR  of  the  centre  diminishes  nearly  uniformly.  This 
hminution  is  confirmed  by  the  theory  of  attraction,  and  its 
vahiG  is  thus  made  known  more  exactly  than  it  could  be  by 
observation,     it  is  0^  \y   17,17"  in  a  uentuiy  tor  the  greatest 
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equation;  and  fron^  this  we  can  easily  deduce,  the  cone- 
sponding  variation  for  each  point  of  the  orbit. 

247*  This  phenomenon  supposes  a  corresponding  diminu- 
tion in  the  eccentricity  of  the  solar  orbit,  for  these  two 
quantities  are  connected,  and  must  increase  and  decrease 
together;  since,  if  the  eccentricity  were  nothing,  the  equation 
of  the  centre  would  also  be  nothing.  The  theory  of  attne^ 
tion  establishes  this  dependence,  and  makes  known  the  cor- 
responding diminution  of  the  eccentricity.  It  is  0,0000416612 
a  century,  the  mean  distance  being  unity.  If  we  call  the 
mean  distance  of  the  sun  from  the  earth  95000000  miles,  the 
diminution  is  about  3958  miles  in  a  century  or  39j-  miles  in  a 
year.  Thus  we  see  that  fractions,  which  appear  almost  in- 
sensible in  the  heavens,  become  very  considerable  quantities 
when  we  refer  them  to  our  ordinary  measures. 

248.  If  this  diminution  were  always  progressive,  the  solar 
ellipse  would  at  length  become  a  circle;  and  consequently 
the  perpetual  decrease  of  eccentricity  would  cause  the  earth, 
after  a  long  series  of  ages,  to  be  precipitated  upon  th§  sun. 
But  it  is  shown,  by  the  theory  of  attraction,  that  the  varia- 
tions of  the  eccentricity  and  the  equation  of  the  centre  are 
periodical ;  so  that  after  decreasing  for  a  certain  period,  the 
eccentricity  will  begin  to  increase,  and  pass  through  the  same 
gradations  in  the  inverse  order.  Although  the  limits  within 
which  this  oscillation  is  confined  are  not  yet  accurately  fixed, 
still  we  know  that  they  are  very  restricted.  Thus  it  appears 
that  the  order  of  our  system  will  be  perpetual,  imless  some 
foreign  and  unknown  cause  shall  operate  to  modify  the  ]aws 
by  which  it  is  at  present  governed. 


Ineqiuilitij  of  the  Solar  Days. — Equation  of  Time.  —  Con- 
version of  True  Time  into  Mean  or  Sidereal  Time  and 
the  Reverse. 

249.  Having  ascertained  with  precision  the  sim's  motion 
and  the  dimensions  of  its  orbit,  we  must  be  able  to  calcu- 
late the  arc  which  it  describes  parallel  to  the  equator,  during 
each  day  of  the  year.     If  these  daily  arcs  were  equal  to  each 
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other,  the  dumtion  of  the  solar  days  would  Iw  coiisumtly  the 
same.  But  they  arc  tmeqiial,  and  hence  the  solar  days  are 
unequal. 

In  order  to  understand  cleariy  the  priuciple  and  the  lawa 
of  these  inequalities,  let  us  leave  nutation  out  of  the  ques- 
tion, and  suppose  the  equator  and  ecliptic  immovable. 
Through  the  pole  of  the  equator,  let  us  suppose  two  meridi- 
ans to  be  drawn  to  tho  extremities  of  the  arc  of  the  ecliptic, 
described  by  the  sun  in  a  sidereal  day.  The  arc  of  the 
enuator,  intercepted  by  these  meridians,  will  represent  for 
litis  epoch,  the  difference  between  the  sidereal  and  solar  day ; 
for,  when  the  rotation  of  the  celestial  sphere  is  completed, 
this  small  arc  of  the  equator  must  still  traverse  the  plane  of 
the  meridian  before  the  sun  passes  it.  Now  it  is  easy  to  see 
that  these  daily  arcs  arc  not  of  tho  same  length  in  tho  differ- 
ent parts  of  the  year. 

In  the  first  place,  they  must  evidently  vary  from  the  mere 
effect  of  the  inequalities  of  tho  sun's  proper  motion  in  its  orbit. 
But  tliis  is  not  the  only  cause  of  their  inequality.  They  would 
still  be  unequal,  though  tho  sun  were  to  pass  through  tho  eclip- 
tic with  a  uniform  motion,  describing  equal  arcs  each  day. 
Indeed,  on  account  of  the  obliquity  of  the  ecliptic,  these  arcs 
take  successively  different  inclinations,  with  respect  to  llio 
equator.  At  the  lime  of  the  cquino3:cs,  they  cut  this  plane 
imder  an  angle  equal  to  the  obliquity  of  tho  ecliptic ;  because 
their  direction  is  then  perpendicular  to  tho  lino  of  tho  equi- 
noxes, which  is  the  common  section  of  tho  ecliptic  and  the 
equator.  On  the  contrary,  at  the  time  of  the  solstices,  they 
become  parallel  to  this  same  line.  Tho  meridians  drawn 
llirough  the  extremities  of  the  daily  arcs,  near  the  solstice, 
are,  therefore,  farther  apart  than  they  would  be  if  they  em- 
braced the  same  arc  of  the  ecliptic  near  the  equinoxes ;  and  as 
the  divergence  of  these  meridians  measures,  on  tho  equator, 
the  successive  retardations  of  the  sun  in  its  return  to  the 
meridian,  compared  with  that  of  a  star,  these  retardations  are 
unequal,  and  smaller  at  the  equinoxes  than  at  the  solstices. 

The  daily  variation  of  the  sim's  motion  in  its  orbit,  is 
another  cause  of  inequality  in  the  lengths  of  the  solar  days  ; 
for  it  augments  or  dimuiishes ,  the  daily  arcs  which  the  sun 
describes  on  the  ecliptic  ;  and  ibis  affects  the  divergence  of  the 
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meridians,  and  the  length  of  the  arcs  of  the  equator  compie- 
hended  between  them. 

2^0.  It  ap|)ears,  then,  that  the  inequality  of  the  solar  days 
is  owing  to  two  distinct  causes,  namely,  the  obliquity  of  the 
ecliptic,  and  the  inequality  of  the  sun's  proper  motion.  Tbeae 
two  causes  have  each  their  separate  effects,  so  that  both  must 
bo  destroyed  in  order  to  render  the  solar  days  equal ;  thai  is, 
the  ecliptic  must  coincide  with  the  equator,  and  the  motm  in 
the  orbit  become  imiform.  Now  it  is  demonstrated,  by  the 
theory  of  attraction,  that  this  can  never  be  the  case,  at  least, 
under  the  present  system  of  things. 

251.  Hence  in  order  to  determine  the  inequality  of  the  so- 
lar days,  it  is  necessary  to  calculate  the  arcs  which  the  snn 
describes  each  day  in  the  ccliiHic,  by  virtue  of  its  true  motion 
in  longitude,  to  project  these  arcs  on  the  equator  by  means  of 
meridians,  and  to  talie  the  successive  differences  of  the  haisrj 
angles  comprehended  between  them. 

252.  It  is  the  inevitable  inequalities  in  the  sun's  motion  in 
right  ascension,  which  have  prevented  astronomers  from  mak- 
ing use  of  this  motion  in  their  tables  and  observations  as  a 
measure  of  time.  For  these  perpetual  variations,  which  must 
be  taken  into  consideration,  would  have  rendered  the  calcula- 
tions exceedingly  complex,  without  being  attended  with  any 
advantage.  This  inconvenience  is  not  felt  in  civil  reckoning, 
where  such  extreme  accuracy  is  not  necessary ;  and  accord- 
ingly, for  civil  purposes,  we  measure  time  by  the  true  motion 
of  the  sun,  considered  as  uniform,  its  inequalities  being  of  no 
importance  in  this  point  of  view.  This  mode  of  reckoning  is 
the  more  judicious,  since  all  the  labors  of  society  axe  dis- 
tributed with  reference  to  the  true  and  not  the  mean  motion 
of  the  sun. 

But  with  astronomers  uniformity  is  indisj)cnsably  requisite 
in  order  to  attain  to  any  thing  like  simplicity  in  their  calcula- 
tions, and  the  civil  mode  of  reckoning  would  be  inadmissible. 
On  the  other  hand,  the  necessity  of  dating  their  observations, 
mid  of  finding  without  difficulty  the  approximate  epochs,  ad- 
monished them  not  to  depart  too  far  from  the  common  usage 
of  society,  which  perfectly  fulfilled  the  conditions  in  question. 
These  considerations  induced  tlicm  to  adoi)t  as  the  measiue  of 
time  the  mean  motion  of  the  sun,  and  they  fixed  the  origin  of 
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their  rcckoDiiir>  iii  such  a  miutuer,  Ihat  Iho  mean  Rolar  time 
should  only  oscillate  about  the  true,  without  ever  varying 
much  from  it.  This  is  indeed  a  necessary  coascqucnce  re- 
sulting from  the  mode  of  estimating  mean  time  as  ahei}dy 
explained;  but  we  shall  comprehend  it  better  by  means  of  a 
geometrical  construction,  representing  the  conditions  there 
established.  For  this  purpose,  wc  must  first  abstract  from  the 
imc  sun  the  perturbations  which  affect  it,  in  order  to  reduce 
it  lo  the  elliptical  motion,  without  which  it  would  be  impossi- 
ble to  represent  its  irregularities.  We  then  suppose  a  ficti- 
tious sun  to  describe  the  great  circle  of  the  ecliptic  with  a 
imiform  motion,  and  to  pass  the  perigee  and  apogee  at  the 
same  time  with  the  true  sim.  This  fictltioits  sim  is  already 
exempt  from  the  inequaliUes  of  the  ulliptical  motion.  We 
next  suppose  a  third  sim  to  pass  through  the  mean  equinoxes 
at  the  same  time  witli  the  second,  and  to  more  in  the  mean 
equator  with  a  imiform  velocity  hi  such  a  manner,  tliat  the 
angidar  disttuiccs  of  these  two  fictitious  suns,  from  the  mean 
vernal  equinox,  shall  be  constantly  equal  to  each  other.  The 
effect  of  the  obliquity  of  the  echptic  would  then  disappear 
with  respect  to  this  third  sun ;  and,  as  wc  have  corrected  the 
inequality  of  the  proper  motion,  by  the  first  supposition,  the 
motion  iicre  supposed  is  subject  to  no  irregularity  whatever. 
It  is  this  which  mcasiures  the  ntcaii  linie  of  astronomers.  The 
mean  day  is  the  interval  comprehended  between  two  consecu- 
tive passages  of  tliis  fictitious  sun  over  the  mean  meridian ; 
I  and  mean  midnight  and  mean  noon  are  tlie  instants  when  it 
8  in  this  plane. 

253.  It  is  obvious  that  this  constniction  completely  satisfies 
ite  conditions  already  made  known,  respecting  the  origin  of 
time.  Indeed,  according  to  the  definition  wc  have 
'en,  the  third  sun,  whose  motion  in  right  ascension  is  iini- 
jiasses  the  mean  equinox  at  the  same  time  with  the 
second.  Accordingly,  it  then  coincides  with  the  second. 
Moreover,  deporting  i'rom  this  point,  the  two  have  a  perfectly 
equal  motion,  the  second  in  the  ecliptic,  and  the  third  in  the 
equator.  When,  therefore,  (he  second  has  arrived  at  the 
apogee  or  perigee  of  its  orbit,  the  third  will  have  its  right 
ascatision  equal  to  the  longitude  of  the  apogee  or  perigee. 
This  is  precisely  the  conthtion  by  wliich  we  have  determined 
the  origm  of  mean  time  in  the  arliclc  above  rell-ncd  to. 


166  Theory  of  the  Sun. 

Now,  since  we  know  the  right  ascension  of  the  mean  sun 
at  the  instant  of  passing  the  perigee,  if  we  take  this  right 
ascension  from  360^,  we  shall  have  the  arc  which  remains  to 
be  described  by  the  third  sun  before  arriving  at  the  mean  ver- 
nal equinox.  Since  we  know  also  its  proper  motion,  which  is 
0^  6y  08,3297''  in  a  mean  day,  we  can  easily  calculate  the 
time  required  to  reach  this  equinox.  This  interval,  added  to 
the  time  of  passing  the  perigee  or  apogee,  will  give  the  instant 
ofthe  mean  sun's  passing  the  equinox.  This  instant  is  called 
the  mean  equinox. 

264.  The  interval  between  two  consecutive  returns  of  the 
mean  sun  to  the  same  mean  equinox,  forms  the  7n€an  tropical 
year,  which,  as  we  have  before  seen,  consists  of  365^  5**  48* 
61,61''.  It  differs  a  little  from  the  civil  year,  which  is  meas- 
ured by  the  returns  of  the  true  sun  to  the  tme  equinox.  This 
last  is  subject  to  periodical  oscillations,  caused  by  nutation, 
which  sometimes  increase  and  sometimes  diminish  the  year, 
by  causing  the  equinoctial  point  by  turns  to  advance  and  re- 
cede. The  progressive  displacement  of  the  solar  orbit  pro- 
duces also  slight  variations  in  the  civil  year,  since  the  velocity 
of  the  sun  is  unequal  in  the  different  points  of  the  ellipse 
which  arrive  successively  at  the  equinox. 

255.  In  general,  it  is  easy  to  find  the  place  of  the  mean  sim 
in  the  plane  of  the  mean  equator  for  any  given  instant ;  for 
we  have  only  to  determine,  by  the  tables  for  this  instant,  the 
value  of  the  mean  longitude  of  the  sun  reckoned  from  the 
mean  equinox;  cuid  this  longitude,  referred  to  the  plane  ofthe 
mean  equator,  is  the  right  ascension  of  the  mean  sun,  or  the 
mean  ris^ht  ascension  of  the  sun. 

CD 

If  there  were  no  nutation,  the  tnie  pole  would  coincide  with 
the  mean,  and  the  true  right  ascension  be  measiu-ed  on  the 
same  equator  as  the  mean.  These  two  right  ascensions  would 
generally  differ  from  each  other,  because  the  motion  of  the 
true  sun  in  right  ascension  is  unequal,  wliile  the  other  is 
uniform.  Their  difference  reduced  to  time  would  give  the 
interval  between  the  true  and  mean  sun  for  the  instant  under 
consideration.  This  interval  is  called  the  equatiofi  of  time ; 
since,  when  its  value  is  known,  by  adding  it  to  the  true  time 
we  obtain  the  mean  time,  and  by  subtracting  it  from  the  mean 
time  we  have  the  tnic  time. 
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This  may  be  easily  demonstrated  if  we  siipposo  no  niita- 
lion;  for,  calling  A  the  right  ascension  of  the  true  sun,  M 
tliat  of  the  mean  sun,  mid  «  that  of  the  zenith,  it  is  evident 
that  — — —  will  be  the  true  time,  and  — —^ — ■  the  mean  time. 

The  difference  between  tlie  two  will  then  be  ^— ^ — ""_ 

.      ,  A  —  M 

or  simply  -■  ■   ■—  ; 

set  that  n  disappearing,  tliere  remains  only  the  difierence  be- 
tween the  right  ascensions. 

Nutation  modifies  the  above  result  a  little,  since,  in  conse- 
quence of  this,  the  two  right  ascensions  A,  M,  are  reckoned 
neither  on  the  same  equator  nor  from  the  same  equinox. 
Still  we  may,  by  an  analogous  process,  find  the  difference 
between  the  true  and  mean  time.  For  this  purpose,  let  T  be 
the  mean  time,  and  7*  the  true  time,  reckoned  for  the  same 
instant,  in  a  given  place,  as  Paris,  for  example.  If  we  con- 
vert these  times  into  degrees,  15  T  will  be  the  horary  angle 
made  by  the  mean  sun  with  the  mean  meridian  of  Paris,  and 
15  T'  mil  be  the  horary  angle  made  by  the  tme  sun  with  the 
iruc  meridian  of  the  same  place.*  Now,  since  we  know  the 
mean  time  T,  we  calculate  for  this  same  instant,  by  means  of 
the  tables,  the  mean  right  ascension  M,  of  the  mean  sun, 
reckoned  from  the  mean  equinox ;  and  adding  this  to  15  T, 
the  arc  M  +  15  T,  will  be,  for  this  instant,  the  right  ascen- 
sion of  the  mean  zenith,  reckoned  from  the  same  equinox. 
To  convert  this  into  the  true  right  ascension,  we  have  only  to 
add  to  it  the  true  right  ascension  of  the  mean  equinox,  that  is, 
</,  cos  01,  V  representing  the  nutation  in  longitude.  This  mode 
of  reduction  will  be  explained  hereailer.     It  is  founded  upon 

*  The  mean  meridian  \a  that  which  is  drawn  through  the  mcaa 
zenith,  perpendicular  to  the  mean  equator  ;  the  true  meridian  ia  that 
which  b  drawn  through  Ilic  true  zenith,  perpendicular  to  the  true 
equator.  It  is  the  mean  meridian  which  is  displaced  by  nutation, 
together  with  the  rest  of  the  earth,  including  the  equator  itself,  which 
il  always  cuts  in  the  same  phyHical  point.  In  general,  we  must  con- 
sider the  true  meridians  and  true  equator  as  forming  with  the  earth 
an  invaTiablc  system,  which  oscillates  about  its  mean  position  900- 
fbrmably  to  the  laws  of  nutation. 
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the  smallncss  of  the  nutation,  and  the  slight  obliquity  of  the 
true  equator  to  the  mean.  M  +  15  T  -^  yf  cos  »  will  there- 
fore be  the  true  right  ascension  of  the  true  zenith,  reckoned 
from  the  true  equinox.  Dividing  it  by  15,  in  order  to  reduce 
it  to  time,  we  have  the  true  sidereal  time  reckoned  firofti  the 
same  equinox. 

But  this  right  ascension  may  likewise  be  obtained  by  anoth- 
er process,  that  is,  by  adding  to  the  true  horary  angle  15  7^, 
the  true  right  ascension  A*  of  tKe  sun,  reckoned  from  the  true 
equinox  on  the  true  equator.  Tlic  arc  A'  -{-  15  T^  must  then 
be  equal  to  Af  -{-  15  T  -{-  ip  cos  to ;  and  from  this  equation  we 

obtam  T —  T*  = -^^—^ ; 

15 

the  quantity 

A'  —  ^  cos  OD  —  M 
15 

is,  therefore,  properly  the  equation  of  the  time  ;  for,  by  adding 
it  to  the  true  time  T',  we  obtain  the  mean  time  T ;  and  by 
subtracting  it  from  the  mean  time  T,  we  obtain  7^. 

Wlien  we  have  formed  tables  of  the  sim  for  the  meridian 
of  a  given  place,  it  is  obvious  that  with  these  tables  we 
can  calculate,  for  any  given  instant  of  mean  time,  the  mean 
right  ascension  M,  the  true  right  ascension  A',  and  the  nuta- 
tion v  cos  0).  In  this  way  the  preceding  formula  may  be 
reduced  to  numbers,  and  it  is  thus  that  tables  of  the  equation 
of  time  are  constructed. 

These  tables  give  the  true  time  when  we  know  the  mean 
time ;  but  by  a  very  simple  process  we  may  reverse  the 
problem,  and  obtain  the  mean  time  by  means  of  the  true. 
The  difference  between  the  two  being  always  very  small, 
since  it  never  exceeds  0**  16'  2C,  wo  first  employ  the  given 
true  time  as  if  it  were  the  mean  time;  from  this  we  de- 
duce a  value  for  the  equation  of  time,  which,  being  added  to 
the  true  time,  gives  an  approximate  value  for  the  mean 
time ;  and  by  means  of  this  we  obtain  a  second  equation  of 
time  which  is  sufficiently  exact. 

256.  The  equation  of  time  is  sometimes  additive,  some- 
times subtractive.  In  the  first  case,  the  true  smi  precedes  the 
mean  in  right  ascension  ;  in  the  second,  the  true  sun  is  behind 
the  mean.     In  passing  lioni  one  of  these  states  to  the  other, 
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the  two  Sims  must  obviously  como  to  the  same  meridian 
together  ;  then  the  equation  of  time  is  nothing.  Indeed,  by 
a  very  remarkable  property,  it  becomes  nothing  four  times  a 
year., 

To  show  clearly  the  reason  of  this  phenomenon,  we  must 
at  first  put  nutation  out  of  the  question  j  and  afterwards 
consider  what  modifications  are  required  on  accoimt  of  it. 
The  fimdamental  principle  on  which  we  proceed  is,  that  if 
we  take  on  the  ecliptic  two  equal  arcs,  the  first  near  the  equi- 
nox, and  the  second  near  the  solstice,  and  refer  them  to  the 
equator  by  means  of  meridians  drawn  through  their  extremi- 
ties, the  arcs  intercepted  on  the  equator  by  these  meridians 
will  be  unequal ;  the  first  will  be  less,  and  the  second  greater, 
than  the  given  arc,  as  already  shown.  3*9. 

Now  let  us  suppose  two  suns  S",  S'",  to  set  out  together 
from  the  mean  vernal  equinox,  and  to  move  with  an  equal 
and  uniform  motion,  S"  in  the  ecliptic,  and  iS""  in  the  equa- 
tor ;  and  let  us  suppose  their  motions  referred  to  the  equator, 
S'"  will  at  first  precede  the  meridian  of  S" ;  but  the  latter  Fig.  b 
will  al'teiwaids  overtake  the  former,  and  they  will  arrive 
together  at  the  solstice.  From  this  point  jS"  will  at  first  pre- 
cede S"'j  after  which  iS"'  will  come  up  with  S",  and  both 
will  arrive  together  at  the  second  equinox.  The  same  will 
take  place  in  the  remaining  half  of  the  orbit.  Hence  the  two 
suns  will  coincide  four  times  a  year,  namely,  at  the  two  equi- 
noxes and  at  the  two  solstices. 

257.  In  reahty  the  mean  sun  does  not  set  out  from  the 
mean  equinox  at  the  same  time  with  the  true  sun ;  they  will 
not,  therefore,  coincide  exactly  at  the  above  points.  The 
inequality  of  the  sun's  proper  motion  in  the  ecUptic  will  also 
ajfect  the  points  of  coincidence.  But  these  causes  only 
change  the  epochs  of  the  coincidences,  the  nimiber  remain- 
ing always  the  same.  This  we  proceed  to  show,  putting 
nutation  for  the  moment  out  of  the  question. 

In  the  present  position  of  the  solar  orbit,  let  us  suppose  the 
two  suns  S",  S'",  to  depart  together  from  the  autumnal 
equinox  towards  the  perigee.  The  true  sun  *",  moving  in 
llie  ecliptic,  being  referred  by  its  meridian  to  the  equator,  is 
then  behind  them ;  for  it  is  preceded  by  S"  up  to  the  perigee, 
as  we  have  shown.     Let  us  now  consider  the  oidei  in  which 
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these  three  bodies  move.  Up  to  the  winter  solstice,  iV 
cedes  S",  and  S"  precedes  S' ;  their  order,  therefore,  in  winter, 
is  &",  S",  S"'.  At  the  solstice  S'  coincides  with  S"',  and 
afterwards  passes  it,  which  leads  to  the  order  S',  S"',  S"  ;  bui 
at  the  perigee  S'  coincides  with  S",  and  then  precedes  it; 
whence,  in  the  interval,  S'  and  S'"  most  have  coincided. 
The  order  then  becomes  S'",  S",  S'.  Thus,  between  the 
winter  solstice  and  the  perigee,  the  meridian  of  the  true  son 
S'  comes  up  with  the  mean  sun  S",  and  the  equation  of  lime 
becomes  nothing. 

From  the  perigee  to  the  vemaJ  equinox,  iS"  precedes  S".  and 
S"  precedes  S'"  ;  no  coincidence,  therefore,  takes  place  in  itis 
interval.  At  the  vernal  equinox,  S'"  overtakes  S",  then  passes 
it,  and  the  order  becomes  iS",  S'",  S' ;  but  S'"  cannot  long 
remain  between  the  two  others ;  for,  in  each  quadrant  of  the 
circle,  the  distance  between  S'"  and  S"  amounis  to  2P  28' 
24,49",  as  may  be  seen  by  calculation.  The  distance  between 
S'  and  S",  on  the  contrary,  never  exceeds,  in  the  ecliptic, 
1°  56'  27,VZ".  Tliis  is  at  present  the  greatest  equation  of 
the  centre ;  and  as  it  takes  place  near  the  equinoxes,  in  the 
present  position  of  the  solar  orbit,  the  arc  which  corresponds 
to  it  on  the  equator  must  be  still  smaller.  It  is  evident, 
then,  that  between  the  vernal  equinox  and  the  summer  sol- 
stice there  must  be  an  instant  when  the  mean  sun  •S'"'  ovei^ 
lakes  the  meridian  of  S',  when  the  equation  of  time 
nothing  a  second  time. 

Proceeding  thence  toward  the  summer  solstice,  the  order 
is  S",  S",  S"'.  At  the  solstice  S"  rejoins  iS"",  and  then  passes 
it.  In  the  mean  time  S'  precedes  S"  up  to  the  apogee  ;  con- 
sequently, before  the  summer  solstice  the  meridian  of  S" 
must  coincide  with  S"',  and  the  equation  of  lime  become 
nothing  a  third  time. 

From  the  summer  solstice  to  the  apogee,  the  order  is 
S"',  iS",  iS'.  At  the  apogee  IS"  coincides  with  iS',  and  thea 
passes  it  toward  the  perigee,  which  leads  to  the  order  S'",  S", 
S".  Now  at  the  autumnal  eqiunox  iS"  rejoins  S" ;  conse- 
quently, in  the  interval,  it  must  coincide  with  the  mehdiaB 
of  S',  and  the  equation  of  time  is  equal  to  nothing  a  fourth 
time.  Then  the  order  becomes  iS',  S",  S"' ;  and  the  same 
phenomena  are  repeated  each  revolution. 
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258.  Prom  this  simple  exposition,  it  is  evident  that  in  con- 
sequence of  the  obliquity  of  the  ecUptic,  combined  with  the 
unequal  motion  of  the  sun,  the  equation  of  time  becomes 
nothing  four  times  a  year ;  namely,  once  between  the  winter 
solstice  and  the  perigee,  twice  between  the  venial  equinox 
and  summer  solstice,  and  once  between  the  apogee  and  the 
autumnal  equinox.  It  is  evident,  also,  that  the  epochs  of  these 
phenomena  vary  with  the  position  of  the  lino  of  the  apsides, 
At  present  ihey  take  place  about  the  25lh  of  December, 
IGtli  of  April,  16lh  of  June,  and  1st  of  September.  In 
general,  we  perceive  that  the  progressive  motion  of  the  line 
of  the  apsides  must  gradually  change  the  absolute  values  of 
the  equation  of  time  belonging  to  each  longitude  of  the  sim, 
Accordingly,  these  secular  variations  have  been  calculated  by 
theory,  and  annexed  to  the  solar  tables. 

We  perceive,  also,  that  the  causes  which  rendet  the  equa- 
tion of  time  nothing  must  continue  to  operate,  notwith- 
standing the  slight  variations,  occasioned  by  nutation,  in  the 
movement  of  the  three  suns.  These  variations,  which  never 
amount  to  more  than  a  few  seconds,  will  change  a  little  the 
epochs  of  the  conjunctions,  but  can  neither  prevent  them, 
nor  carry  them  beyond  the  limits  we  have  assigned. 

259.  If  the  obliquity  of  the  echptic  were  nothing,  that 
part  of  the  equation  of  time  which  depends  upon  this  ob- 
liquity would  be  notliing  also.  Then  the  mean  and  true 
motions  would  differ  only  by  the  equation  of  the  centra^ 
The  true  and  mean  suii  would  coincide  only  at  the  perigee 
and  apogee  ;  and  true  and  mean  time  would  agree  only  twice, 
namely,  at  the  apsides. 

260.  Prom  what  we  have  said,  it  follows  that  the  instant 
of  true  noon,  as  indicated  on  a  meridian  by  the  shadow  of  a 
stile,  differs  in  general  from  that  of  mean  noon.  But,  as  we 
know  for  each  day  the  equation  of  time,  we  can  mark  for 
each  day,  on  the  two  sides  of  the  meridian,  the  direction  and 
limit  of  the  shadow  at  the  instant  of  mean  noon.  We  shall 
thus  have  a  series  of  points  which  mark,  about  tlic  true 
meridian,  the  successive  meridians  of  the  mean  sun.  The 
curve,  which  unites  their  extremities,  must  evidently  meet  the 
true  meridian  in  four  points  correspondmg  to  the  four  epochs, 
when  the  equation  of  time  becomes  nothing.     Moreover,  it 
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must  return  into  itself  bo  as  to  encloBC  a  space,  since  the 
equation  of  time  takes  the  same  value  after  each  revolutioiL 
Accordingly,  this  curve  will  neatly  resemble  the  fonn  of  th»| 
figure  8.  But  it  is  not  symmetrical,  because  the  epochs 
which  the  equation  of  time  becomes  nothing  are  unequallf 
distant  irom  one  another.  It  is  called  the  meridian  of 
time,  and  when  we  trace  it  about  the  true  meridian  on  sun' 
dials,  we  mark  on  its  contour,  signs  corresponding  to  the 
diffecent  seasons,  that  we  may  easily  determine  the  portion  of 
the  aurve  which  belongs  to  each  part  of  the  year. 
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261.  Havino  calculated  with  great  exactness  the  motions  o£ 
the  sun,  we  come  now  to  consider  its  form  and  constitution. 

Wheu  we  reflect  how  far  we  are  from  the  sun,  it  would 
seem  that  our  knowledge  of  these  two  points  must  be  vepp 
uncertain.  But  if  we  consider  the  results  aheady  obtained, 
there  is  reason  to  hope,  that  however  minute  the  differenoa 
of  aspect  which  this  luminary  may  exhibit,  at  the  vast  ^^, 
tance  at  which  it  is  placed,  they  will  be  detected  by  caiefidl 
and  repeated  observations. 

The  sun  presents  the  appearance  of  a  round,  luminoU' 
disc ;  but  we  must  not  conclude  that  its  surface  is  really  flatf 
for  all  globular  bodies,  when  viewed  from  a  great  dista&0^< 
must  necessarily  have  this  appearance.  The  telescope  )a» 
enabled  us  to  decide  the  question,  since,  by  means  of  it, ' 
find  that  the  sun  revolves  upon  its  axis  in  a  period  of  about 
25J  days ;  and  none  but  a  globular  body,  presenting  all  Htf 
surfaces  to  us,  could  always  appear  under  the  fonrn  of  *l 
circle. 

The  observations  thus  made  have  moreover  taught  ns,  tbit 
a  violent  ebullition  and  effervescence  take  place  on  the  » 
face  of  the  sun.  Every  thing  indeed  concurs  to  show  that  it 
is  an  immense  globe  surrounded  with  flame,  and  emittiBg 
torrents  of  light  from  about  its  surface,  of  which  we  teA 
the  effects  at  the  distance  of  nearly  a  hundred  millions  ij 
miles. 


As  these  phenomena  are  both  curious  in  themselves,  and 
important  in  acquiring  a  knowledge  of  the  system  of  the 
world,  we  shall  here  detail  them  at  considerable  length. 

262.  We  often  observe  on  the  sun's  disc  black  spots  of  an 
irregular  form,  which  traverse  its  surface  in  the  space  of  a  few 
days.  Their  number,  position,  and  magnitude,  are  extremely 
variable.  Some  have  been  seen,  which,  judging  from  the 
space  they  occupy  on  the  apparent  diameter  of  the  sun,  must 
be  five  or  six  times  as  largo  as  the  whole  earth.  The  daz- 
zling light  of  the  sun  does  not  often  admit  of  our  observing 
them  with  the  naked  eye ;  but  we  can  see  them  very  dis- 
tinctly with  a  telescope,  in  which  the  intense  brightness  of 
the  sun  is  diminished,  but  not  extinguished,  by  means  of 
colored  glasses  placed  before  the  eye  lens.  Each  black  spot 
is  usually  surrounded  by  a  penumbra,  about  which  we  distin- 
guish a  border  of  light  more  brilliant  than  the  rest  of  the  sun. 
Sometimes  we  observe  at  first  Itmiinous  clouds  on  the  edge  of 
the  disc,  without  perceiving  spots  at  their  centre;  but  in 
proportion  as  they  advance  the  spots  begin  to  be  formed,  or 
at  least  to  become  visible ;  and  this  phenomeaon  is  so  con- 
stant, that  we  can  thence  predict  their  appearance.  When 
the  spots  first  present  themselves  on  the  edge  of  the  disc, 
they  resemble  a  narrow,  dark  streak.  By  degrees  their  ap- 
parent magnitude  increases,  as  they  advance  towards  the 
middle  of  the  disc ;  they  then  diminish  by  the  same  grada- 
tions, and  at  length  entirely  disappear.  But  the  luminous 
border  which  surrounds  them  is  visible  some  time  after. 
These  augmentations  and  diminutions  are  easily  explained, 
if  we  suppose  the  spots  to  adhere  to  the  globular  surface  of 
the  sun  ;  for  then  the  mere  motion  of  rotation  would  cause 
them  to  be  perceived  under  different  degrees  of  obliquity 
and  magnitude 

263.  For  the  purpose  of  observing  the  spots  which  appear 
on  the  sun's  disc,  and  determining  exactly  their  successive 
positions  on  tliis  disc,  we  make  use  of  an  instrument  adapted 
lo  measure  small  differences  of  right  ascension  and  declina- 
tion. By  this  means  we  are  able  to  trace  the  apparent  path 
of  a  spot  over  the  disc  with  great  accuracy,  either  by  a 
graphic  design,  or  by  calculation,  which  is  much  more 
precise. 


■       m  TSioniofiKrsiir. 

I  When  we  iiave  carefiilly  observed  the  same  spot  during  ti 

f  whole  time  employed  in  traversing  the  sun's  disc,  which 

r  about  14  days,  we  see  it  again,  after  nearly  the  s; 

I  of  time,  but  on  the  limb  of  the  sun  opposite  to  that  wliere 

I  disappeared.     This  revolving  course    is   common  to  all  tl 

I  spots.     But    it  generally  happens   that    after  several 

I  returns,  we  at  length  cease  to  see  them.     Yet,  as  we  knoi 

I  that  they  sometimes  grow  less  aud  less,  and  disappear  on  tb 

I  disc  of  the  sun,  we  are  led  to  believe  that  those  which  do  no 

I  return  are  in  like  manner  dissipated  on  the  opposite  surface 

Indeed,  their  number  and  appearence  are  extremely  v: 
f  and  irregular.     There  are  some  years  when  none  are  to 

seen,  and  others  when  they  arc  very  frequent- 
L  264.  Tliese  phenomena  led  Sir  W,  Herschel  to  the  sup] 

I  sition  thai  the  body  of  the  sun  is  solid  and  opake,  surround 

r  by  an    extensive   atmosphere,   and   that   the   atmosphere 

almost  constantly  filled  with  luminous  clouds,  which,  floatitig 
about  at  random,  sometimes  separate,  and  discover  to  ua  the 
dark  body  or  nucleus  of  the  sun ;  in  the  same 
when  elevated  by  means  of  a  mountain  or  balloon,  far  above 
tlie  surface  of  the  earth,  we  can  perceive  the  lower  regions 
through  the  openings  in  the  clouds  which  float  beneath.  Sir 
I  W.  Herschel  believes  also  that  there  are  very  high  moimtains 

I  on  the  surface  of  the  sun,  whose  summits,  appearing  at  inter- 

vals above  the  luminous  matter,  exhibit  the  appearance  of 
black  spots.     These  explanations  are,  it  is  true,  sufficienl 
conformable  to  the  facts  observed.     But  the  phenomena 
be   accounted  for  equally  well  by  supposing  with   L^l 
that  the  body  of  the  sim  is  itself  inflamed.     For  the  develi 
ment    of   the  elastic  fluids  which  would  be  formed  in 
interior  of  this   mass,   would   occasion   terrible   coir 
there ;   and,  on   this  supposition,   the   spots  might  be  d( 
cavities,  whence   issue  at   intervals   vast   eruptions   of* 
feebly  represented  by  terrestrial  volcanoes. 

265.  Having  discovered  the  spots  on  the  sun,  we  endear 
to  follow  them  and  ascertain  their  motions.     The  most 
method  of  doing  this  is,  as  we  have  already  said,  to  note  fe 
several  days  the  diiferences  of  right  ascension  and  declinatic 
between  the  spot  and  the  sun's  centre;   and  thence  dedUGS-i 
Top.  106  the  difl'erenccs  of  latitude  and  longitude. 
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Let  lis  suppose  that  7*  represents  the  centre  of  tlie  carlh  Fig.  ss, 
E  e  the  echjitic  or  great  circle  described  by  the  sun,  USA  the 
sun's  apparent  disc,  C  its  centre,  and  M  the  apparent  position 
of  the  spot,  wliich  we  suppose  to  be  south  of  the  plane  of  the 
ecliptic.  The  angles  CTP  will  be  the  difference  of  longi- 
tude, and  the  angle  PTM  will  he  the  difference  of  latitude, 
that  of  the  centre  being  nothing.  These  two  angles  will  be 
known  from  observation,  that  is,  they  can  be  deduced  from 
the  diflcrences  of  observed  right  ascension  and  declination. 

These  angles  being  very  small,  wc  may,  in  our  first  ap- 
jiroximation,  consider  the  arcs  which  measure  them  as  bo 
many  straight  lines  ;  and  if  we  suppose  them,  as  is  generally 
the  case,  measured  on  the  celestial  sphere,  whose  radius  is 
CT,  the  angle  CTP,  or  the  arc  which  measures  it,  will  be 
represented  by  the  line  CP ;  the  angle  PTM  by  the  Ime 
PM,  and  the  sim's  apparent  diameter  by  BA.  Consequently, 
in  order  to  obtain  a  precise  idea  of  the  position  of  the  spot,  Fig.  56. 
we  may  describe  at  pleasme  a  circle  ASB,  the  diameter 
of  wliich  may  be  supposed  to  contain  ■as  many  parts  of 
unity,  as  the  apparent  diameter  of  the  sun  contains  seconds. 
We  take  the  line  CP  equal  to  the  number  of  seconds 
in  the  difference  of  longitude,  and  the  perpendicular  PM 
equal  to  the  number  of  seconds  in  the  latitude  of  the  spot ; 
and  wo  shall  thus  have  the  position  of  the  spot  represented 
on  the  apparent  disc  of  the  sun.  If  we  repeat  the  same  Fig.  »- 
operation  for  several  successive  days,  we  shall  obtain  a  series 
of  pomts,  as  M,  M',  M",  M'",  representing  the  apparent 
path  of  the  spot  across  the  sun's  disc ;  or  rather,  we  shall 
have  the  projection  of  the  curve  which  it  de.scribes,  on  a 
plane  perpendicular  to  the  visual  ray  drawn  from  the  earth 
to  the  centre  of  the  sun.  This  projection  is  gaierally  an 
oval  curve,  much  resembling  an  ellipse,  and  all  the  spots 
which  are  observed  at  the  same  time,  describe  similar  and 
parallel  curves.  The  duration  of  their  revolution  is  also  the 
same.  They  all  employ  about  27'' 7*  12' in  returning  to  the 
same  apparent  position  on  the  disc. 

266.  The  form,  curvature,  and  inclination  of  these  ovals, 
are  subject  to  very  great  variations.     At  the  end  of  November 
and  the  beginning  of  December,  they  are  simply  straight  lines,  Fig.  87, 
aa  M  m,  M"  ml,  M"  m".     Then  the  spots  move  from  M  to  »«, 
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that  is,  from  the  south  to  the  north  of  the  ecliptic.    The  points 

flf,  M', where  they  begin  to  appear,  and  which  may 

be  called  their  rising,  are  less  elevated  than  the  points  »»,  «', 
m"  ....  where  they  disappear,  and  which  may  be  called 
their  setting.  By  degrees  these  straight  lines  become  curred 
and  form  ovals,  as  in  figure  68.  During  the  winter  and  s[»ing, 
the  convexity  of  these  ovals  is  turned  towards  the  north 
pole  of  the  ecliptic ;  but  at  the  some  time  their  inclination 
changes ;  and  about  the  first  of  March,  the  points  where  the 
spots  begin  to  appear,  are  as  much  elevated  in  the  echptic  as 
those  where  they  disappear.  See  figure  59.  From  thii 
moment,  the  change  of  inclination  continuing  in  the  same 
direction,  the  curvature  of  the  ovals  diminishes.  They 
gradually  contract  imti),  by  the  last  of  May  or  the  first  of 
June,  they  again  appear  imder  the  form  of  straight  lines. 
Fig.  60.  But  their  inclination  to  the  ecliptic  is  precisely  the  oppoata 
to  what  it  was  six  months  before.  From  this  time  they 
again  become  cmTred  as  in  figure  61,  and  their  conveiily  it 
directed  toward  the  south  pole  of  the  ecliptic  ;  at  the  same 
time  their  inclination  changes.  The  first  of  September,  they 
appear  imdcr  the  form  represented  in  figure  62.  The  poiiils 
where  the  spots  appear  are  as  high  as  those  where  they 
disappear.  Having  reached  this  limit  the  ovals  contract,  and 
become  again  inclined  to  the  ecliptic ;  till  in  the  month  oi 
December  we  see  them  under  the  form  of  straight  lines,  as 
we  did  the  year  before. 

267.  These  phenomena  are  repeated  every  year,  observing 
the  same  periods  of  increase  and  diminution.  Hence  we  in- 
fer that  the  cause  which  produces  them  is  equally  imifonn 
and  regular.  It  must  also  be  common  to  all  the  spots,  since 
it  makes  them  describe  orbits  exactly  parallel,  and  subject  to 
the  same  variations  in  their  appearance.  The  most  simple 
supposition  is,  that  these  spots  adhere  to  the  surface  of  the 
snn,  and  revolve  with  it  in  the  coiu-se  of  a  certain  number  d 
days.       ' 

Moreover,  the  different  and  successive  infiections  of  the  lines, 
described  by  the  spots,  indicate  an  axis  of  rotation  which  is 
not  perpendicular  to  the  ecliptic  ;  for  if  it  were,  all  the  spots 
would  describe  circles  parallel  to  this  plane.  These  ciiclef, 
seen  from  the  earth  at  a  great  distance,  would  appear  like  s.> 
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many  straight  lines  parallel  to  the  ecliptic  ;  and  these  appear^ 
ances  would  remain  constantly  the  sume,  which  is  not  con- 
formable to  observation. 

On  the  contrary,  ail  the  phenomena  are  explained  in  the 
most  simple  maimer  hy  siipposing  the  sun  to  revolve  ahout  an 
axis  inclined  to  the  ecliptic,  and  remaming  constantly  parallel 
lo  itself  during  its  annual  revolution.  This  axis,  carried  by 
the  sun,  takes  successively  different  positions  with  respect  to 
the  earth,  and  exhibits  the  circles  described  by  the  spots 
under  equally  variable  inclinations.  Hence  the  changes  we 
observe  in  their  apparent  ciuvature.  Among  all  these  posi- 
tions, there  are  two  which  ought  to  present  straight  lines; 
these  occur  when  the  plane  drawn  through  the  axis  of  rota- 
tion, perpendicular  to  the  ecliptic,  becomes  also  perpendicular 
to  the  visual  ray  drawn  from  the  earth  to  the  centre  of  the 
sun.  This  can  take  place  only  twice  a  year,  namely,  in  two 
opposite  points  of  the  ecliptic,  and  with  an  interval  of  six 
mouths  between  them.  Then  we  perceive  the  Iwo  poles  of 
rotation  of  the  sun,  that  is,  the  two  points  in  which  the  axis 
of  rotation  meets  the  surface.  In  every  other  position  the 
course  of  the  spots  must  appear  oval ;  but  when  we  perceive 
the  superior  or  north  polo,  the  convexity  of  the  ovals  is  turned 
towards  the  southern  part  of  the  ccUptic  ;  and  when  we  per- 
ceive the  inferior  pole,  the  convexity  is  turned  in  an  opposite 
direction.  The  course  of  the  spots  being  always  in  the  same 
direction,  from  left  to  right,  or  from  east  to  west,  the  points  of 
the  disc  where  they  rise  must,  during  six  months,  be  more 
elevated  than  the  points  where  they  sot.  The  contrary  takes 
place  during  the  other  six  months ;  and  there  are  two  epochs 
in  the  year  when  these  points  are  equally  elevated  above  the 
ecliptic.  From  the  moment  of  this  equality  the  inclination  of 
the  ovals  must  increase  from  day  to  day,  and  attain  their 
maximum  in  three  montlis ;  after  which  it  must  begin  to 
diminish  until  a  second  equality  takes  place ;  hence  it  must 
happen  that  the  epoch  of  greatest  obliquity  is  that  when  the 
path  of  tho  spots  appears  to  be  s  straight  line ;  and,  on  the 
Irary,  the  moment  of  equal  elevation   must   be   that   at 

rhich  the  curvature  appears  greatest.      At   all  other   times 
!Q  the  inchnatioti  decreases,  the  curvature  must  increase, 
and  vice  versa. 

Axtron.  23 
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We  have  endeavoured  to  represent  these  appearances  in 
figure  63,  where  A,  B,  C,  Jf,  E,  are  the  successive  positions 
of  the  sun  with  respect  to  the  earth,  situated  in  T.  P p  indi- 
cates, throughout,  the  axis  of  rotatiou,  and  Mm,  M'm, 
M"  m",  are  the  paths  of  the  spots. 

It  being  impossible  to  represent,  in  the  figure,  the  extreme 
distance  of  the  sun,  wc  must  in  imagination  supply  the  imper- 
fection. B  is  the  place  where  the  axis  of  rotation  becomes  J 
parallel  to  the  plane  of  the  solar  disc,  and  consequently  pei^  1 
pendiculai  to  the  visual  ray  TB.  A,  C,  are  the  points  wheien 
the  apparent  opening  is  tlie  greatest.  As  to  the  opposite 
points,  we  cannot  represent  the  body  of  the  sun  as  seen  from 
the  earth  ;  but  it  is  evident  that  the  appearances  would  be  die 
reverse  of  those  at  the  points  A,  B,  C.  For  example,  the  sun 
having  arrived  at  C,  will  present  to  a  spectator,  placed  at  T, 
the  same  appearance  that  it  would  have  presented  in  A  sii 
months  before,  to  a  spectator  placed  at  A"  on  the  opposite 
side  of  the  earth  ;  that  is,  the  path  of  the  spots  then  appears 
in  the  form  of  ovals,  whose  extremities  are  equally  elevated 
above  the  ecliptic,  but  present  themselves  in  the  opposite  di- 
rection. A  similar  opposition  takes  place  in  all  the  situations 
of  the  sun,  which  are  diametrically  opposite  in  the  orbit. 

268.  All  these  consequences  being  exactly  conformable  lo 
observation,  we  may  conclude  with  certainty,  tfuit  the  sun 
actually  revolves  from  west  to  eagt  about  an  axis  inclined  to 
the  ecliptic. 

The  plane  drawn  through  the  centre  of  the  sun,  perpendicu- 
lar to  this  axis,  is  called  the  stm's  equator.  It  cuts  the  plane 
of  the  ecliptic  in  a  straight  line,  called  the  line  of  the  nodes  of 
this  equator.  The  nodes  themselves  are  the  points  where 
this  straight  line,  produced  indefinitely  in  both  directions, 
meets  the  celestial  sphere. 

269.  In  order  to  ascertain  the  position  of  the  axis  of  rotation 
in  space,  we  must  determine  the  inclination  of  the  solar  eqiu- 1 
tor  to  the  ecliptic,  and  the  angle  which  the  line  of  the  noc 
makes  with  a  fixed  straight  line  drawn  in  the  plane  of  t 
ecliptic;  for  instance,  with  the  line  of  the  equinoxes, 
angle  is  called   the  longitude  of  the  node.     The  following  il 
the  method  which  appears  the  most  simple  and  exact  for  d 
lermming  these  elements. 


Kotation. 

When  we  have  observed  the  position  of  a  spot  on  the  sun's 
disc,  and  calculated  its  latitude  and  longitude,  we  know  the 
direction  of  the  visual  ray  drawn  from  the  earth  to  this  spot, 
at  the  moment  of  observation,  We  know  also,  for  the  same 
instant,  the  longitude,  distance,  and  apparent  diameter  of  the 
sun.  It  then  becomes  a  simple  problem  in  geometry,  to  find 
the  intersections  of  its  supposed  spherical  surface,  by  the  visu- 
a\  ray  drawn  to  the  spot.  Three  similar  observations  of  the 
same  spot  determine  three  points  on  the  surface  of  the  sun, 
and  these  ore  situated  in  the  circumference  of  the  same  circle, 
parallel  lo  the  solar  equator.  Now,  in  general,  the  position  of 
a  plane  is  fi.xed,  when  we  know  that  it  passes  through  three 
known  points ;  the  plane  of  the  circle  described  by  the  spot 
will  therefore  be  fixed  by  these  three  observations,  and  we 
can  thence  deduce  the  position  of  the  solar  equator  wliich  is 
parallel  to  it. 

270.  To  fix  the  successive  positions  of  spots  on  the  surface 
of  the  smi,  supposed  to  be  spherical,  we  conceive  to  be  drawn 
through  the  centre  of  the  sun,  in  known  directions,  three 
rectangular  axes,  remaining  constantly  parallel  to  themselves 
during  its  annual  revolution.  The  first  is  perpendicular  to 
the  ecUptic  ;  the  two  others  are  situated  in  this  plane.  One 
is  parallel  to  the  line  of  the  equinoxes,  and  the  other  perpen- 
dicidar  to  it,  They  are  represented  in  S.  By  heliocentric  Fig.  64. 
latitttdes  and  longitudes,  we  understand  those  which  are  reck- 
oned from  the  centre  of  the  sun,  about  the  three  preceding 
axes.  They  are  evidently  determined  when  we  have  their 
analogous  values,  measiu^d  from  the  centre  of  the  earth, 
which  are  called,  by  way  of  distinction,  geocentric  latitudes 
and  longitudes.  These  values  are  easily  ascertained  by  spheri- 
cal trigonometry. 

By  means  of  this  method,  we  find  that  the  solar  equator  is 
incUned  to  the  ecliptic  at  an  angle  of  6°  21'  53".  It  appears 
to  remain  constantly  parallel  to  itself.  The  points  of  this 
equator,  rising  by  their  motion  of  rotation  above  the  ecliptic 
towards  the  north  pole,  traverse  this  plane  in  a  point  which, 
as  seen  from  the  centre  of  the  sun,  is  found  to  lie  70°  44'  44" 
from  the  vernal  equinox ;  this,  therefore,  is  the  heliocentric 
longitude  of  the  ascending  node  of  the  solar  equator.  It  does 
not  appear  to  experience  any  sensible  variations,  imless  it  be 
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those  which  result  from  the  precession  of  the  equinoxes,  a 
general  effect  already  considered. 

271.  We  have  said  that  the  mean  period  of  the  sun's  rota- 
tion, with  respect  to  the  same  point  of  the  earth,  is  27''  7*'  2fr 
24",  This  is  the  time  after  which  a  given  point  of  the  sun's 
surface  returns  to  the  same  distance  from  the  apparent  centre; 
but  it  is  not  the  time  of  an  absolute  rotation.  During  this 
interval,  the  sun  describes  in  the  echptic  an  arc  equal  to 

0'^  59'  OS"  X  27*  7''  26'  24",  or  26°  56'  08". 
In  consRqiience  of  this  motion  alone,  it  discovers  to  us  each 
day  new  points  of  its  surface,  of  which  it  must,  in  the  coura 
of  a  year,  present  successively  all  the  parts.  Hence  resnlB 
an  apparent  rotation,  which  appears  to  take  place  annually 
about  an  axis  perpendicular  to  the  echptic.  The  effect  of  this 
optical"  deception  is  combined  with  that  of  the  real  rotation,  io 
the  results  of  observation  ;  and  in  order  to  distinguish  between 
the  effects  of  these  two  causes,  they  must  be  considered  sepa- 
rately. 

First,  let  ua  leave  out  of  the  question  the  real  rotation. 
Then  let  us  suppose  a  visual  ray  drawn  from  the  earth  to  the 
centre  of  the  sun,  and  a  plane  passing  through  the  centre 
perpendicularly  to  this  ray.  The  sun's  disc  is  only  the  pro- 
jection of  all  the  points  of  its  surface  on  this  plane.  Tli« 
intersection  of  the  plane  and  the  visual  ray,  forms  what  we 
call  the  centre  of  the  disc.  It  is  to  this  centre  thai  we  refer 
the  point  of  the  surface  of  the  sun,  which  is  in  the  direction 
of  the  visual  ray.  Now  it  is  not  difficult  to  see  that  this 
point  varies  on  the  surface  of  the  sun,  when  the  siui  changes 
Fig.fifi.  its  position  in  the  plane  of  the  ecliptic.  li'  it  is  S,  for  exam- 
ple, T  being  the  centre  of  the  earth,  and  TS  the  visual  ray 
drawn  to  the  centre  of  the  sun,  C  will  be  the  point  of  the 
surface  referred  to  the  centre  of  the  disc.  But  when  the  siui 
is  in  S',  the  point  C,  which  will  then  bo  referred  to  the  centre 
of  the  apparent  disc,  will  differ  from  the  point  C ;  and  Io 
determine  the  arc  described  by  this  last,  we  must  draw  S'T 
through  the  point  S  parallel  to  ST;  the  point  C  will  Uien 
be  in  c,  This  point  is,  therefore,  removed  from  the  apparent 
centre  of  the  disc,  by  the  single  effect  of  the  sun's  annual 
motion.  The  quantity  of  the  removal  is  the  angle  TS'T, 
which  is  equal  to  S'TS,  or  the  motion  of  the  sun  in  itt  orbil, 
during  the  interval  of  the  observations. 


The  effect  of  the  real  rotation  alters  this  apparent  rotation, 
since  it  is  in  a  contrary  direction.  If  it  took  place  about  an 
axis  perpendicular  to  the  ecliptic,  it  would  be  easy  to  esti- 
mate it.  For  when  the  saine  point  of  the  sun's  surface 
returned  to  the  same  distance  from  its  apparent  centre,  which 
it  would  do  in  %!*■  7^  26'  24",  it  would  in  reality  have  de- 
scribed 3S6^  55'  OS",  that  is,  an  entire  circumference  plus 
the  angular  motion  of  the  sun  during  this  interval ;  whence, 
by  proportion,  we  easily  perceive  that  the  time  of  a  complete 
rotation  would  be  26^  9''  36'. 

The  real  axis  of  rotation  being  oblique  to  the  ecUptic,  this 
result  is  not  strictly  exact,  and  the  arc  of  26*^  55'  08", 
described  by  the  points  of  the  surface  parallel  to  the  ecliptic, 
do  not  produce  exactly  the  same  angle  on  the  solar  equator. 
But  as  the  inclination  of  these  two  planes  is  inconsiderable, 
the  error  is  much  less  than  those  to  which  this  kind  of 
observations  is  liable.  Finally,  the  duration  of  the  real  rota- 
tion is  naturally  determined,  when  wc  calcidate  the  succes- 
sive positions  of  the  same  spot  with  reference  to  three  fixed 
axes  drawn  through  the  centre  of  the  sun,  as  we  have  de- 
scribed above ;  for  by  this  method  we  ascertain  the  arc 
actually  described  by  the  spot  on  its  parallel,  between  the 
observations,  and  by  comparing  this  ari;  with  the  time  em- 
ployed in  describing  it,  we  deduce  the  duration  of  the  total 
rotation. 

272.  By  a  very  careful  comparison  of  the  intensity  of  the 
light  which  comes  from  the  sun's  limb,  with  that  which 
comes  from  the  centre  of  its  disc,  Bougner  assured  himself 
that  the  latter  is  the  greatest.  But  as  the  sun  is  a  round  body, 
its  borders  are  presented  to  us  more  obliquely,  offeruig  s 
greater  surface  under  the  same  angle.  The  light  from  this 
part  ought,  therefore,  to  appear  more  intense.  If  the  fact 
were  otherwise,  it  must  be  because  there  is  at  the  borders 
some  more  active  cause  to  diminish  the  intensity  of  the  light, 
than  at  the  centre.  Such  would  be  the  effect  of  a  thick 
atmosphere ;  for,  if  there  exist  a  medium  of  this  kind  about 
the  sun.  the  luminous  rays  coming  from  the  borders  of  the 
disc,  must  traverse  it  for  a  much  greater  extent  than  those 
which  come  from  the  centre.  It  is  thus  that  our  atmosphere 
weakens  the  light  of  the  sun  and  moon  much  more  in  the 
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horizon  than  on  the  meridian.  This  phenomenon,  therefore, 
furnishes  a  strong  probability  of  the  existence  of  an  atmo- 
sphere about  the  sun. 

273.  Another  remarkable  phenomenon,  to  be  attributed 
undoubtedly  to  the  actual  state  and  nature  of  the  sun,  is  that 
luminous  appearance  accompanying  it,  to  which  has  been 
given  the  name  of  zodiacal  light.  We  observe  it  at  evening 
after  sunset,  and  at  the  very  place  where  the  sun  has  left  the 
horizon.  Its  form  is  that  of  a  very  flat  lens  seen  edgewise, 
and  placed  obliquely  with  respect  to  the  horizon,  its  trans- 
verse axis  being  extended  far  into  the  heavens,  as  in  figure 
66.  The  light  is  whitish,  like  that  of  the  milky  way ;  we 
have  sufScient  evidence  that  it  always  accompanies  the  sun, 
and  in  total  eclipses  of  this  luminary,  it  may  be  seen  about 
the  disc  like  a  luminous  atmosphere.  It  is  always  directed  in 
the  plane  of  the  solar  equator,  and  it  is  on  this  account  that 
we  do  not  see  it,  in  the  evening,  equally  well  at  all  seasons. 
For  this  equator  being  differently  inclined  to  the  horizon, 
according  to  the  different  positions  of  the  sim  in  the  ecliptic, 
the  zodiacal  light  is  inclined  also,  and  for  the  most  part  con- 
cealed below  the  horizon  ;  or  at  least  its  brightness  is  greatly 
weakened  by  the  vapors  which  rise  near  the  surface  of  the 
earth.  The  most  favorable  time  for  observing  it  in  our  ch- 
mate  is  about  the  vernal  equinox,  in  February  and  March. 
Then  the  line  of  the  equinoxes  is  in  the  liorizon  at  evening. 

Fig.  67.  The  arc  of  the  ecliptic  SS^^  in  Avhich  the  sun  is,  rises  higher 
above  the  horizon  than  the  equator  SE^.  The  difference  is 
equal  to  the  obliquity  of  the  ecliptic.  Thus  the  zodiacal 
light,  always  directed  in  the  plane  of  the  solar  equator,  which 
is  nearly  coincident  with  that  of  the  ecliptic,  is  then  higher 
than  the  equator,  by  the  whole  of  this  quantity.  In  our 
climate,  no  other  position  of  the  sun  is  so  favorable.  For 
example,  at  the  summer  solstice  the  arc  S^'T  o(  the  ecliptic 
is  parallel  to  the  arc  J5Q  of  the  celestial  equator.  The 
luminous  pyramid  is,  at  evening,  parallel  to  this  equator,  that 
is,  much  more  inclined  than  at  the  vernal  equinox.  The 
same  may  be  said  of  all  other  positions. 

274.  There  are  several  hypotheses  respecting  the  nature 
and  cause  of  this  light.  .  It  was  first  supposed  that  it  emana- 
ted from  the  atmosphere  of  the  sun ;  but  the  author  of  the 
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Meeanufue  Celeste  has  shown,  from  its  form  and  magiiilude, 
that  this  is  impossible.  Some  have  thought  they  could  per- 
ceive a  diminution  when  the  sun  had  fewer  spots,  and  an 
3  when  the  numher  was  greater.  But  whatever  be  the 
cause  of  tliis  light,  it  is  certain  that  the  matter  which  it  sends 
to  us  is  extremely  rare,  since  the  smallest  stars  may  be  seen 

'ough  it. 
J  375.  With  respect  to  the  name  zodiacal  light,  it  is  derived 
a  zone  called  the  zodiac,  extending  S'^  on  each  side  of 
ecliptic,  and  within  which  it  was  formerly  beUeved  that 
he  orbits  of  all  the  planets  were  contained.  Tlie  luminous 
ppearanco  in  question  being  always  comprehended  within 
s  zone,  it  has  hence  received  its  denommation. 
276.  We  shall  not  here  speak  of  the  magnitude  of  the 
,  nor  of  the  means  employed  to  estimate  its  density, 
Piese  subjects  cannot  be  discussed  till  we  know  exactly  the 
istance  of  the  sun  from  the  earth,  and  that  of  the  other 
savenly  bodies.  We  must,  therefore,  defer  the  consideration 
«f  them  until  we  have  explained  the  method  of  determining 
the  sun's  parallax,  and  the  true  dimensions  of  the  planetary 
orbits. 


Inequality  of  Days  and  Seasons  in  Different   Parts  of  the 
EaTth. 

277.  We  now  return  to  the  earth,  and  since  the  presence  of 
tie  stm  has  so  much  influence  on  its  productions,  we  avail 
irselves  of  the  knowledge  we  have  just  acquired,  for  the 
!  of  considering  the  earth  in  this  new  relation.  By 
Somparing  the  different  aspects  under  which  it  presents  itself 
D  the  Sim  in  its  different  positions,  we  shall  be  led  to  some 
irious  conclusions. 

We  remark,  first,  that  we  cannot  trace  the  plane  of  the 
ecliptic  on  the  surface  of  the  earth,  as  we  already  have  that  of 
the  equator.  For  the  equator  is  perpendicular  to  the  axis  of 
rotation  of  the  celestial  sphere ;  and  in  turuijig  with  it,  it 
does  not  change  its  position  with  respect  to  the  earth,  which 
it  always  cuts  in  the  same  points.     But  the  echptic  is  obUque 
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to  the  axis  of  the  equator ;  it  is  fixed  in  the  heavens,  but 
movable  with  respect  to  the  earth.  In  turning  with  the 
celestial  sphere,  it  necessarily  cuts  the  earth  in  different  points, 
and  the  line  of  its  intersection  is  perpetually  varying.* 

But  we  can  fix  the  portion  of  this  intersection,  and  detest- 
mine  the  part  of  the  earth  in  which  it  is  always  compre- 
hended during  the  rotation.  It  is  bounded  on  the  north  and 
south  by  two  terrestrial  parallels,  corresponding  to  the  tropics 
of  cancer  and  capricom.  If  we  suppose  a  straight  line  drawn 
from  the  centre  of  the  earth  to  two  opposite  points  of  the 
celestial  tropics,  and  cause  the  earth  to  turn  upon  its  axis,  this 
straight  line  remaining  fixed,  will  trace  on  the  surface  of  the 
earth  the  two  parallels  in  question,  which  receive  the  same 
names  as  the  corresponding  lines  on  the  celestial  sphere.  All 
the  places  which  are  situated  in  them  have  one  of  the  points 
of  the  celestial  tropics  for  their  zenith,  and  their  latitude  is 
equal  to  the  obliquity  of  the  ecliptic,  or  23°  27'  47'^  These 
conditions  are  sufficient  to  enable  us  to  determine  them. 

278.  The  tropic  of  cancer ,  or  northern  tropicj  traverses  the 
northern  part  of  Africa,  passing  to  the  south  of  Mount  Atlas, 
through  Sienna  in  Ethiopia,  across  the  Red  Sea,  and  to  the 
north  of  Mecca.  It  then  enters  India  south  of  the  Persian 
Gulf,  and  passes  out  through  the  coast  of  China;  thence 
over  a  part  of  the  South  Sea  to  North  America,  at  the  south- 
em  extremity  of  California.  Finally,  it  extends  through  the 
Gulf  of  Mexico,  and,  crossing  the  Atlantic  Ocean,  returns  by 
the  western  coast  of  Afiica  not  far  from  the  Canaries. 

279.  The  tropic  of  capricom,  or  southern  tropic,  cuts  the 
southern  extremity  of  Afiica  and  the  Island  of  Madagascar; 
thence  it  passes  through  the  Indian  Ocean  to  New  Holland ; 
crosses  the  whole  extent  of  the  South  Sea,  traverses  Para- 
guay in  South  America,  and  returns  to  Africa  through  the 
Atlantic  Ocean.     A  great  portion  of  this  tropic  lies  along  the 


•  We  generally  trace  the  ecliptic  on  globes  intended  for  the  study 
of  geography,  and  represent  it  as  passing  through  the  points  where 
the  equator  cuts  the  first  meridian.  But  this  is  attended  with  a  great 
inconvenience ;  for  the  learner  may  be  led  to  believe  that  the  inter- 
section of  the  ecliptic  is  actually  fixed  by  the  points  marked  on  the 
globe ;  while  it  is  in  reality  variable. 
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surface  of  water.     In  general,  there  is  much  less  land  in  the 
southern  hemisphere  than  in  the  northern. 

280.  It  is  well,  moreover,  in  physical  geography  to  dis- 
tinguish, on  the  surface  of  the  earth,  the  two  small  circles 
corresponding  to  the  celestial  polar  circles.  If  we  cause  the 
earth  to  roiate  in  the  direction  of  the  diurnal  motion,  the  axis 
of  the  ecliptic,  remaining  fixed,  will  trace  on  the  terrestrial 
siirfncc  the  parallels  in  question.  The  places  which  are 
situated  on  them  have  some  point  of  the  polar  circles  for 
ilieir  zenith.  Their  latitude  is  therefore  equal  to  the  decU- 
nitiion  of  these  circles,  or  66°  SS"  13".  This  is  the  comple- 
ment of  the  obHquity  of  the  ecliptic. 

281.  The  north  polar,  or  arctic  circle,  crosses  Iceland  in  the 
Northern  Ocean,  enters  Norway,  and  cutting  the  northern 
extremity  of  the  gulf  of  Bothnia,  traverses  Asiatic  Russia, 
ihc  Northern  Strait,  and  having  passed  through  unknown 
countries  in  North  America,  extend  through  Davis'  Straits, 
and  a  part  of  Greenland,  and  thence  returns  to  Iceland. 

282.  The  south  polar,  or  antartic  circle,  seems  to  be  boimd 
on  all  sides  by  perpetual  ice. 

283.  In  general,  the  southern  hemisphere  appears  to  be 
colder  than  the  northern.  The  region  of  ice  surrounding  the 
north  pole  scarcely  extends  to  the  distance  of  9°,  while  thai 
surroimding  the  south  pole  extends  more  than  18°,  and  the 
enormous  masses  which  detach  themselves  from  it,  float  25° 
or  30°  from  the  pole.  The  same  holds  true  with  respect  to 
the  lands  abandoned  by  the  waters ;  and  countries  like  Tena 
del  Fuego,  situated  in  the  southern  hemisphere,  a  latitude  not 
exceeding  that  of  France,  are  covered  with  perpetual  snow. 

The  two  polar  circles  and  the  two  tropics  divide  the  surface 
of  the  earth  into  five  zones,  which  are  as  much  distinguished 
from  each  other  by  their  position  with  respect  to  the  sun,  as 
by  the  variety  of  their  productions  and  temperature. 

284.  To  imderstand  these  varieties,  let  us  follow  the  course 
of  the  sun  from  one  tropic  to  the  other,  and  as  the  heat 
which  it  diffuses  depends  simply  on  its  elevation  and  the 
duration  of  its  presence,  we  need  Qtity  notice  its  motion  in 
declination. 

The  sun,  by  reason  of  its  magnifade,  illuminates  more  than 
half  the  earth  at  once ;  for  it  is  proved  by  the  eclipses  of  the 
Astron.  34 
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moon,  that  the  earth's  shadow  has  the  form  of  a  very  elcm- 
gated  cone.  But  the  rays  of  this  cone  cross  each  other  mida 
so  small  an  angle,  that,  in  these  general  views,  we  may  regard 
them  as  absolutely  parallel*  Then,  if  we  suppose  a  straight 
line  drawn  from  the  centre  of  the  earth  to  the  centre  of  the 
Sim,  the  plane  perpendicular  to  this  line  will  separate  the 
illuminated  part  of  the  earth's  surface  from  the  dark.  The 
circle  forming  this  limit  is  called  the  circle  of  illuminaiion. 

Let  us  now  suppose  the  sun  to  be  in  S  at  the  southern  tropic. 
I^g-  »•  Then  the  ray  CS  makes  with  the  equator  CE  an  angle  equal 
to  the  obliquity  of  the  ecliptic.  The  circle  of  illum^iatioa 
ir  makes  with  the  same  plane  an  angle  ICE  of  90°— 
230  27'  47'',  or  66°  32'  13",  equal  to  the  complement  of  the 
obliquity.  Thus  the  parallel  IP  is  the  arctic  polar  circle,,  and 
/'P'  is  the  antarctic  polar  circle.  Now  if  we  cause  the  earth 
to  turn  about  the  axis  AB  of  the  equator,  to  represent  the 
effect  of  the  diurnal  motion,  the  following^  phenomena  will 
present  themselves : 

The  equator  E  Q  will  be  half  in  the  illuminated  and  half 
in  the  dark  part ;  the  night  will  therefore  be  equal  to  the  day. 

All  the  points  situated  between  the  north  pole  B  and  the 
arctic  circle  IP  will  have  no  day. 

All  the  points  situated  between  the  south  pole  A  and  the 
antarctic  circle  /'P'  will  have  no  night. 

The  parallels  intermediate  between  these  two  extremes 
will  have  the  night  or  day  the  longer,  according  as  they  are 
situated  north  or  south  of  the  equator. 

Lastly,  this  position  of  the  sun  is  that  of  the  winter  solstice 
for  the  northern  parallels,  situated  beyond  the  tropics,  and  of 
the  summer  solstice  for  those  to  the  south. 
Fig.  70.  As  the  sun  approaches  the  equator,  the  circle  of  illumina- 
tion //'  approaches  the  poles ;  it  leaves  a  portion  of  the  south 
polar  circle,  which  is  thrown  into  the  shade,  and  embraces  a 
portion  of  the  north  polar  circle,  which  begins  to  be  illuminat- 
ed by  the  sun.  By  the  effect  of  this  change,  the  days  increase 
in  length  to  the  people  of  the  north,  and  decrease  to  those  of 
the  south. 

In  general  the  northern  parallel,  which  begins  to  enjoy  day- 
light, has  its  polar  distance  equal  to  the  declination  of  the 
upper  limb  of  the  sun,  that  is,  equal  to  the  declination  of  the 
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centre  minus  the  apparent  semidi&meter ;  and  the  southern 
parallel,  which  begins  to  be  exposed  to  night,  has  its  polar 
distance  equal  to  the  declination  of  the  sun's  centre  plus  the 
apparent  semidJameter.  It  is  evident  that  we  must  here  em- 
ploy the  apparent  declination,  that  is,  the  declination  affected 
by  refraction  minus  the  horizontal  parallax. 

Having  reached  the  plane  of  the  equator  the  sun  illumi-Flg.  ti. 
nates  Ihc  earth  from  one  pole  to  the  other,  and  the  nights  and 
days  are  equal ;  this  takes  place  at  the  instant  of  the  equinox. 

Soon  after,  advancing  toward  the  northern  tropic,  the  sun 
abandbns  entirely  the  south  pole,  which  is  exposed  to  con- 
tinued night ;  and  illuminates  entirely  the  north  pole,  which 
is  favored  with  uninterrupted  daylight.  At  the  equator  the 
equality  remains  constant,  f"'S-  72. 

This  progressive  stale  continues  till   the  sun  reaches  the  rig.  ts. 
northern  tropic. 

Then  all  the  points  situated  between  the  north  pole  and'the 
arctic  circle  have  continued  daylight, 

All  the  points  situated  between  the  south  pole  and  the  an- 
tarctic circle  are  exposed  to  night  without  interruption.  The 
intermediate  parallels  have  the  day  or  the  night  the  longer, 
according  as  they  are  situated  north  or  south  of  the  equator, 
where  the  days  and  nights  are  always  equal. 

This  is  the  instant  of  the  summer  solstice  for  the  northern 
parallels  situated  beyond  the  tropic,  and  of  the  winter  solstice 
for  those  to  the  south. 

These  phenomena  are  the  reverse  of  those  which  take  place 
when  the  sun  is  in  the  southern  tropic.  In  retimiing  toward 
this  tropic  the  same  phenomena  are  presented  in  the  inversa 
order. 

The  zone  comprehended  between  the  two  tropics  always 
has  the  sun  nearly  vertical.  The  heat  is  therefore  great,  and 
hence  it  is  called  the  torrid  or  fyurning  zone.  It  is  there  that 
nature  has  developed  all  her  resources.  Animals,  plants,  and 
even  inorganic  substances,  are  there  endowed  with  the  liveU- 
esl  colors  ;  and  there  are  found  the  most  delicious  fniils. 

On  the  contrary,  the  regions  extending  from  th»  poles  to 
the  polar  circles  never  have  the  sun,  except  under  a  very 
great  obliquity,  They  have  long  intervals  of  day  and  night ; 
and,  directly  at  the  poles,  there  is  but  one  day  and  one  night 
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in  the  year,  each  of  six  months.  These  regions  are  exposed 
to  extreme  cold ;  they  are  consequently  4)arren  and  almost 
uninhabitable.     They  are  called  frigid  or  frozen  zones. 

The  coimtrles  which,  like  Europe,  lie  between  the  tropics 
and  polar  circles,  never  receive  the  sun's  rays  imder  a  very 
great  or  a  very  small  obliquity,  and  being  never  subject  to 
long  periods  of  day  and  night,  they  preserve  a  mean  tempera- 
ture, on  which  accoimt  they  are  called  temperate  zones. 

286.  There  are,  however,  several  causes  which  tend  to  les- 
sen the  long  continued  darkness  of  the  polar  regions.  In  the 
first  place,  the  smallest  visible  portion  of  the  sun's  disc  is 
sufficient  to  afibrd  a  considerable  Ught.  Accordii^ly,  the  day 
commences  when  the  centre  of  the  disc  is  below  the  horizon 
(P  16'  32'',  that  is,  by  a  quantity  a  little  less  than  its  semi- 
diameter.  This  circumstance  adds  several  days  to  the  time 
the  sun  is  visible  under  the  polar  circles.  Refraction  also 
increases  this  effect,  9nd  the  more  so  as  it  is  more  considerable 
in  these  frozen  regions,  where  the  air  is  always  rendered  very 
dense  by  cold.  Another  cause,  which  tends  to  increase  the 
refraction  still  more,  is  the  almost  constant  congelation  of 
the  surface  of  the  ground,  which  must  render  the  decrease  of 
the  density  of  the  air  very  rapid  for  small  heights.  These 
circumstances  combined  must  often  produce  extraordinary 
refractions,  which  render  the  sun  visible  much  sooner  than 
it  would  otherwise  be.  A  phenomenon  of  this  kind  was  ob- 
served in  1597  by  three  Hollanders,  who,  having  advanced 
to  the  parallel  76^^  north  latitude,  were  overtaken  by  ice,  and 
obliged  to  pass  the  winter  at  Nova  Zembla.  After  a  night  of 
three  months'  duration,  the  cold  having  become  excessive, 
the  sun  suddenly  appeared  in  the  horizon  at  the  south  14  days 
sooner  than  they  expected  it  in  this  latitude,  and  continued 
from  this  time  to  rise  higher  and  higher.  If  what  is  here  al- 
leged be  true,  there  must  have  been  a  refraction  of  nearly  Z^P. 

Moreover,  twilight,  which  continues  longer  in  these  coun- 
tries than  in  oiurs,  affords  a  degree  of  light  sufficient  for  many 
important  occupations.  To  understand  the  reason  of  this  it 
must  be  jemembered,  that  twilight  does  not  cease  till  the  sun 
has  descended  18^  below  the  horizon.  This  limit  is  deter- 
mined by  noting  the  time  which  elapses  between  the  setting 
of  the  sun  and  the  instant  when  the  small  stars  in  the  direc- 
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tioD  of  the  twilight  become  visible  to  the  naked  eye.  If  then 
we  draw  a  plane  parallel  to  the  horizoo,  and  passing  18^  be- 
low the  centre  of  the  eailh,  the  twilight  will  be  visible  till  the 
upper  limb  of  the  sun  haa  reached  this  plane.  Let  ifc  suppose 
ourselves  placed  at  the  north  pole  B.  We  have  the  equator  Fig.  it. 
in  the  horizon ;  the  sun  will  remain  visible  as  long  as  his 
upper,  limb,  elevated  by  the  reiraction  minus  the  parallax,  is 
above  this  plane,  and  will  disappear  when  it  passes  below; 
but  the  twilight  will  continue  till  it  has  descended  18'-'  below. 
Now  the  greatest  de^ession  of  the  sun  takes  place  when  it  is 
in  the  southern  tropic  23'='  27'  47"  distant  from  the  equator. 
Thus,  ii'  we  call  the  semidiameter  of  the  sun,  plus  the  refrac- 
tion, minus  the  horizontal  parallax,  only  0°  59'  24",  the  time 
of  complete  obscurity  at  the  pole  will  only  be  the  time  em- 
ployed by  the  sun  in  describing 

230  27'  47"  —  IS'^  —  69',  24",  or  A°  28'  23", 
before  and  after  the  solstice,  which  amounts  to  only  70  days 
of  night  instead  of  six  months.  This  duration  would  be  stUl 
less,  if,  instead  of  supposing  ourselves  at  the  poles,  we  were 
situated  at  any  point  neater  the  polar  circle,  where  the  means 
of  subsistence  are  afforded. 

286.  Moreover,  when  the  moon  passes  to  the  north  of  the 
equator,  it  revolves  constantly  about  the  pole,  and  the  inhabi- 
tants of  the  polar  regions  see  it  continually  near  the  horizon, 
as  they  do  the  sim  at  the  time  of  its  northern  declination. 

Lastly,  the  long  nights  of  these  regions  are  alleviated  by  a 
variety  of  meteoric  lights,  as  the  aurora  boreaUs,  and  fire 
balls,,  which  are  very  frequent,  and  serve  to  diminish  the 
dreariness  of  a  polar  winter. 

287.  As  we  have  undertaken  to  speak  of  twihght,  it  may 
be  worth  while  to  give  some  further  details  on  this  subject. 
Accordingly,  let  O  represent  the  place  of  an  observer  on  the  Fig.  th. 
surface  of  the  earth,  and  let  him  be  supjiosed,  at  the  same 
time,  at  the  centre  of  the  celestial  sphere  ;  let  ABH  represent 

(he  horizon,  E  Q  the  equator,  HEH'  the  meiidian,  and  A'B'C 
the  crepiismtum  circle  18*^  below  the  horizon.  The  twihght 
will  not  cease  till  the  sun  has  reached  this  limit ;  but  the  sun 
will  not  always  reach  this  limit  in  the  same  time.  If  we 
leave  out  of  account  the  inequalities  of  its  proper  motion, 
which  are  of  little  importance  in  the  view  wc  are  now  taking, 
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the  sun  will  describe  the  same  number  of  degrees  in  the  aamfi 
time  in  every  parallel  of  latitude.  Now  the  arcs  AA'^  BB'^ 
CC\  are  unequal  in  two  respects.  1.  They  do  not  contain 
the  same*number  of  degrees.  2.  The  degrees  are  not  of  the 
same  length.  These  two  causes  are  opposed  to  each  other. 
If  we  consider,  for  instance,  a  southern  parallel,  situated  near 
the  equator,, it  will  be  readily  seen  that  the  increase  of  south- 
em  declination  tends  at  first  to  diminish  the  length  of  the  arc 
AA',  For,  the  parallel  becoming  south,  the  plane  of  the  hori- 
zon and  that  of  the  crepusculum  circle  cut  it  nearer  its  centre 
than  if  it  were  north.  The  arc  AA'^  intercepted  between 
these  planes,  becomes  less  oblique  to  them,  and  as  their  direct 
distance  asunder  is  always  the  same,  the  length  of  the  arcs 
intercepted  diminishes  with  their  obliquity.  But,  on  the 
other  hand,  as  the  declination  increases,  the  radius  of  the  par- 
allel diminishes,  and  the  number  of  degrees,  belonging  to  the 
same  length,  becomes  greater.  Whence  it  is  obvious  that 
there  must  be  one  parallel,  where  the  compensation  takes 
place  in  the  most  perfect  marmer ;  and  it  is  this  which  gives 
the  shortest  twilight.  For  the  latitude  48^  hV  N.  it  is  found 
by  calculation,  that  this  parallel  is  situated  about  6^  SCK  56" 
south  of  the  equator.  When,  therefore,  for  the  above  lati- 
tude the  sun's  southern  declination  is  6^  50'  56'',  that  is, 
about  the  3d  of  March  and  the  10th  of  October,  the  twilight 
is  the  shortest,  being  1**  47'.  The  duration,  as  well  as  the 
time  of  the  shortest  twilight,  is  different  in  different  latitudes. 
But  the  shortest  possibly  twilight  takes  place  at  the  equator 
at  the  time  of  the  equinoxes.  Its  duration  is  1**  12'.  •  The 
longest  twilight  takes  place  at  the  time  of  the  summer  sol- 
stice, with  respect  to  all  countries  which  are  in  an  oblique 
sphere,  that  is,  with  respect  to  those  which  have  the  axis  of 
the  equator  inclined  to  the  horizon.  In  latitude  42^  23'  28" 
it  is  2^  20'  31". 

288.  By  means  of  the  twilight  we  are  able  to  calculate  the 
height  of  the  atmosphere,  or  rather  of  that  part  of  the  atmo- 
sphere whose  density  is  sufficient  to  reflect  to  the  observer 
a  sensible  light.  Let  C  be  the  centre  of  the  earth,  O  the 
Fig.  76.  observer  placed  at  the  surface,  SH  the  direction  of  the  solar 
rays  at  the  end  of  twilight,  that  is,  when  the  angle  S^CH', 
which  they  form  with  the  horizon,  is  18^.     Then  the  last 
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particles  of  the  atmosphere,  which  give  us  twiUght,  are  in  the 
.horizon  at  H ;  and  the  ray  SH,  by  which  they  are  illumi- 
nated, is  a  tangent  to  the  earth.  Accordingly,  if  we  draw  the 
radius  CO,  and  the  secant  CH,  the  angle  O'CO,  equal  to 
JJ'CS',  wUl  be  18^,  and  HCO  will  be  9°.  Now  the  tables 
give,  for  the  secant  of  9°,  1,01,  radius  being  unity.  GH  is 
therefore  equal  to  the  hundredth  part  of  ihe  radius  of  the 
earth,  that  is,  39,56  miles.  li 

Thus  the  superior  strata  of  the  atmosphere  are  elevated  at 
least  39,56  miles.  As  this  result  is  talceu  from  observations 
which  may  not  have  been  very  exact,  it  is  not  to  be  regarded 
as  the  precise  limit.  For  this  reason  we  have  neglected  the 
fractions  in  the  calculation,  and  paid  no  regard  to  atmospheri- 
cal refraction,  although  this  must  modify,  in  some  degree, 
the  duration  of  twilight. 

2S9.'  What  we  have  said  respecting  the  duration  of  twilight 
is  lo  be  understood  as  applying  only  to  the  general  level  of 
the  earth's  surface.  It  appears,  that  on  the  lops  of  high 
mountains  the  light  reflected  by  the  atmosphere  is  visible 
much  longer.  This  is  not  to  be  ascribed  to  the  eSect  of  the 
atmospheric  strata  where  the  observer  is  placed,  for  the  den- 
sity of  the  air  grows  less  and  less  as  we  ascend ;  but  the 
light  is  reflected  by  the  thick  and  extensive  volume  of  air, 
which  borders  the  horizon  on  all  sides.  During  several  nights 
which  Saussme  passed  on  one  of  the  siunmits  of  the  Alps, 
about  11000  feet  high,  called  Col  du  Geani,  he  saw  the  whole 
extent  of  the  horizon  bordered  by  a  pale  but  distinct  light, 
which  continued  from  sunset  to  simrise  ;  although  at  midnight 
the  sun  descended  much  below  the  ordinary  hmit  of  twilight, 
since  it  was  no  less  than  45''  below  the  horizon.  M.  de 
Humboldt  observed  a  similar  light  from  the  summit  of  the 
volcanic  Antisana.  It  has  been  supposed  that  this  phenome- 
non was  occasioned  by  phosphoric  vapors  spread  through  the 
atmosphere  ;  but  it  has  been  proved  that  a  decrease  of  density 
in  the  atmosphere,  a  little  more  rapid  than  that  which  ordi- 
narily takes  place  iu  the  lower  strata,  is  sufficient  to  produce 
this  effect,  and  might  even  bring  to  an  observer,  placed  on 
the  summit  of  a  mountain,  the  light  from  the  opposite  hemi- 
sphere. We  shall,  hereafter,  notice  a  similar  phenomenon 
arising  from  the  same  cause,  to  be  observed  in  eclipses  of  the 
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Hypothesis  of  the  Annual  Motion  of  the  Earth. 

290.  Hitherto  we  have  supposed  the  earth  to  remain  sta- 
tionary in  space,  and  the  sun  to  move  about  it  in  the  plane  of 
the  echptic.  But  this  may  be  only  an  appearance  ;  it  is  pos- 
sible that  the  sun  is  in  reality  the  fixed  body,  and  the  earth 
the  movable  one.  According  to  this  supposition,  the  earth 
must  perform  about  the  sun  all  the  motions  that  the  sun 
appears  to  perform  about  the  earth.  The  annual  revolution 
must  take  place  in  an  ellipse,  the  stationary  body  occupying 
one  of  the  foci ;  and  all  that  we  have  said  with  respect  to  the 
solar  ellipse,  must  be  understood  of  the  terrestrial  ellipse. 

Not  only  is  this  supposition  possible,  but  analogy  renders 
it  highly  probable ;  for  we  shall  see  hereafter  that  all  the 
planets  and  comets  move  thus  about  the  sun.  "We  shall  state 
in  succession  the  arguments  we  have  to  offer  in  favor  of  this 
hypothesis ;  and,  in  order  that  their  force  and  connexion  may 
be  the  better  perceived,  we  shall  present  the  phenomena  of 
the  annual  revolution,  in  the  same  mamier  as  we  have  done 
those  of  the  diurnal  motion. 

291.  Let  us  suppose,  then,  that  the  earth  has  two  motions, 
one  of  rotation  on  its  axis,  and  the  other  of  revolution  round 
the  sun. 

The  axis  of  rotation  of  the  earth,  which  is  perpendicular 
to  the  terrestrial  equator,  remains  very  nearly  parallel  to  itself 
during  each  revolution  ;  for  the  changes  which  nutation  and 
the  attraction  of  the  planets  produce  in  the  inclination  of  the 
equator  to  the  ecliptic,  amount  only  to  a  few  seconds  in  the 
interval  of  a  year.  The  earth,  therefore,  on  the  supposition 
that  it  revolves  in  an  ellipse  about  the  sun,  will  describe  areas 
proportional  to  the  times. 

292.  This  double  motion,  composed  of  rotation  and  revo- 
lution, has  therefore  in  itself  nothing  impossible  or  contrary 
to  the  laws  of  mechanics.  We  have  a  striking  example  in 
the  tops  with  which  children  amuse  themselves.  The  motion 
is  produced  and  supported  by  lateral  impulses,  which  cause 
them  to  turn  upon  an  axis,  and  at  the  same  time  to  describe 
with  their  point  very  various  curves.  Indeed,  it  is  demon- 
stj^ated  in  mechanics  that  such  a  motion  may  result  from  a 
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single  lateral  impulse  ;  and  this  applies  at  the  same  time  to 
the  top  and  to  the  earth,  with  this  difference,  that  the  earth 
not  appearing  to  experience  any  resistance  in  space,  there  is 
no  need  of  renewing  the  force ;  whereas,  that  of  the  top  is 
incessantly  diminished,  in  consequence  of  the  frirtion  of  its 
point  and  the  resistance  of  the  air, 

293.  To  show  in  what  manner  the  phenomena  presented 
to  us  are  explained  upon  this  hypothesis,  let  us  apply  it  to  the 
difference  and  inequality  of  the  seasons. 

When  we  suppose  the  earth  stationary,  we  explain  the 
difference  of  the  seasons  by  making  the  sun  to  ascend  and 
descend  from  one  tropic  to  the  other.  When  we  suppose  the 
earth  in  motion,  the  same  phenomena  are  explained  by  the 
different  aspects  under  which  it  is  presented  to  the  sun  in 

f  different  parts  of  its  orbit. 
'  At  the  summer  solstice,  about  the  22d  of  June,  the  earth 
is  near  its  aphelion,  or  point  of  greatest  distance  from  the  sun ; 
then  its  position  is  that  which  is  represented  in  figure  77. 
The  sun  is  vertical  at  the  northern  tropic  T  t ;  the  north  pole 
is  entirely  illuminated,  and  it  is  summer  in  the  northern 
hemisphere. 

At  the  winter  solstice,  about  the  32d  of  December,  the 
earth  takes  a  position  directly  the  reverse,  as  represented  in 
figure  78.  It  is  now  near  its  perihelion,  or  point  of  least 
distance  from  the  sun ;  the  rays  of  the  sun  fall  vertically  upon 
the  southern  tropic  3*  f,  and  the  south  pole  is  completely 
illuminated.  It  is  winter  in  the  northern,  and  summer  in  the 
southern  hemisphere. 

Between  those  positions,  there  are  also  two  others  opposite 
to  each  other,  in  which  the  plane  of  the  terrestrial  equator 
passes  through  the  centre  of  the  sun.  These  are  the  equi- 
noxes, which  happen  about  the  31st  of  March  and  the  24th  of 
September. 

This  brief  statement  is  sufficient  to  show  how  the  explana- 
tions, already  given  from  observation,  apply  to  the  motion  of 
the  earth. 
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Precession  of  the  Eqtiinoxes  considered  as  the  Effect  of  tki 
Displacement  of  the  Terrestrial  Equator. 

294.  We  have  seen  that  the  annual  motion  of  the  sun  in 
the  ecliptic  may  be  an  appearance  caused  by  the  real  motkn 
of  the  earth  in  a  contrary  direction.  The  same  is  true  of  the 
precession  of  the  equinoxes,  and  those  small  motions  of  the 
stars  referred  to  imder  the  name  of  nutation.  In  genenl,  ve 
may  observe  that  this  must  be  the  case  with  respect  to  all 
those  general  motions  which  appear  to  belong  to  the  heayenly 
bodies.  There  is  no  more  reason  for  attributing  them  to  tfas 
heavenly  bodies  in  common,  than  to  the  earth  simply,  in  i 
contrary  direction.  Indeed,  if  we  were  not  influenced  by  the 
involimtary  habit  of  considering  our  position  as  fixed,  it  mig|it 
be  said  that  the  idea  of  referring  these  motions  to  the  earth 
is  infinitely  more  simple  than  the  other.  But  coi^ecturei 
alone  are  not  sufficient  to  enable  us  to  decide  such  a  question. 
We  must  enter  into  details,  and  find  arguments  on  which  to 
rest  our  opinions.  Let  us  then  inquire  whether  the  phe- 
nomena of  precession  can  be  represented  by  each  of  the  two 
'  hypotheses,  and  by  which  they  can  be  explained  with  the 
greatest  simplicity. 

296.  When  we  consider  the  motion  of  the  sun  as  apparent, 
Fig.  79.  and  that  of  the  earth  as  real,  the  signs  of  the  ecliptic  corre- 
spond to  the  different  points  of  the  earth's  orbit. 

Then  a  spectator  on  the  earth  sees  the  sun  always  in  the 
part  of  the  ecliptic,  opposite  to  that  which  he  occupies. 
When  he  is  in  the  sign  aries,  he  sees  the  sun  in  libra ;  when 
in  taurus,  he  sees  the  sun  in  scorpio,  and  so  on.  As  the  earth 
moves  in  the  order  of  the  signs,  the  sun  appears  to  move  in 
the  same  direction  in  the  opposite  part  of  the  orbit. 

We  proceed  to  show  how  the  precession  of  the  equinoxes 
may  be  explained  according  to  this  hypothesis,  without  sup- 
posing the  whole  celestial  sphere  in  motion. 
Fig.  80.  296.  Let  TT^  tf  he  the  annual  orbit  of  the  earth,  having 
the  sun  in  one  of  the  foci.  Let  ETQ  be  the  plane  of  the 
equator,  and  TP  the  axis  which  is  always  perpendicular  to 
it ;  the  equinox  will  take  place  when  the  line  TQ,  the  inter- 
seatiou  of  the  equator  and  ecliptic,  passes  through  the  centre 
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of  the  sun;  for  then  the  sun  will  be  in  the  plane  ETQ  of 
the  equator. 

The  equator  being  supposed  to  remain  parallel  to  itself 
during  each  revolution,  there  will  be  two  opposite  positions 
in  the  orbit,  T  and  t,  when  an  equinox  will  lake  place ;  one 
will  be  the  vernal  equinox  on  the  21st  of  March ;  the  other 
the  autumnal  on  the  24tfa  of  September.  The  passage  of 
the  earth  through  these  points  does  not  then  divide  the  year 
into  two  equal  portions.  This  is  owing  to  the  nature  of  the 
elliptical  motion,  and  to  the  present  position  of  the  perihelion, 
as  we  have  aheady  seen.  According  to  the  values  above 
obtained,  wo  find  that,  at  the  present  lime,  the  earth  employs 
186''  ll*"  19'  16,61"  in  passing  from  the  vernal  to  the  autum- 
nal equinox,  and  only  178^  IS''  29'  43,30"  in  returning  from 
the  autumnal  to  the  vernal. 

If  the  line  TQ,  remained  always  parallel  to  itself,  the 
equinox  would  always  take  place  in  the  same  points.  But 
while  the  earth  moves  in  the  direction  TO,  this  line  itself 
has  a  slight  motion  ;  and  when  the  earth  arrives  at  7°,  it  no 
loiiger  has  the  direction  TS\  parallel  to  TS,  but  that  of 
7'Q,  which  makes  with  TS'  a  small  angle  S'TQf,  equal 
to  60,1".  Then  the  line  J*Q'  passes  through  the  sun's 
centre  before  the  earth  arrives  at  T;  and  the  equinox  takes 
place  sooner  than  it  otherwise  would  do.  In  this  consists  the 
precession  of  Ike  equinoxes. 

The  line  T'Q'  produced,  appears  to  correspond  to  f  in  the 
ecliptic.  It  seems,  therefore,  to  fall  back  each  year  by  the 
quantity  tt,  contrary  to  the  order  of  the  signs,  or  to  the 
annual  motion  of  the  earth.  For  this  reason,  the  motion  of 
the  equinoxes  is  said  to  be  retrograde. 

To  complete  the  explanation  of  the  motions  of  the  ter- 
restrial equator,  we  have  also  represented  in  the  figure  the 
circle  parallel  to  the  ecliptic,  described  by  the  mean  pole  of 
the  equator,  in  virtue  of  the  motion  of  precession ;  and  the 
small  ellipse  of  nutation,  in  which  the  apparent  pule  oscillates, 
according  to  the  laws  laid  down  in  a  preceding  section. 
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General  Phenomena  attending  the  Motions  of  the  Mwm. 

297.  We  have  made  known  the  phenomena  attending  the 
proper  motion  of  the  sun,  the  laws  of  this  motion,  and  the 
applications  of  these  laws  to  practical  purposes.  We  haye 
thus  fulfilled  the  design  of  astronomy  with  respect  to  this 
luminary.  We  shall  proceed  in  the  same  manner  with  the 
motions  of  the  other  heavenly  bodies,  advancing  by  observa- 
tion and  reasoning  from  the  most  simple  appearances  to  the 
most  complicated  laws.  But  we  shall  find  the  inquiry  greatly 
fistcilitated  by  what  we  have  already  done  ;  for,  the  end  being 
the  same,  the  same  methods  may  be  almost  always  employed; 
and  if  diversity  of  circumstances  obliges  us  to  modify  them, 
the  changes  necessary  to  be  made  will  be  indicated  by  the 
nature  of  the  case. 

298.  We  shall  begin  with  the  moon,  whose  appearance  is 
so  remarkable,  and  follow  out  the  series  of  phenomena  which 
it  presents.  Its  light  is  paler  than  that  of  the  sun,  and  it 
produces  no  sensible  heat.  It  is  subject  to  periodical  varia- 
tions in  its  degree  of  illumination,  to  which  we  give  the  name 
of  phases.  If  we  observe  it  when  it  passes  the  meridian  at 
midnight,  its  disc  will  be  found  to  be  completely  illuminated, 
and  of  a  circular  figure ;  it  now  rises  when  the  sun  sets,  and 
sets  when  the  sun  rises.  If  we  continue  to  observe  it  for 
several  days,  we  shall  perceive  that  it  gradually  loses  its 
light.  The  illuminated  part  of  its  disc  grows  less  and  less  ; 
at  the  same  time  it  rises  later ;  and  when  its  disc  is  reduced 
to  a  semicircle,  it  is  visible  only  during  the  last  half  of  the 
night.  Some  days  after,  this  figure  is  reduced  to  a  crescent^ 
the  extremities  of  which  are  turned  towards  the  west,  that  is, 
towards  the  part  of  its  disc  most  distant  firom  the  sun.     It 
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then  rises  only  a  short  tune  before  the  sun.  At  length,  by 
the  daily  diminution  of  the  crescent,  the  moon  becomes 
entirely  obscured;  it  now  rises  with  the  sun,  and  ceases  to 
be  visible. 

After  having  disappeared  for  three  or  four  days,  it  reappears 
at  evening  in  the  west  a  htlle  after  sunset.  At  first  it  exhibits 
only  a  thread  of  hght,  which  gradually  increases  in  width. 
For  several  days  it  presents  the  form  of  a  crescent,  the  ex- 
tremities of  which  arc  turned  towards  the  east,  that  is,  to 
the  part  of  the  heavens  opposite  to  the  smi.  It  continues  to 
recede  from  the  sim,  its  disc  being  gradually  enlarged,  until 
at  length  it  regains  that  full,  round,  bright  figure  we  first 
observed.     The  period  of  these  phases  is  about  29i-  days. 

Such  arc  the  phenomena  presented  by  the  moon.  In  order 
to  attain  to  a  sure  knowledge  of  the  causes  of  these  appear- 
ances, we  must,  in  the  first  place,  endeavour  to  acquire  some 
precise  notions  respecting  the  lunar  motions. 


First  Approximation  to  the  Moon's  Alolions. —  Theory  of  its 
Circular  Motion. 

299.  We  have  seen  that  the  moon,  after  passing  the  me- 
ridian at  the  same  time  with  the  sun,  arrives  at  it  later  and 
later  each  succeeding  day,  receding  in  a  direction  opposite  to 
that  of  the  apparent  dinmal  motion.  It  has,  therefore,  like 
the  sun,  a  proper  motion,  but  more  rapid,  and  directed  the 
same  way,  namely,  from  west  to  cast.  This  is  fully  confirmed 
by  the  manner  in  wliich  it  recedes  from  the  stars  which  it 
meets  with  in  its  course. 

To  ascertain  the  precise  law  of  these  motions,  we  employ 
the  general  method  laid  down  in  the  first  section  of  the 
preceding  part  as  applied  to  the  sim.  We  observe  for  several 
days  the  meridian  altitude  and  right  ascension  of  the  moon's 
centre,  and  thence  deduce  by  calculation  its  longitude  and 
latitude.  The  results  of  tliese  calculations  determine  the 
velocity  and  direction  of  its  angular  motion. 

300.  In  this  maimer  we  find  that  the  moon  describes  on 
the  celestial  sphere  a  great  circle,  of  wliich  the  earth  is  tlic 
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centre.     This  great  circle  is  oblique  both  to  the  equator  and 

the  ecliptic.     Its  inclination  to  the  latter  varies  within  mode- 
rate limits,  which  we  shall  soon  determine.     But  its  mean 

value  is  6^  08'  69,93''.     The  variable  values  which  it  has 

each  revolution,  may  be  deduced  immediately  from  the  results 

of  observations  employed  in  determining  the  moon's  greatest 

latitude  ;  in  the  same  manner  as  the  obliquity  of  the  ecliptic 

is  deduced  from  the  greatest  declination  of  the  sun. 

301.  The  position  of  the  moon^s  nodeSy  or  the  intersection 
of  the  moon's  orbit  with  the  ecliptic,  is  ascertained  by  ob- 
serving when  the  latitude  is  nothing  ;  for  then  it  is  obviously 
in  the  plane  of  the  ecliptic,  and  consequently  its  longitude  is 
the  same  as  that  of  its  node. 

302.  The  ascending  node  is  that  through  which  the  moon 
passes  when  moving  from  the  south  side  of  the  ecliptic  to  the 
north ;  and  the  descending  is  that  through  which  the  moon 
passes  in  returning  from  the  north  side  to  the  south.  The 
longitude  of  the  ascending  node,  or  its  distance  from  the  ver- 
nal equmox,  on  the  first  of  January,  1800,  was  16^  6&  26,29", 
which  determines  for  this  epoch  the  position  of  the  lunar 
orbit. 

303.  These  nodes  are  not  fixed  in  the  heavens,  but  have  a 
retrograde  motion  in  the  ecliptic.  The  mean  arc  described 
by  the  moon  parallel  to  the  ecliptic  in  a  hundred  Julian  years, 
forms  what  is  called  its  secular  tropical  motimi;  it  is  the 
difference  between  the  mean  longitudes  for  this  interval.  Its 
value  in  1800  was  481267^  62'  46,4764",  or  simply  307^  62' 
46,4764",  taking  out  1336  entire  circumferences.  This  arc. 
divided  by  366,26  days,  gives  the  daily  tropical  motion  equal 
to  13^  10'  36",  about  13  times  as  great  as  that  of  the  sun. 

304.  With  these  data  we  determine,  by  a  simple  proportion, 
the  time  which  the  moon  employs  in  returning  to  the  same 
longitude  at  any  given  epoch,  or  its  periodical  revolution.  It 
is  equal  to 

days 

360°  X  365,25  7h  43/  (U  7  / 

48126r  62- 45,4764''  ^  u*,/  . 

This  is  called  a  periodical  lunar  month, 

306.  If  from  the  secular  tropical  motion  we  subtract  the 
precession  of  the  equinoxes  for  a  century,  that  is,  1^  23'  30,01", 
we  shall  have  the  secular  sidereal  m^tvm^  or  the  moon's  mo- 
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tioa  Willi  respect  to  the  stars ;  for  the  motion  of  the  stars  and 
moon,  with  reference  to  the  equinoxes,  being  in  the  same 
direction,  their  relative  motion  is  equal  to  the  difference  of 
the  arcs  which  they  describe.  We  thus  obtain  481266°  29' 
16,46",  or  simply  306°  29'  16,46"  for  the  secular  sidereal 
motion  of  the  moon ;  and  by  a  simple  proportion  we  obtain 
27''  r""  43'  11,6"  for  its  sidereal  revolution. 

Tliese  two  revolutions  of  the  moon  are  therefore  connected 
together  by  the  precession  of  the  equinoxes,  and  may  be 
deduced  the  one  fh)ra  the  other ;  they  gradually  diminish 
from  centiuy  to  century,  since  the  motion  of  the  moon  ia 
accelerated;  and  these  variations  are  perceptible  in  observa- 
tions made  after  inconsiderable  intervals. 

306.  In  general  the  motions  of  the  moon,  like  those  of  the 
Sim,  are  composed  of  a  small  number  of  elements,  whoso 
mean  value  remains  the  same ;  of  several  secular  inequahties, 
which  change  these  values  very  slowly ;  and  lastly,  of  a  great 
number  of  periodical  inequalities,  which  go  through  their 
successive  values  at  short  intervals.  These  last  sometimes 
accelerate  and  at  others  retard  the  motion  of  the  moon; 
wliereas  the  secular  inequalities  observe  a  constant  course  of 
increase  or  diminution ;  at  least  they  have  done  so  from  the 
time  of  the  most  ancient  observations  to  the  present ;  and 
many  centuries  must  yet  elapse  before  their  periods  will  be 
completed.  The  effects  of  these  different  causes  will  hereafter 
be  examined  in  detail.  For  the  present  we  barely  mentioQ 
them. 

307.  In  these  motions,  as  in  those  of  the  sun,  we  cannot 
arrive  at  once  at  accurate  results.  We  begin  with  approxima- 
tions, and  arrange  the  results  in  tables.  By  comparing  these 
tables  with  the  observations  of  several  years,  we  can  detect 
the  errors  which  exist  in  the  mean  motion ;  for  these  con- 
tinually increase  with  the  time,  while  those  arising  from  the 
periodical  inequalities  only  oscillate  within  certain  limits.  It 
is  obvious,  then,  that  in  the  latter,  as  in  case  of  the  sun,  the 
effect  is  weakened  when  we  compare  observations  made  at 
very  long  intervals,  for  they  must  have  been  compensated  and 
reduced  to  nothing  a  great  many  times,  thus  leaving  only' 
mean  results.  Accordingly,  by  such  observations  the  mean 
duration  of  tlie  moon's  revolution  may  be  obtained  with  a 
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great  degree  of  accuracy  for  such  intervals,  and  may  even  be    ' 
employed  without  great  error  for    several  years  before  and 
after.     But  so  long  as  the  secular  inequalities  which  affect  the 
moon's  motion  are  not  all  known,  their  variable  effect  being 
included  in  the  estimate  of  the  mean  motion  must  necessanly 
affect  its  value,  and  affect  it  unequally,  according  to  the  epoeh  -i 
of  the  observations.     It  is  necessary,  therefore,  to  know  al   J 
these  inequalities,  and  to  make  allowance  for  them  in  the   - 
results  of  observation,  before  we  can  ascertain  the  true  mean 
motion.    Then  only  can  we  foresee  tbe  dianges  which  most    * 
be  made  in  the  tables ,-  and  in  this  way  we  can  extend  them 
with  confidence  to  distant  centuries,  before  or  after  the  time  of 
the  observations  which  have  served  to  form  them.     It  is  the 
theory  of  attraction  which  has  furnished  us  with  the  knowl- 
edge and  measure  of  these  phenomena,  and  enabled  us  to 
determine  their  laws  exactly.      We  can  here  only  indicate 
these  laws. 

On  the  first  of  January,  1801,  at  mean  midnight  for  the 
meridian  of  Paris,  the  mean  longitude  of  the  moon  was  IIP 
36'  42,088''.  This,  together  with  the  mean  motion,  enables 
us  to  calculate  the  mean  longitude  for  any  other  epoch  ante- 
rior or  posterior.  This  primitive  value  of  the  mean  longitude 
is  deduced  from  observation,  in  the  same  manner  as  the 
epoch  of  the  solar  tables,  or  the  instant  of  the  mean  equinox. 
From  a  great  number  of  observations,  made  at  short  intervals, 
we  calculate  the  value  of  the  true  longitude ;  we  then  correct 
these  values  for  the  periodical  inequalities  laid  down  in  the 
tables  already  existing ;  the  result  is  the  mean  longitude  for 
the  moment  of  observation.  We  reduce  all  the  values  thus 
obtained  to  the  same  epoch,  by  knowing  simply  the  mean 
motion ;  for  even  when  there  remains  some  little  uncertainty 
with  respect  to  this  element,  the  influence  of  it  is  not  sensible 
in  the  reduction  of  observations  made  near  to  each  other. 
This  being  done,  we  take  the  arithmetical  mean  of  all  the 
results  to  prevent  any  small  errors  in  the  observations ;  and 
we  thus  obtain,  with  precision,  the  value  of  the  mean  longi- 
tude for  the  epoch  in  question.  By  performing  the  same 
reductions  and  calculations  ui)on  observations  separated  from 
the  first  by  a  long  interval,  we  obtain  anotlier  value  of  the 
mean  longitude  reduced  to  another  epoch  very  distant  from 
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the  first ;  the  difference  between  these  two  longitudes  will 
"verify  the  meau  motion  which  we  employ,  and  if  it  inrolve 
any  small  error,  will  enable  us  to  correct  it. 

308.  Hitherto  we  have  spoken  only  of  the  proper  motion  of 
the  moon ;  that  of  its  nodes  is  measured  in  the  same  manner 
by  the  difference  of  their  longitudes  at  different  epochs ;  and 
the  time  employed  in  returning  to  the  same  longitude,  gives 
the  tropical  revolution  of  the  nodes.  The  mean  secular  and 
tropical  motion  of  the  nodes  in  1800  was  1936°  56'  26,639", 
-which  gives  6788'' 12*  57' S2,42"  for  their  tropical  revolution, 
and  6793'^  10^  06'  29,96"  for  their  sidereal  revolution. 

If  this  motion  were  uniform,  it  would  be  sufficient  to  know, 
"by  observation,  the  longitude  of  the  nodes  for  a  certain  epoch, 
in  order  to  deduce,  by  a  simple  proportion,  their  longitude  for 
any  other  epoch.  But  their  motion  is  subject  to  several  in- 
equalities, and  is  moreover  diminishing  iirom  century  to  cen- 
tury, as  we  shall  see  hereal^r. 


Phases  of  the  Moon, 

309.  Having  ascertained  the  circular  motion  of  the  moon, 
we  now  proceed  to  investigate  the  cause  of  those  periodical 
variations  which  we  witness  in  its  hght.     We  caimot  reasonai^  I 
bly  suppose  that  this  body  successively  acquires  and  loses  |] 
capacity  of  shining  ;  for,  in  this  case,  we  could  not  attribute  to  i 
any  probable  cause  the  regularity  of  these  changes.  Neither  can  i 
wc  suppose  that  it  has  a  luminous  and  an  obscure  face  whi^  1 
it   sliows  us  alternately ;  for  it  is  ascertained  that  it  alwayB 
presents  to  us  the  same  face ;  indeed,  when  its  disc  is  only  * 
partly  illuminated,  its  obscure  part  is  not  altogether  mvisihle, 
It  still  presents  a  faint  light,  by  means  of  which  the  sams 
spots  and  sinuosities  may  be  observed,  as  when  the  whole  diso 
is  illuminated.     These  phenomena  can  only  be  explained,  in 
a  reasonable  manner,  by  supposing  the  moon  to  be  a  round 
body,  in  itself  obscure,  and  shining  with  a  borrowed  light ;  in 
which  case,  the  variations  in  its  phases  will  be  the  simple 
effect  of  its  different  positions. 

Aatron.  26 
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But  if  the  moon  is  an  opaque  body,  whence  does  it  receire 
its  light  ?  To  determine  this,  let  us  observe  the  course  of  ite 
phases.  These  are  connected  in  the  most  obvious  manna 
with  its  position  in  reference  to  the  sun.  When  the  moon  ii 
entirely  illuminated  and  passes  the  meridian  at  midnight,  the 
sun  is  below  the  horizon  ;  the  face  which  it  presents  to  ns  n 
therefore  enlightened  by  this  luminary,  and  its  light  ought  to 
be  reflected  to  the  earth,  provided  it  be  so  far  removed  as  nol 
to  be  enveloped  in  the  earth's  shadow.  On  the  conttarf, 
when  the  moon  and  sun  appear  in  the  same  part  of  the  hoii- 
zon,  at  the  same  time,  the  enlightened  face  being  always  ton- 
ed towards  the  source  of  its  light,  we  do  not  perceive  it,  or 
perceive  only  a  small  part  of  it ;  and  that  face  which  is  turned 
towards  us  is  in  the  shade.  Generally,  when  any  part  of  the 
moon's  disc  appears  illuminated,  that  part  is  turned  towards 
the  sun,  and  so  situated  that  its  light  may  be  reflected  to  the 
earth.  It  is  moreover  proved  that  the  moon  is  an  opaqwj 
bpdy.  From  all  these  considerations,  then,  we  miist  conclude ; 
that  the  light  which  we  receive  from  the  moon  comes  origi- ! 
naily  from  the  sun. 

This  opaque  body  must  appear  as  a  dark  spot  when  it 
crosses  the  disc  of  the  sun  in  passing  between  the  sun  and  the 
earth.  It  must  also  be  obscured  when,  being  opposite  to  the 
sim,  it  passes  into  the  conical  shadow  which  the  earth  pro- 
jects to  a  distance  behind  it  in  space.  Hence  the  phenomena 
of  eclipses. 

Reciprocally  the  earth  must  perform  the  oflSce  of  a  moon  to 
this  opaque  body,  whenever  it  is  properly  placed,  that  is,  it 
must  reflect  to  it  the  rays  it  receives  from  the  sun.  Accord- 
ingly, when  the  face  which  the  moon  presents  to  the  earth  is 
not  wholly  illuminated  by  the  sun,  the  portion  which  does 
not  receive  the  direct  light,  is  not  entirely  obscure.  If  we 
look  at  it  through  a  telescope,  we  shall  perceive  a  feeble  light 
which  renders  it  sensible,  and  serves  to  define  its  outline  in 
the  heavens. 

310.  With  the  knowledge  of  these  truths  we  are  led  to  the 
discovery  of  others.  The  moon  presents  in  its  phases  exactly 
the  same  appearances  that  would  be  presented  by  a  round 
body,  always  seen  from  the  same  point,  and  illuminated  suc- 
cessively on  different  sides.     The  light  does  not  spread  over 


Phases  of  the  Moon. 


203 

t  suddenly,  as  it  would  do  if  its  disc  were  a  plane  surface 
■itliout  thickness;  tiut  advances  in  a  slow  and  progressive 
The  convexity  of  the  surface  of  the  moon  is  there- 
e  rendered  evident  by  these  regular  increments  in  the  por- 
ton  illiuninated,  and  we  may  hence  infer  that  it  is  very  nearly 

lerical. 

[311.  This  appears  with  still  stronger  evidence,  when  we 
isidei  the  order  of  the  phases.  Figure  82  represents  all  the 
nitions  of  the  limar  ^hcroid  with  respect  to  the  earth  and 
These  positions  are  projected  on  the  plane  of  the  eclip- 
G  is  the  centre  of  the  earth,  and  CS  the  direction  of  the 
jplar  rays,  which,  for  greater  simplicity,  are  supposed  to  be 
allel  to  each  other.  The  face  which  the  moon  continually 
jents  to  the  earth,  is  successively  obscure,  or  illuminated 
j.a  greater  or  less  extent ;  and  the  cinrve  which  forms,  on 
1  face,  the  sepamtion  between  the  light  and  shade,  being 
1  in  j>erspective  from  the  earth,  takes  successively  different 
3s,  according  to  the  positions  of  the  spheroid.  In  the 
BBt  place,  when  the  moon  is  at  L  on  the  same  side  of  the 
irlh  with  the  sun,  we  do  not  see  it.  It  is  then  called  new 
When  it  passes  out  of  the  line  of  the  rays  falling 
rectly  upon  the  earlli,  as  to  L',  the  luminous  part  appeaTS,| 
BBder  the  form  of  a  crescent,  whose  points  are  turned  to  th^  J 
irt  of  the  disc  most  distant  from  the  sun.  In  L",  the  limit 
r  the  shadow  is  a  straight  line,  and  we  say  that  the  moon  is 
t  its  Jvst  quarter.  In  L'",  the  luminous  part  approaches 
tore  nearly  to  the  appearance  of  a  circle  j  and  finally,  when 
I  arrives  at  2,  it  becomes  a  complete  circle,  and  is  then  calle^J 
^l  moim.  The  some  appearances  ore  presented  in  an  inverseij 
der,  in  passing  from  Ito  L.  In  I"  it  has  the  form  of  a  semi- 
[cle,  which  is  called  its  last  quarter  ;  and  after  completing 
revolution,  it  again  returns  to  the  stato  of  new  moon 
"in  L. 

These  positions  do  not  in  reality  take  place  in  the  ecliptic, 
but  in  the  orbit  of  the  moon  which  is  inclined  to  this  plane. 
We  have  supposed  them  to  coincide  for  the  sake  of  simplicity ; 
but  if  wo  would  see  the  phenomena  as  they  actually  present 
themselves,  we  must  have  recourse  to  figure  83,  where  C  is 
the  centre  of  the  earth,  LDL"L'"  the  moon's  orbit,  IV I" V" 
the  projection  of  this  orbit  on  the  plane  of  the  ecHptic,  and 
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CS  the  direction  of  the  radius  vector,  drawn  from  the  earth  to 
the  sun.  The  different  positions  which  the  lunar  spheroid 
takes  with  respect  to  this  radius  vector,  above  and  below  the 
plane  of  the  ecliptic,  give  rise  to  the  different  phases  of  the 
moon  in  the  order  in  which  we  have  considered  them. 

312.  We  have  also,  in  this  first  view,  supposed  the  sun 
immovable  in  the  plane  of  the  ecliptic ;  but,  in  reality,  this 
body  and  its  radius  vector  appear  in  motion  in  the  ecliptic 
This  circumstance,  combined  with  the  proper  motion  of  the 
moon,  determines  the  period  of  the  return  of  the  different 
phases.  If  the  moon's  revolving  motion  were  exactly  the 
same  as  that  of  the  sun,  so  that  the  same  interval  of  time 
would  bring  the  two  to  the  same  point  of  their  orbits,  the 
two  radius  vectors,  drawn  to  them  from  the  earth,  would 
always  preserve  the  same  angular  distance,  and  the  same 
relative  position  with  respect  to  each  other.  We  should  then 
see  the  moon  always  imder  the  same  aspect  with  respect  to 
the  sun,  and  the  enlightened  part  c^  its  disc  would  always 
preserve  ttie  same  magnitude.  For  example,  if  it  had  been 
placed  originally  at  the  distance  of  90  degrees  from  the  sun, 
we  should  always  see  it  in  its  first  quarter ;  and  if  it  had  been 
placed  in  opposition,  we  should  always  see  it  a  full  moon. 
Hence,  in  order  that  the  moon  may  have  the  different  appear- 
ances which  it  actually  presents,  it  is  necessary  that  its  re- 
volving motion  be  not  the  same  as  that  of  the  sun. 

313.  This  naturally  brings  us  to  consider  the  period  of  the 
different  phases,  or  the  interval  between  two  consecutive 
returns  of  the  moon  to  the  point  of  conjunction.  If  we  take 
into  view  only  the  mean  motions,  this  inquiry  is  very  simple. 
The  circle  of  latitude  which  passes  through  the  moon  only 
removes  from  the  sun  by  the  excess  of  the  moon's  motion 
in  longitude.  Now  the  mean  secular  motion  of  the  sun  is 
36000^  45'  44,9993^'.  That  of  the  moon  is  now  481267°  62' 
45,4764".  Their  difference,  equal  to  445267°  07'  00,4771", 
is  therefore  the  quantity  by  which  the  moon  has  removed 
from  the  sun  in  the  space  of  100  Julian  years,  by  virtue  of 
its  mean  motion.  Hence  we  see  by  a  simple  proportion,  that 
it  removes  from  it  360°  in  the  number  of  days  expressed  by 

days 

^  X  ^'^       or  29*  12H  44'  03 " 
446267*  07'  00,4771 "  *"  ^  *^   **  w  . 
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This  interval  is  denominated  a  synodic  revolution  o(  the  moon, 
from  two  Greek  words  which  signify  to  itwve  together,  it  is 
also  called  a  lunar  month. 

314.  We  can  also  determine  the  time  which  elapses  between 
Iwo  consecutive  returns  of  the  smi  to  the  node  of  the  lunax 
orbit.  The  secular  motion  of  the  node  is  1934°  11'  14,928"  ; 
that  of  the  sun  is  3600(P  45'  44,9993",  As  they  move  in 
contrary  directions,  the  relative  motion  of  the  sun  and  the 
node  is  equal  to  their  sum,  or  37934'=  56'  69,9273".  This  is 
the  quaJitJty  by  which  the  sun  and  the  node  depart  from  each 
other  diu'ing  100  Julian  years.  Hence,  by  proportion,  the 
time  required  for  a  departure  of  360°,  is  expressed  by 


37934°  56'  59,9273" 
This  period  is  denominated  the  synodic  revolution  of  the  nodes. 
It  is  less  than  the  tropical  year,  for  the  obvious  reason  that 
the  node  moves  round  to  meet  the  sun,  and  the  junction 
consequently  takes  place  before  the  sun  has  made  a  complete 
circuit  of  the  heavens.  As  we  have  made  use  of  only  mean 
motions,  it  is  evident  that  our  results  will  not  always  conform 
exactly  to  the  true  motion  of  the  moon  ;  but  they  will  not 
vary  much.  By  neglecting  the  periodical  inequalities,  which 
alone  affect  them,  they  will  become  exact. 

315.  Several  other  points  of  the  lunar  orbit  deserve  atten- 
tion on  account  of  their  relation  to  the  different  phases ;  such, 
for  example,  as  those  in  which  the  radius  vector  of  the  moon 
coincides  with  that  of  the  smi.  Then  these  two  bodies, 
together  with  the  earth,  are  situated  in  the  same  plane,  per- 
pendicular to  the  echptic,  and  the  longitude  of  the  moon  is 
the  same  with  that  of  the  sun,  or  exceeds  it  by  180^.  These 
points  are  denominated  syzygies.  When  the  moon  is  thus 
situated,  it  is  either  between  the  sun  and  the  earth,  or  the 
earth  is  between  the  sun  and  the  moon.  In  the  first  case, 
the  moon  is  said  to  be  in  injunction ,-  in  the  second,  in  oppo- 
sition. 

316.  New  moons  and  solar  eclipses  take  place  when  the 
moon  is  in  coujmiction.  In  order  that  the  latter  phenomenon 
may  happen,  it  is  not  absolutely  necessary  that  the  moon  be 
in  the  plane  of  the  ecliptic  ;  it  is  sufficient  that  the  distance 
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of  its  inferior  limb  from  this  plane  bo  less  than  the  smi's 
apparent  semidiameter. 

317.  On  the  other  hand,  full  moons  and  lunar  eclipses  take 
place  when  the  moon  is  in  opposition.  It  is  necessary  for  a 
lunar  eclipse,  that  the  distance  of  the  moon's  nearest  limb 
from  the  plane  of  the  ecliptic  be  less  than  the  semidiameter 
of  the  shadow  projected  by  the  earth  at  this  distance.  We 
shall  again  recur  to  these  phenomena.   ^ 

318.  The  points  in  which  the  moon  attains  its  first  and  last 
quarters  are  denominated  quadrcUures.  The  cmgular  distance 
of  the  moon  from  the  sun  is  then  90° ;  that  is,  the  projection 
of  the  moon's  radius  vector  on  the  plane  of  the  ecUptic  makes 
an  angle  of  90°  with  the  direction  of  the  solar  rays.  The 
points  intermediate  between  the  syzygies  and  quadratures, 
which  are  45°  from  the  sun,  are  denominated  octants. 


Moon^s  Apparent  Diameter  and  Parallax. 

319.  Hitherto  we  have  considered  only  the  moon's  motion 
about  the  earth,  and  its  successive  positions  on  the  celestial 
sphere.  But  its  distance  from  the  earth  is  subject  to  variations 
so  considerable  as  to  deserve  attention.  They  are  indicated 
by  observations  of  its  apparent  diameters.  These  diameters  are 
capable  of  being  directly  measured  by  means  of  micrometers. 
They  may  also  be  deduced  from  occultations  of  the  stars,  by 
observing  the  time  which  elapses  between  immersion  and 
emersion.  By  means  of  these  ditferent  methods,  we  find  that 
the  greatest  apparent  diameter  of  the  moon  is  2011,07'',  or 
33'  31,07",  and  the  least  1761,91",  or  29'  21,91".  The  corre- 
sponding values  for  the  sun  are  1955,56",  or  32'  36,56",  and 
1890,96",  or  31'  30,96".  It  follows,  then,  that  the  variations 
of  the  moon's  distance  from  the  earth  must  be  considerable, 
since  they  are  sufficient  to  render  its  apparent  diameter  greater 
than  the  greatest,  and  less  than  the  least,  apparent  diameter 
of  the  sun. 

320.  This  conclusion  is  confirmed  by  observation  of  die 
parallaxes.  That  of  the  moon  is,  as  we  have  before  seen,  so 
great,  that  it  may  be  obtained  by  methods  incapable  of  being 
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applied  with  complete  success  to  the  siin,  ou  account  of  its 
distance.  By  comparing  the  paraliaxos  of  the  moon,  observed 
at  difietvnt  epochs,  in  the  same  place,  we  find  very  great 
rahations.  The  greatest  horizontal  parallax  of  the  moon  at 
Paris  is  1°  1'  29,32",  and  the  least  0°  63'  51".  It  has  succes- 
sirely  all  possible  values  between  these  two  extremes. 

321.  The  greatest  and  least  distances  of  the  moon  from  the 
earth,  obtained  from  these  parallaxes,  are  63,^419  and  55,9164. 
The  arithmetical  mean  of  these  two  is  69,879118,  nearly  60 
times  the  radius  of  the  earth  for  the  latitude  of  Paris.     The 

I  distance  of  the  smi  is  incomparably  greater,  as  we  have  be- 
fore seen. 
322.  If  we  divide  the  greatest  distance  by  the  least,  tlieir 
ratio,  1,1417,  will  express  the  greatest  variation  in  the  moon's 
distances  from  the  earth.  The  same  result  may  be  obtained 
by  dividing  the  greatest  parallax  by  the  least,  since  these 
BTC  inversely  as  the  distances.  For  the  sun,  this  value  was 
only  1,034.  Combining  the  above  results,  we  arrive  at  two 
important  conclusions.  The  moon  is  incomparably  nearer  the 
earth  than  the  sun,  and  is  subject  to  variations  in  the  ratio  of 
its  distances,  which  are  accordingly  much  greater. 

323.  The  moon's  parallax  not  oidy  varies  with  different 
epochs,  in  consequence  of  these  inequalities,  but  its  value  is 
Dot  the  same  at  the  same  epoch,  when  it  is  observed  at 
different  places  on  the  earth's  surface.  Modem  observations 
give  very  perceptible  differences  in  this  respect.  In  order  to 
explain  this  phenomenon,  or  rather  to  understand  the  conse- 
quences to  be  thence  deduced,  it  must  be  remembered  that 
the  horizontal  parallax  of  a  heavenly  body  is  the  angle  under 
Tvhich  we  ^ould  see,  from  this  body,  a  radius  drawn  from 
the  centre  of  the  earth  to  the  observer.  This  parallax,  not 
being  the  same  at  the  same  instant  in  different  places,  is  a 
proof  that  all  the  radii  of  the  earth  are  not  equal,  and  that 
the  surface  is  not  perfectly  spherical.  Thus,  by  the  variations 
of  its  parallax,  the  moon  makes  known  the  inequalities  of  the 
terrestrial  surface,  as  by  its  eclipses  it  discovered  to  us  the 
earth's  globular  form. 

The   inequality  of   the  terrestrial  radii,  therefore,  has  an 

influence  upon  the  apparent  positions  of  the  moon  as  observed 

hIb  different  latitudes.     It  affects  them  also  in  the  same  place, 
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according  to  the  vertical  planes  in  which,  the  moon  is  situated 
at  the  moment  of  observation.  It  is  very  necessary  to  pay 
attention  to  these  differences,  when  we  wish  to  fix  with  pre- 
cision the  apparent  positions  of  the  moon ;  for  the  supposition 
of  the  earth's  perfect  sphericity  might  occasion  sensible  errors 
in  the  epoch  of  a  star's  occultation,  or  of  any  other  phenome- 
non where  precision  is  important.  In  determining  what  cor- 
rections are  necessary,  we  are  obliged  to  adopt  an  hypothesis 
respecting  the  figure  of  the  earth,  and  we  usually  suppose  it 
elliptical,  which  leads  to  no  material  error. 

324.  If  we  divide  the  apparent  semidiameter  of  the  moon, 
reduced  to  the  centre  of  the  earth,  by  the  value  of  its  hori- 
zontal parallax,  for  a  given  place,  we  find  between  these 

148.  quantities  a  constant  ratio.  From  what  has  been  demon- 
strated, we  see  that  this  ratio  is  that  of  the  radii  of  the  moon 
and  earth,  supposed  to  be  spherical.  The  value  of  this  ratio 
for  the  equator  is  determined  by  the  most  exact  observations 
to  be  0,27293056,  supposing  the  semidiameter  reduced  to  the 
centre  of  the  earth,  to  be  0^  16'  22,5494'^  when  the  paiaUax 
is  1^.  This  result  being  once  obtained,  we  make  use  of  it 
to  calculate  the  apparent  diameter  of  the  moon  when  its 
horizontal  parallax  is  known ;  and  vice  versa. 

325.  As  the  moon  describes  its  diurnal  circle  about  the 
earth,  each  observer,  placed  on  the  earth's  surface,  sees  it 
nearer  when  in  the  zenith,  than  when  in  the  horizon.  This 
difference,  as  before  stated,  produces  a  sensible  effect  upon  its 
apparent  diameter,  which  increases  as  it  rises.  This  increase  ' 
is  easily  calculated,  and  its  total  value  from  the  horizon  to  the 
zenith  is  found  to  be  about  ^,  because,  during  this  interval, 
the  distance  of  the  moon  from  the  observer  diminishes  by  a 
quantity  equal  to  the  radius  of  the  earth,  which  is  nearly  a 
sixtieth  part  of  this  distance. 


Second  Approximation  to  the  Motion  of  the  Moon.  — 
Theory  of  its  Elliptical  Motion. 

326.  We  have  seen  that  the  moon's  distance  from  the  earth 
is  subject  to  considerable  variations.     Its  motion  therefore  is 
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nol  circular,  as  it  apfears  to  be  when  projected  on  the  celes- 
tial sphere.  By  measuring  a  great  number  of  these  distances, 
and  comparing  them  with  the  angular  motion,  we  ascertain 
the  nature  of  its  orbit.  The  method  is  the  same  as  in  the 
case  of  the  sun.  In  this  manner  we  have  obtained  the  fol- 
lowing results,  which  may  be  regarded  as  certain. 

The  moon's  orbit  is  an  ellipse,  having  the  centre  of  the 
earth  for  one  of  its  foci.  The  radius  vector  describes  areas 
nearly  proportional  to  the  times.  The  mean  distance  being 
taken  for  unity,  the  eccentricity  of  the  orbit  was,  in  1800, 
0,0548653,  which  gives  6"  17'  54,49"  for  the  greatest  equa- 
tion of  the  centre.  The  methods  to  be  piu'sned  in  obtaining 
these  results  have  been  explained  iu  the  elliptical  theory  of 
the  sun. 

337.  The  moon's  perigee  has  a  direct  motion,  which  is 
measured  by  detennining,  from  observation,  the  lon^tude  of 
the  perigee  at  different  epochs.  In  the  beginning  of  1800 
this  longitude  was  206°  6'  5,098".  The  motion  of  the 
perigee,  with  respect  to  the  equinoxes,  was  then  4069°  2'  22,2" 
in  a  century,  which  gives  for  its  tropical  revolution  3231'' 
ll''-24'  8,6",  and  for  its  sidereal,  3232''  13^  56'  12,5".  These 
periods  change  with  the  time,  since  the  motion  of  the  perigee 
is  retarded,  while  that  of  the  moon  is  accelerated.  But  their 
variations  are  very  small,  like  those  of  the  mean  motion, 
with  which  ihey  are  found  to  be  connected  by  the  laws  of 
attraction. 

328.  These  results  being  obtained,  we  can  easily  calculate 
the  ajiomalistic  revolution  of  the  moon,  that  is,  its  revolution 
with  respect  to  the  apsides.  For,  its  proper  motion  being  in 
the  same  direction  with  that  of  the  perigee,  it  moves  toward 
this  point  by  the  excess  of  its  velocity  over  that  of  the  peri- 
gee. This  excess  is  477198°  41'  30,62"  in  a  century,  as  may 
be  easily  ascertained  from  what  precedes  ;  and  this  gives  for 
&.e  anomalistic  revolution 
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477198°  41'  30,ti20"' 
329.  Such  are  the  present  elements  of  the  lunar  elUpse. 

Ehave  already  said  that  they  change  gradually  with  the 
e.  But  even  when  we  take  into  account  these  variatioiu, 
\stron.  27 
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the  elliptical  motion  is  still  yeiy  fiir  fioiA  representing  exactly 
the  coarse  of  the  moon.  This  body  is  sabject  to  periodical 
perturbations,  the  effect  of  which  is  very  considerablCi  and  to 
which  it  is  absolutely  necessary  to  have  regard,  even  in  die 
least  accurate  obsenrations.  In  order,  then,  to  attain  to  jse- 
cise  ideas  of  its  motions,  we  must  know  the  value  of  these 
inequalities.  We  shall  proceed  to  explain  the  principal  ones, 
bq;inning  with  the  secular  changes  of  the  elliptical  elemmts. 
But  this  course,  which  is  the  most  methodical  and  the  most 
simple,  is  not  according  to  the  order  in  which  they  wen 
actually  discovered.  The  results  which  we  diall  first  ccm* 
sider  were  not  obtained  independently  of  those  which  fbllov. 
They  weie  not  fixed,  often  not  suspected,  till  others,  which 
here  follow  them,  were  recognised  and  determined  with  coii- 
siderable  accuracy,  by  observation,  the  errors  of  the  first 
supposition  being  gradually  corrected  as  they  were  developed 
by  time. 


Secular  Equation  of  the  Moon's  Mean  Motion. 

330.  As  the  motion  of  the  moon  and  the  elements  of  its 
orbit  do  not  remain  constantly  the  same,  the  progressive 
variations  which  they  experience  must  soon  render  the  tables 
inaccurate,  and  make  it  necessary  to  correct  them  by  new 
observations.  The  only  means  of  avoiding  this  inconven- 
ience is  to  calculate  these  elements  for  various  distant  epochs, 
and  thence  to  deduce  the  variations  which  they  may  have 
undei^one,  seeking  afterwards  the  laws  most  propeY  to  satisfy 
them. 

Let  us  apply  these  considerations  to  the  mean  secular 
motion  of  the  moon,  which  has  been  determined  with  great 
accuracy  by  modem  observations,  and  which  is  made  the 
basis  of  all  the  other  results.  Let  us  compare  this  with  the 
result  of  ancient  observations,  and  see  whether  it  has  always 
been  the  same,  or  whether  it  has  undergone  any  change. 

The  process  by  which  this  is  done  is  the  same  as  that 
employed  for  correcting  the  tables  of  the  sun.  The  ancient 
observations  are  regarded  as  so  many  observed  longitudes. 


Secular  Equation  of  the  Jtfoon's  Mean  Motion.     311 

We  calculate  the  place  of  the  moon  by  the  tables  for  the  same 
epoch,  and  see  whether  the  results  agree  or  not  with  the 
observations, 

331,  Let  us  take  as  an  example  the  ancient  lunar  eclipse, 
observed  by  the  Chaldeans  721  years  before  the  Christian  era, 
and  recorded  by  Ptolemy.*  From  observing  the  phases  of 
this  eclipse,  we  can  determine  the  instant  when  the  longitude 
of  the  moon  was  in  opposition  to  that  of  the  suu.  This  last 
is  easily  calculated  by  means  of  the  tables  of  the  sun,  since 
Ptolemy  recorded  the  day  and  hour  of  the  observation  ;  and 
M-e  thus  obtain  the  true  longitude  of  the  moon  for  the  mo- 
ment of  the  eclipse. 

If  we  correct  this  for  the  periodical  inequalities  which  affect 
it,  and  which  may  be  exactly  estimated  by  the  tables,  we 
shall  have  the  mean  longitude. 

Now  if  we  compare  this  result  with  another  mean  longi- 
tude deduced  from  modem  observations,  the  difference  of  the 
longitudes,  increased  by  the  proper  number  of  circumferences, 
will  make  known  the  arc  described  by  the  moon  parallel  to 
the  ecliptic,  in  virtue  of  its  mean  motion,  during  the  interval 
of  the  observations  ;  and,  dividing  this  quantity  by  the  num- 
ber of  centiuies  elapsed,  we  shall  have  the  mean  secular 
motion. 

Now  the  mean  motion  thus  determined  by  MM.  Delambre, 
Bouvard,  and  Burg,  is  found  to  be  less  by  3  or  4  minutes  than 
that  deduced  from  modern  observations.  The  same  result  is 
obtained  from  two  other  eclipses  observed  by  the  Chaldeans  in 
719  and  720,  B.  C.  This  agreement  leaves  no  doubt  that  the 
result  is  correct.  On  the  other  hand,  the  accuracy  of  modem 
observations  is  so  great  as  to  leave  no  room  for  such  consid- 
erable errors.  We  must,  therefore,  conclude  that  the  mean 
motion  of  the  moon  is  more  rapid  now  than  formerly  ;  or,  in 
other  words,  that  the  estimates  of  this  motion  involve  a  con- 
siderable inequality,  for  which  allowance  must  be  made  before 
it  can  be  regarded  as  uniform. 

•  Ii  was  observed  at  Babylon  the  19th  of  March,  T21  years  before 
Christ.  The  moon  began  to  be  eclipsed  about  an  hour  after  rising. 
Laiande  has  calculated  this  eclipae  in  his  memoir  upon  the  secular 
equation  of  the  moon.  —  Acadimii  dis  Scienres,  1757,  p,  429. 
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New  evidence  is  obtairipd  on  this  point  when  we  compan 
the  results  of  modem  observations  with  those  deduced  from 
eclipses  later  than  the  preceding ;  for,  if  the  motion  of  the 
moon  has  really  been  accelerated  diu-ing  this  interval,  thit 
new  comparison  ought  to  give  a  motion  inferior  lo  d*l 
present ;  but  the  epoch  of  the  ancient  observation,  here 
being  nearer  our  own  time  than  the  former,  the  differ 
must  be  less  than  in  the  preceding  case.  This  is  actnallj 
found  to  be  the  resiiit,  when  we  make  use  of  the  eclip 
observed  at  Cairo,  by  Ebn-junis,  an  Arabian  astronomer 
the  tenth  century. 

Such  a  comcidence  must  put  beyond  question  the  reabt; 
of  the  phenomenon,  and  the  inevitable  conclusion  is,  that  tie 
motion  of  the  moon  has  been  accelerated  from  the  time  of 
observations  of  the  Chaldeans  to  that  of  the  Arabs,  and 
the  time  of  the  Arabs  to  the  present. 

332.  In  order  to  represent  this  acceleration,  we  must  add 
the  mean  longitxide  of  the  moon  a  term  proportion^  to 
square   of  the    time,   and    another    smaller    proportional 
the  cube.     This  is  called  the  secular  equation  of  the  ) 
With   this    correction    the    present   tables   satisfy   the 
ancient  observations,  and  might  be  extended  to  a  thousjind  «] 
twelve  himdied  years  beyond  the  epoch  under  consideration. 

But  it  must   not   be   supposed  that  this  acceleration  wiU' 
continually  go  on,  and  that  the  preceding  formula  will  always 
be  applicable.     The  theory  of  attraction,  which  makes  known 
the  cause  of  this  acceleration,  has  shown  that  it  is  periodical, 
and    connected    with   variations  in   the   eccentricity   of 
earth's  orbit ;  so  that  after  increasing  for  a  certain  time  it 
be  changed  Into  a  retardation.     But  the  extent  of  this  pen'od 
very  great,   and  only  a  small   portion   is   comprised 
interval  which  separates   us  from   the   ancient  obs 
The  inequalities  which  residt  from  this  cause,  in  the  mc 
of  the  moon,  will  amount  at  least  to   a  fortieth  part 
cbcuml'erence.     Future   generations,   ujion  witnessing 
great  phenomena,   will  undoubtedly  acknowledge  their 
ligations,  and  do  justice  to  the  geometers  of  the  present 
whose  sagacity  enabled  them  to  foresee  and  calculate  thea(,j 
and  furnished  their  successors  with  the  means  of  judging' 
the  past  and  future  condition  of  the  system,  as  we  judge 
its  present  state. 


Secular  EqwatiefU  of  the  Moon's  OrbU.  SIS 

The  celebrated  astronomer,  Dr.  Halley,  was  the  first  who 
recognised  the  existance  of  this  acceleration ;  and  it  was 
Laplace,  who,  by  a  most  profound  analysis,  made  known  the 
cause  of  so  remarkable  a  phenomenon.  The  merit  of  the 
discovery  must,  therefore,  be  divided  between  the  observer 
and  the  geometer.  The  last  achievement  is  undoubtedly  the 
greatest,  because  it  is  of  the  nature  of  a  demonstration;  at  any 
rate,  it  is  of  more  importance  to  the  science  which  it  perfects. 
But  those  who  consider  how  ditEcult  it  is  for  the  most  en- 
lari^ed  minds  to  renounce  ideas  long  and  generally  cherished, 
will  perceive  that  it  required  the  firm  and  resolute  spirit 
of  a  philosopher  to  question  the  uniformity  of  motions  which 
had  been  regarded  as  uniform  for  2000  years. 

333.  The  variation  in  the  motion  of  the  moon  has  an  influ- 
ence upon  the  duration  of  its  tropical,  synodic,  and  sidereal 
revohitions,  all  of  which  vary  in  different  centuries.  It  will 
therefore  be  always  impossible  to  find  periods  during  which 
the  sun  and  moon  shall  long  agree  in  performing  each  an 
exact  ntmiber  of  revolutions.  Such  periods  can  be  extended 
I  only  to  a  small  number  of  centuries,  and  any  attempt  to  carry 
them  farther  will  be  of  no  value. 


Secular  Equations  which  affect  the  Elements  of  the  Moon's 
Orbit. 

334.  The  motion  of  the  lunar  perigee  is  not  uniform; 
it  is  subject  to  a  secular  equation  connected  with  that  of  the 
mean  motion,  and  depending  on  the  same  cause.  The  com- 
parison of  ancient  and  modem  observations  places  this  fact 
beyond  a  doubt ;  but  we  owe  its  discovery  to  the  theory  of 
attraction.  Tliis  inequality  is  equal  to  that  of  the  mean 
motion  multiplied  by  the  coefficient  —  3,00052. 

If  from  the  mean  longitude  of  the  moon  we  subtract  the 
mean  longitude  of  the  lunar  perigee,  we  shall  have  the  mean 
anomaly  of  the  moon.  This  anomaly  is  therefore  subject 
to  a  secular  equation,  equal  to  the  diiference  of  the  two  pre- 
ceding, that  is,  to  that  of  the  mean  motion  multiplied  by 
1  +  3,00053  or  4,00062. 
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336.  The  motion  of  the  nodes  is  also  subject  to  a  flimilir 
inequality,  and  of  the  same  sign  with  that  of  the  perigee.  Jk 
is  equal  to  that  of  the  mean  motion  multiplied  by  —  0J3B4A 
As  the  motion  of  the  nodes  is  retrograde,  it  is  obvioas  thtf 
this  correction  tends  to  augment  their  longitudes  for  the  oen- 
turies  posterior  to  that  taken  for  the  origin.  All  these  lesoUi 
are  confirmed  by  observation. 

336.  It  is  evident  from  what  is  here  said,  that,  on  account 
of  the  secular  equations,  the  motions  of  the  perigee  and  the 
motion  of  the  nodes  are  retarded,  while  that  of  the  mooa 
itself  is  accelerated.  Moreover,  these  inequalities  are  connect- 
ed together  by  very  simple  ratios,  since  they  are  represented 
by  the  nmnbers  1 ;  — 3,00062 ;  — 0,735452. 

337.  The  anomalistic  revolution,  depending  at  once  upon 
the  motion  of  the  moon  and  that  of  the  perigee,  is  likewiie 
modified*  by  the  secular  equation.  The  same  is  true  of  aD 
the  quantities  which  depend  upon  the  mean  longitude,  the 
perigee,  or  the  nodes. 

338.  The  same  analysis  which  disclosed  these  great  phe- 
nomena, has  shown  that  the  distance  of  the  moon  from  the 
earth,  the  eccentricity  and  inclination  of  its  orbit,  are,  in  like 
manner,  subject  to  secular  equations  connected  with  those  of 
the  mean  motion.  But  their  effect  has  hitherto  been  very 
inconsiderable.  Still,  in  the  lapse  of  ages,  it  will  be  necessary 
to  take  account  of  it.  The  expression  for  the  transverse 
ajds  of  the  orbit  contains  no  inequality  of  this  kind ;  this  is 
moreover  a  result  of  theory. 

The  discovery  of  all  these  relations  is  due  to  M.  Laplace. 
He  was  led  to  it  by  a  knowledge  of  the  cause  which  produced 
the  secular  equation  of  the  mean  motion,  a  cause  which  will 
be  explained  hereafter.  It  is  seldom  that  a  great  discovery 
does  not  admit  of  important  and  multiplied  applications. 


Periodical  Inequalities  of  the  LMnar  Motions.  —  Methods  of 

ascertaining  them  by  Observation. 

339.  All  the  Inequalities  hitherto  discovered  in  the  mo- 
tions of  the  hbavenly  bodies  are  confined  within  certain 
limits,  and  are  subject  to  periods  more  or  less  extended ;  but 
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l^some  of  them  complete  their  periods  only  after  a  great  number 
of  centuries ;  and  their  increments  may,  for  a  long  time,  be 
regarded  as  uniform ;  to  sucU  we  have  given  the  name  of 
secular  inequalities.  The  term  periodical  has  been  confined 
to  those  which  return  successively  to  the  same  vahies,  after 
intervals  of  time  so  small,  that  their  recurrence  admits  of 
being  frequently  observed,  and  their  laws  of  being  determined, 
This  distinction  has  aheady  been  adverted  to  several  times. 

340.  We  at  once  perceive  the  effect  of  these  inequalities  in 
the  motions  of  the  moon,  when  we  compare  its  actual  posi- 
tions, as  given  by  observation,  with  those  it  ought  to  have  in 
virtue  of  its  elliptical  motion.  For,  if  we  calculate  beforehand 
its  longitude,  latitude,  and  apparent  diameter,  according  to 
this  hypothesis,  taking  account  also  of  the  motion  of  the 
perigee  and  nodes,  we  still  find  considerable  deviations,  which 
are  appreciable  even  for  a  small  number  of  days,  and  which 
did  not  escape  the  ancient  astronomers,  notwithstanding  the 
imperfection  of  their  instmments. 

These  deviations  are  not  always  the  same  ;  they  vary  peri- 
odically, and  are  reproduced  successively  in  the  same  order, 
after  regular  intervals,  Careful  observers  have  followed  out 
and  determined  their  phases,  and  recourse  has  been  had  to 
theory  to  explain  and  confirm  them.  They  are  introduced 
into  tables  as  so  many  corrections  to  be  made  in  the  elliptical 
motion. 

341.  These  various  inequalities  would  have  been  estimated 
with  difficulty,  if  they  had  all  been  confined  to  periods  that 
differed  but  little  from  each  other ;  for  they  would  then  have 
been  confounded  together  in  such  a  manner,  as  to  render  it 
almost  impossible  to  separate  them  by  observation.  Fortu- 
nately it  happens  that  some  have  a  short  duration,  and  recur 
several  times  a  year,  while  others  incrcEise  or  decrease  for 
whole  years.  The  mean  values  of  some  are  considerable, 
while  those  of  others  are  very  small.  Lastly,  some  are  often 
at  their  minimum  value,  while  others  are  at  their  maximum, 
so  that  by  a  judicious  choice  of  circtunstances  we  may  seize 
apon  the  instant  when  any  inequality  is  most  sensible,  while 
others  are  least ;  and  thus  we  may  succeed  in  separating  them 
from  one  another,  beginning  with  the  greatest,  which,  from 
the  circumstance  of  being  the  most  perceptible,  are  the  first  to 
be  observed. 
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342.  It  is  not  difficult  to  perceive  that  all  these  ineqaalitie» 
are  closely  connected  with  the  relative  positions  of  the  sud 
and  moon  with  respect  to  the  earth,  or  with  respect  to  the 
perigee  and  the  nodes  of  their  orbits.  They  return  to  the 
same  values  when  these  return  to  the  same  positions,  and  then 
pass  again  tlirough  the  same  periods  of  increase  and  diminu- 
tion. Now  these  positions  are  themselves  determined  by 
known  angles,  whose  variations  may  be  observed  and  caJca- 
lated  at  all  times.  By  comparing  the  course  of  these  'raria- 
tions  with  those  of  the  different  inetiuahties  for  long  intervals, 
we  at  length  ascertain  those  which  correspond  to  each  othei. 
We  thus  know  the  angles  upon  which  each  inequality  d^ 
pends,  and,  from  the  variations  which  take  place  iu  these 
angles,  we  are  enabled  to  predict  the  changes  to  which  each 
inequality  is  subject. 

343.  In  order  to  represent  in  a  convenient  manner  the  Iain 
of  these  changes,  we  have  had  recourse  to  quantities,  which 
had  also  the  property  of  increasing  and  decreasing  periodi- 
cally, and  wliich  were  connected  with  the  observed  angles 
by  very  simple  relations.  Indeed  the  idea  of  comparing  wilh 
these  quantities  the  ijourse  of  the  periodical  inequalities  wii 
a  very  natural  one.  The  sines  of  angles  are  well  adapted  to 
this  purpose,  as  we  have  seen  in  the  theory  of  the  sun ;  wt 
have  accordingly  made  use  of  them.* 


*  In  order  to  present  thus  empiricatit/  an  inequaJily,  when  we  hatf 
determined  by  observation  the  angles  on  which  it  depends,  we  attk 
the  values  of  these  angles  answering  to  its  maximum  and  rainimnlB 
state.  We  hence  deduce  the  ajne  which  is  fitted  to  represent  it,  tai 
to  wliich  it  is  proportional.  This  Kuppoaition  gives  terms  of  the  fora 
it  sin  E,  in  which  E  is  the  angle,  or  the  argumml,  of  the  inequalitj, 
and  k  a  constant  number,  called  the  corfficirnt,  by  which  sin  £  iatD 
be  multiplied,  in  order  to  obtain  the  absolute  value  of  the  ineqaaliQ 
corresponding  to  the  angle  E.  We  suppose,  as  usual,  that  the  Btnes 
made  use  of  are  taken  in  a  circle,  whose  radiuais  equal  to  imitj  ;  uul 
as  the  greatest  value  a  sine  can  have  ia  only  equal  to  the  radhu  of 
the  circle,  the  greatest  value  that  can  belong  to  ain  E  ia  unity.  In 
this  case  k  sin  E  reduces  itself  to  k;  this  is  the  greatest  value  of  ihc 
inequality.     Under  all  other  circumstances  sin  E  is  less  than  i>idiiL°, 

Llhat  is,  less  than  unity.     It  will  accordingly  be  expressed  by  a  ftie-     J 
tkin,  and  k  sin  E  will  be  lesi  than  k.  f 
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344.  When  we  have  tlius  obtained  the  expression  for  an 
inequality,  it  is  easy  to  calculate  the  duratiou  of  its  period, 
that  is,  the  lime  requisite  for  passing  successively  thiough  all 
its  values.  This  time  should  be  such  thai  the  argument,  that 
is,  the  angle  on  which  the  inequality  in  question  depends, 
should  vary  during  the  interval  by  an  entire  circumference, 
since  il  is  then  only  that  the  sines  revert  to  their  first  values. 
Accordingly,' in  order  that  the  period  maybe  termiuated,  ^t 
is  necessary  that  this  condition  be  fulfilled.  We  may  then 
calculate  the  duration  of  this  period  by  a  simple  proportion, 
wlien  we  know  the  variation  of  the  argument  for  a  given 
time  ;  and  this  is  always  easy,  because  we  know  the  angles  of 
which  tliis  argument  is  composed. 

The  theory  of  attraction  has  confirmed  these  results,  by 
showing  that  the  inequalities  of  the  celestial  motions  may  in 
reality  be  developed  in  this  manner.  It  has,  moreover,  de- 
tenuined  the  form  of  the  terms  by  which  they  are  expressed  j 
so  that  observers  have  only  to  introduce  into  the  general 
formulas  the  numerical  data  which  are  to  particularize  them. 
Tlie  course  is  the  same  as  that  which  is  adopted  in  the  theory 
oi  the  sun. 

346.  Uniting  these  two  kinds  of  data,  the  form  of  the  in- 
equalities deduced  from  theory,  and  their  numerical  values 
deduced  from  observation,  it  is  obviously  easy  to  calculate 
beforehand  the  true  place  of  the  moon  for  any  given  instant. 
This  instant  being  known,  we  first  ascertain  the  place  of 
tlie  node  and  the  inclination  of  the  orbit.  We  next  obtain 
the  expression  of  the  moon's  longitude  for  the  same  epoch, 
employing  all  the  inequalties  made  known  by  theory  and 
observation.  We  shall  thus  have  the  true  place  of  the  mooii 
projected  on  the  echptic,  and  knowing  the  inclination  of  the 
orbit  and  the  position  of  the  node,  we  can  calculate  the  true 
direction  of  the  radius  vector  in  the  orbit ;  after  which,  the 
parallax  will  give  the  length  of  the  radius  vector  or  the  dis- 
tance fi'om  the  earth ;  and  from  all  these  the  real  position  of 
the  moon  in  its  orbit  and  in  space  will  be  known. 

If  the   same   calculations  be  made  for  a  great  munber  of 

ijistaiits  very  near  to  each  other,  the  tmion  of  these  results 

^jgjll  enable  us  to  predict  the  place  of  the  moon  tor  any  instant. 
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These  resuUs,  reduced  to  a  convenient  form,  conslitule  whai 
axe  c^led  tables  of  the  moon. 

These  tables  being  founded  on  theory,  as  it  respects  ibr 
form  and  number  of  the  inequalities  contained  in  them,  theu 
accuracy  depends  simply  on  that  of  the  numerical  data  intro- 
duced, and  consequently  not  on  the  precision  of  the  observa- 
tions from  which  these  data  were  derived.  The  tables  ol 
M.  Burg,  published  by  the  Board  of  Longitnde,  having  foi 
their  basis  the  profound  researches  of  Laplace,  and  a  vast 
number  of  observations  made  at  Paris  and  Greenwich,  md 
being  constructed  with  the  utmost  care  and  address  by  the 
method  of  equations  of  condition,  combine  in  the  highea 
degree  the  qualities  necessary  to  give  them  a  durable  sac- 
ceas.-f 

347.  It  would  undoubtedly  be  interesting  to  conadar  the 
wonderful  means  liy  which,  from  the  single  principle  of  m»- 
versal  attraction,  have  been  deduced  all  the  inequalities  ol 
the  lunar  motions,  numerous  and  complicated  as  they  are 
But,  though  we  cannot  present  to  the  learner  the  profound 
analysis  by  which  these  relations  were  discovered,  we  will  a 
least  indicate  the  method,  in  some  degree  experimental,  which 
was  first  employed  to  ascertain  the  existence  of  the  greater 
part  of  them,  and  make  known  nearly  their  value.  We  shall 
do  this  the  more  readily,  since  this  method  is  well  adapted  to 
illustrate  the  law  of  the  different  inequalities,  and  also  affords 
great  assistance  in  discovering  the  angles  on  wliich  they  de- 
pend. This  subject  will  occupy  the  three  next  sections,  and 
as  it  is  attended  with  some  difficulty,  they  may  be  omitted  by 
the  learner  in  the  first  reading. 


Periodical  Inequalities  which  affect  the  Moon's  Longi^tdt. 

348.  The  periodical  inequalities  of  the  moon's  motion  are 
of  three  kinds,  which  refer  themselves  to  the  three  cooidi- 


{ 


t  Later  and  more  correct  tables  of  the  moon  have  been  calculated 
by  M.  Burckhardt,  and  published  by  the  French  Board  of  Longitude. 
M.  Damoiseau  haa  also  constructed  a  set  of  lunar  tables,  in  which 
the  inequalities  are  derived  from  theory. 
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nates  fey  which  we  determine  the  position  of  the  moon  in  its 
orbit.  Some  affect  its  longitude,  some  its  latitude,  mid  others 
ila  radius  Tector.     We  shall  consider  them  in  order. 

The  inequalities  which  affect  the  elliptic  longitude  of  the 
moon  increase  or  diminish  the  equation  of  the  centre.  Their 
effect  becomes  sensible  by  the  greater  or  less  deviation  of  the 
moon  from  its  mean  place,  than  that  which  would  result  &om 
the  simple  laws  of  the  elliptical  motion. 

349.  The  most  considerable  of  these  inequalities,  and  that 
^vhich  was  first  detected,  is  called  evection.  It  was  discovered 
by  Ptolemy.  Its  general  ajid  constant  effect  is  to  diminish 
the  equation  of  the  centre  in  the  syzygies,  and  to  increase  it 
in  the  quadratures.  If  this  diminution  and  increase  were 
always  the  same,  the  evection  might  depend  solely  on  the 
angnlar  distance  of  the  moon  from  the  sun ;  but  its  absolute 
value  varies  alSo  with  the  distance  of  the  moon  from  its  peri- 
gee. After  a  long  series  of  trials  and  observations,  we  have 
succeeded  in  representing  this  inequality  with  great  exactness, 
by  supposing  it  proportional  to  the  sine  of  double  the  angular  . 
distance  of  the  moon  from  the  sim,  minus  the  mean  anomaly 
of  the  moon.  The  coefficient  of  this  proportionality  is  1°  aO* 
29,64".     The  period  of  the  evection  is  31'^  n*-  29'  11,53". 

350.  We  observe  also  a  great  inequality  in  the  lunar  motion, 
which  disappears  in  the  syzygies  and  quadratures,  and  attains 
its  maximum  in  the  octants.  This  inequality  depends  there- 
fore on  the  angular  distance  of  the  moon  firom  the  sun  ;  and, 
as  it  completes  its  ]>eriod  while  this  distance  increases  9(P, 
we  conclude  that  it  is  proportional  to  the  sine  of  double  this 
angular  distance.  Its  greatest  value  is  0°  35'  41,6".  It  is 
called  the  variatio?i,  and  was  discovered  by  Tycho  Brahe,  a 
celebrated  astronomer,  and  the  tutor  of  Kepler.  Its  period  is 
half  a  synodic  revolution. 

351.  Lastly,  the  angular  motion  of  the  moon  is  accelerated 
annually  when  the  sun's  distance  from  the  earth  is  increasing, 
Eind  retarded  when  it  is  diminishing ;  hence  results  a  third 
inequality,  called  the  annual  equation.  Its  period  is  an  anoma- 
listic year.  Its  existence  becomes  obvious  by  calculating 
several  places  of  the  moon  for  the  different  seasons,  and  com- 
paring them  with  the  results  of  observation  ;  for,  although  we 
make  allowance  for  evection  and   variation,  the  results  are 
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still  found  to  deviate  from  the  truth  in  a  very  sensible 
ner ;  and  these  deviations  observe,  with  respect  to  their  extent 
and  sign,  regular  periods.  The  observed  motion  is  slow« 
than  the  mean,  during  the  six  mouths  of  the  sun's  passage 
from  the  perigee  to  the  a]jogee  ;  and  faster  during  the  other 
six.  If,  for  example,  the  first  observation  be  made  in  the 
month  of  January,  when  the  sun  has  just  passed  the  perigee, 
and  we  calculate  from  this  its  place  for  a  day  in  March,  by 
means  of  the  time  intervening  between  these  two  epochs,  we 
find  the  increase  of  its  longitude  less  by  observation,  than  the 
calculation,  foimded  ni>on  the  mean  motion,  mdicates.  The 
difierence  increases  until  the  sun  reaches  its  mean  distance ; 
then  it  gradually  diminishes,  and  becomes  nothing  when  the 
sun  is  at  its  apogee.  Here  the  results  of  calculation  and  ob- 
servation agree.  As  the  sun  moves  from  this  point  toward  the 
perigee,  the  same  deviations  occur  in  the  inverse  order;  that 
is,  the  arcs  described  by  the  moon  are  at  first  greater  than  the 
calculation  indicates;  the  difference  increases  till  the  sun 
regains  its  mean  distance  ;  thence  it  decreases  to  the  perigee, 
where  it  becomes  nothing.  These  regular  and  periodical 
variations  make  known  the  existence  of  an  inequality  depend- 
ing on  the  distance  of  the  sim  from  the  perigee,  or  on  its  mean 
anomaly.  Such  is,  in  fact,  the  argument  for  the  annval  equa- 
tion. It  is  of  exactly  the  same  form  as  the  equation  of  the 
sun's  centre ;  but  it  always  has  a  contrary  sign.  It  is  evident 
that  its  period  is  an  anomalistic  year. 

362.  We  might  make  allowance  for  this  inequality ;  we 
might  even  suppress  it  entirely,  in  the  theory  of  the  moon, 
by  modifying  the  equation  of  time,  which  would  amount  lo 
the  same  thing  as  calculating  the  place  of  this  body  for  an 
epoch  a  little  different  from  the  true  one,  and  more  or  less 
advanced,  according  to  the  position  of  the  smi  in  its  orbil. 
By  means  of  this  alteration,  we  might  combine  the  error  of 
the  time  in  such  a  manner  as  to  compensate  for  the  varialioo^ 
of  velocity.  If,  for  example,  we  would  calculate  the  mooay 
place  for  the  21sl  of  March,  when  its  true  motion  is  slowar 
than  the  mean,  and  the  mean  time  corresponding  to  this  epoch 
is  accordingly  slower  than  the  true,  by  the  whole  quantity 
answering  to  this  diminution  of  velocity,  it  is  evident  thai, 
by  calculating  it  according  to  this  imaginary  time,  we  should 
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find  ihe  moon  in  its  tnie  position.  Accordingly  Tycho 
Brahe,  who  discovered  the  annual  variation,  presented  it 
under  lliis  form,  employing  in  the  calculation  of  the  places 
of  tlie  moon  an  equation  of  time  different  &om  the  true ;  in 
tliis  he  was  followed  by  several  observers ;  but  now  that  we 
know  the  true  law  of  the  annual  equation,  we  abandon  this 
imperfect  and  complicated  method  of  using  it,  and  introduce 
it  directly  into  the  theory  of  the  moon,  under  the  form  already 
indicated.  The  theory  of  attraction  explains  very  simply 
the  phenomenon  of  the  anniial  equation.  The  sim  in  ap- 
proaching the  earth  approaches  the  moon  also,  and  Ihe  attrac- 
tion which  it  thus  exerts  upon  the  moon  becomes  greater. 
This  attraction  being  opposed  to  the  gravity  of  the  earth 
draws  the  moon  further  from  the  earth,  and  makes  it  describe 
a  larger  orbit ;  hence  its  velocity  and  angular  motion  diminish. 
TJie  contrary  takes  place  when  the  sun  recedes  toward  the 
apogee.  The  earth's  gravity  becoming  greater  contracts  the 
orbit  of  the  moon,  and  accelerates  its  motion.  The  aimual 
equation  of  the  moon  is,  thereforCj  a  consequence  of  the 
eccentricity  of  the  earth's  orbit,  which  causes  a  variation  in 
the  sun's  distance.  Whatever  then  affects  this  eccentricity 
must  affect  also  the  motion  of  the  moon.  Indeed,  it  is  pre- 
cisely in  this  manner  that  the  secular  variation  of  the  eccen- 
tricity of  the  earth's  orbit  produces  the  secular  equation,  or 
acceleration  of  the  moon's  mean  motion. 

353.  The  three  inequahties  of  which  we  have  spoken, 
called  erection^  variation,  and  anntial  equation^  are  the  most 
obvious  of  those  which  affect  the  elliptic  longitude  of  the 
moon  during  short  intervals ;  but  they  are  far  from  being  the 
only  ones.  The  profound  researches  of  the  analyst,  compared 
with  long  series  of  observations,  have  made  known  many 
others,  which,  by  means  of  their  complexity  and  minuteness, 
would  never  have  been  detected  by  observation  alone.  Tliese 
small  inequalities  must,  therefore,  be  considered  as  so  many 
corrections  to  be  made  in  the  estimates  of  the  preceding 
inequalities,  in  the  same  maimer  as  these  last  serve  to  correct 
the  elliptic  motion ;  or  rather,  the  whole  are  to  be  applied 
together  to  the  correction  of  the  mean  longitude.  These 
different  inequalities  are  all  calculated  in  the  tables. 
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But  among  the  different  inequalities  of  the  moon's  tongi* 
tilde,  made  known  by  theory,  there  is  one  which  must  not  be 
omitted.  It  is  not  only  very  important  in  the  formation  of 
tables  of  the  moon,  but  the  discovery  itself,  which  is  recent, 
affords  a  striking  example  of  the  manner  in  which  the  ine- 
qualities are  developed,  and  ahowg,  at  the  same  time,  the  use 
which  is  to  be  made  of  observations  for  rectifying  the  mean 
motion  by  successive  corrections.  We  shall  briefly  describe 
this  discovery  which  has  brought  our  knowledge  of  the 
moon's  motions  to  llie  highest  degree  of  precision. 

354.  The  lunar  tables,  published  in  the  third  edition  of 
Lalande's  Astronomy,  suppose  a  secular  tropical  motion  equal 
to  481267°  63'  11,9796".  The  epoch  for  1760,  that  is,  the 
mean  longitude  of  the  moon  on  the  31at  of  December,  1749, 
at  mean  noon,  was,  according  to  these  tables,  188^  17' 
14,568".  With  these  data  we  can  calculate  any  other  epocb  ■ 
anterior  or  posterior  to  1750.  It  is  sufficient  to  add  or  aAfU 
tract  the  mean  motion  for  the  interval.  A 

Suppose  wo  would  have  the  epoch  for  1766, 

We  take  the  epoch  for  1750,  which  ia         .  188  17  14,6fl8 

To  this  we  odd  the  mean  motion  for  six  common  I  m  fo  'Mom 
years,  rejecting  the  entire  circumferences       .       (  "^ 

Plus  the  motion  of  two  days  on  account  of  the  two  )  ~-  „,  .a  net 
bissextiles J  J6  -it  lU.U&l 

Also  the  secular  equation,  which  gives  Tor  six  years  0  00  00,033 


Adding  these  resultfi  together,  we  have  270  56  65,611 

which  is  the  mean  longitude  of  the  moon,  or  the  g>och  for 
1766. 

It  is   evident  that  this  epoch  might  also  be  obtained  bf 
observation,  if  we  had  any  which  were   made  about  175S.  J 
Now  such  observations  are  furnished  us  by  Dr.  Bradley,  a 
by  means  of  them  MM,  Mason  and  Bouvard  obtained  a  n 
exactly  equal  to  the  preceding. 

But  in  determining  in  the  same  manner  the  epoch  for  lS91f 
by  means  of  more  than  two  hundred  observations  by  Lahde, 
it  was  foimd  to  be  less  than  that  of  the  tables.  The  error  of 
the  latter  is  4,4",  that  is,  at  this  epoch  the  mean  longitude  of 
the  moon  was  less  by  4,4",  than  the  tables  of  Lalande  indi-  ■ 
c^ed.     Accordingly,  from  1691  to  17S6  the  moon  described  i  I 
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c  than  dieSG  tables  suppose.  Its  true  motion  in  this 
interval  was  therefore  greater  than  that  of  the  tables ;  for, 
otherwise,  being  behind  them  in  1691,  it  could  not  have 
agreed  with  them  exactly  in  1756. 

On  the  contrary,  since  1656  the  motion  indicated  by  the 
tables  has  become  greater  than  the  real  motion  j  for,  by  cal- 
culating the  epochs  for  the  subsequent  years,  wc  find  them 
always  less  than  those  derived  from  observation.  The  series 
of  errors  is  oven  increasing,  as  may  be  seen  by  the  following 


1766 
1779 
1789 
1801 


—  3,0 

—  9,1 

—  17,6 

—  28,5 


355.  Tliese  results  evidently  indicated  that  the  mean  mo- 
tion of  the  tables,  determined  from  observation,  involved  in 
its  value  the  results  of  some  inequality  of  a  long  period,  the 
existence  of  which  was  not  known,  but  the  effects  of  which, 
in  alternately  augmenting  and  diminishing  the  moon's  lon- 
gitude, were  rendered  sensible  by  time.  Hence  the  necessity 
of  correcting  continually  the  mean  longitude  mdicated  for 
the  commencement  of  each  year,  as  the  tables  became  defec- 
tive, and  also  the  impossibility  of  extending  them  to  distant 
times. 

The  only  means  of  avoiding  these  difficulties  was  to  dis- 
cover the  inequahty  in  question.  But  there  was  little  hope 
of  doing  this  by  simple  observation;  for,  as  it  had  hitherto 
escaped  all  observers,  the  probability  was  that  it  was  subject 
to  a  very  long  period,  perhaps  dependent  on  a  great  number 
of  elements,  and  consequently  in  all  its  relations  difficult  to 
be  determined. 

it  only  remained  then  to  have  recoorse  to  theory,  and  the 
aids  astronomy  had  already  received  from  this  source  en- 
cotiraged  the  hope  of  new  success. 

356.  Laplace  has  realized  these  anticipations.  By  a  new 
and  piofoimd  examination  of  all  the  parts  of  the  lunar  theory, 
he  discovered  a  new  inequality  which  had  not  before  been 
suspected,  and  the  arg;ument  of  which  is  equal  to  double  the 


Theory  ^  the  Maem. 


324 

longitude  of  the  node  of  tho  moon's  orbit,  plus  the  loti^tude 
of  its  perigee,  minus  three  times  the  longitudo  of  the 
perigee.     It  is  proportional   to   the   sine  of  this  angle, 
period  is  184  years.f 

In  1691  this  inequality  was  subtractive,  and  dimiiiished  tlie 
mean  longitude  of  the  moon.  It  must  have  become  nothing 
some  lime  after,  for  it  was  additive  in  17S6,  and  had  iheii 
nearly  attained  its  maximum.  Tlie  difference  between  the 
mean  longitudes  during  this  interral  is  then  found  \a  be 
increased  by  the  progressive  influence  of  this  inequality. 
Accordingly  the  mean  motion,  given  by  the  tables,  appeaieAi 
to  he  too  small,  when  we  wished  to  go  back  from  1756  to 
epoch  of  1691.  On  the  contrary,  alter  1756  the  inequality,] 
which  had  attained  its  maximum,  began  to  decrease  ;  and  it 
effect  in  augmenting  the  longitude  of  the  moon  became  less.] 
Then  the  increase  of  the  mean  longitude  from  1756  bet 
less  than  it  ought  to  have  been,  in  virtue  of  the  mean  motioD; 
and,  consequently,  the  motion  assigned  by  the  tables  apj 
too  great.  Lastly,  from  this  epoch  the  error  must  necessarilj 
increase,  since  the  foreign  increment,  involved  in  the  u 
longitudes  compared,  is  found  to  have  diminished  more 
more  in  the  second  epoch,  according  as  this  was  fartbei 
removed  bow.  1756,  and  must  even  soon  change  to  a  diminu- 
tion. 

357.  This  discovery  required  several  corrections.  It  be- 
came necessary  to  detennine  the  absolute  value  of  the  new 
inequality,  and  to  subtract  it  from  the  mean  longitudes 
adopted  in  1750,  for  calculating  the  mean  motion  at  the  time 
of  forming  the  tables ;  and,  lastly,  to  calculate  this  mean 
motion  anew  with  the  corrected  longitudes.  But  these  cdi- 
rections  being  all  connected  together  coidd  not  be  obtmned 
separately.  When  observations  make  kncnvn  the  errors  of 
the  tables,  they  only  make  known  the  general  result  of  all 
the  causes  of  error  with  which  these  tables  are  affected ;  iheyi 
do  not  discriminate  what  belongs  to  each  one  separately. 


t  Id  M.  Burckhardt's  tables  i.be  pe^riod  of  this  inequality  is  reduced 
to  179  years,  and  the  argument  lo  twice  the  mean  longitude  of  ibe 
moon's  node,  plus  the  longitude  of  the  moon'e  perigee.  These  points, 
however,  are  not  considered  as  definitively  settled. 
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We  must  then  regaM  ail  these  corrections  as  so  many 
unknown  quantities,  connected  together  by  certain  relations, 
and  requiring  to  be  represented  by  so  many  indeterminate 
quantities.  We  calculate  from  these  relations  the  analytic 
expression  of  the  iiidueace  which  each  error  must  have  upon 
the  definitive  result ;  and  the  sum  of  these  hypothetical  errors 
must  be  equal  to  the  total  error  actually  indicated  by  observa- 
tion. 

358.  Thus,  Laplace  found  15,3932"  for  the  coefficient  of 
ihis  inequality, —  13,4599"  for  the  correction  of  the  epoch  of 
the  tables  in  1750,  and  31,9639"  for  the  secular  diminution 
of  the  mean  motion,  which  must  be  multiplied  by  the  num- 
ber of  centuries  after  1750,  and  which  becomes  consequently 
additive  before  lliis  epoch. 


Periodical  Inequalities  which  affect  the  Moon's  Latitiidi: 

369.  Hitherto  we  have  considered  only  the  inequalities 
which  affect  the  elliptical  longitude  of  the  moon ;  there  are 
others  which  affect  its  distance  from  the  plane  of  the  ecliptic, 
or  its  latitude.  The  most  remarkable  is  that  which  causes  a 
variation  in  the  inclination  of  the  moon's  orbit  j  it  haa  for  its 
maximum  0^  8'  47,15",  and  its  argiunent  is  double  the  di8- 
tauce  of  the  sun  from  the  asceuding  node  of  the  moon's  orbit. 
It  is  proportional  to  the  cosine  of  this  angle.  Its  period  is 
consequently  equal  to  half  a  revolution  of  the  sun  with  re- 
spect to  the  nodes  of  the  moon,  since,  in  this  interval,  its 
argument  varies  360°. 

Tycho  Brahe  first  discovered  this  inequality  by  comparing 
together  the  greatest  latitudes  of  the  moon,  observed  at  dif- 
ferent epochs,  and  in  different  positions  of  this  body  with 
respect  to  the  nodes  of  its  orbit.  He  peceived  that  these 
latitudes  arc  not  always  the  same.  They  deviated  sometimes 
positively  and  sometimes  negatively  from  the  mean  value, 
which  we  have  said  was  equal  to  5°  8'  59,93" ;  and  as  the 
greatest  latitudes  of  the  moon  give  directly  the  inclination  of 
its  orbit  to  the  plane  of  the  ecUptic,  it  necessarily  followed 
that   this   inclination    varied.     The   same   astronomer   went 
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farther,  and  by  a  long  series  of  observations  detennined  the 
law  of  this  inequality,  and  presented  it  under  a  different  foim 
from  that  which  is  here  given,  but  amounting  to  the  same 
thing  in  the  result.  The  motion  of  the  moon's  nodes  in- 
volves also  an  inequality  depending  on  the  same  angle  as  the 
preceding,  with  this  diifereuce,  that  it  is  proportional  to  tit 
sine  of  this  angle  and  not  to  the  cosine.  We  might  reprcseni 
these  two  inequalities  together  by  impressing  a  small  morion 
of  nutation  upon  the  axis  of  the  moon's  orbit ;  in  the  same 
manner  as  we  have  represented  the  periodical  oscillations  ol 
the  earth's  equator  and  the  equinoxes,  by  means  of  the  nuta- 
tion of  the  earth's  axis.  For  this  purpose,  it  would  bo  suffi- 
cient to  place  the  mean  pole  of  the  moon's  orbit  at  a  distance 
from  the  pole  of  the  ecliptic,  equal  to  5°  8'  59,93",  and  then 
to  make  the  true  pole  oscillate  about  the  mean  pole  in  a  small 
eUipse  to  be  described  in  a  period  equal  to  a  semi-revolutioD 
of  the  sun  with  respect  to  the  moon's  nodes,  that 
irS"  7"-  26'  20,54". 

There  are  several  other  inequahties  which  affect  the  lat^ 
tude  of  the  moon  and  the  inclination  of  its  orbit,  and  which 
are  combined  in  the  tables  with  the  preceding ;  but  tbey 
have  been  determined  only  by  theory.  For  this  reason  we 
shall  not  speak  of  them  in  this  place,  our  aim  being  only  to 
give  some  idea  of  the  aid  which  observation  and  theory 
mutually  lend  each  other. 
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360.  It  remains  to  consider  the  periodical  inequalities 
which  affect  the  moon's  distance  from  the  earth,  or  its  radius 
vector,  the  last  element  necessary  tor  determining  its  positioD 
in  space. 

The  variations  of  the  moon's  radius  vector  do  not  exactly 
conform  to  the  laws  of  the  elliptic  motion ;  they  deviate  in 
a  very  sensible  manner,  sometimes  positively  and  sometimes 
negatively.  These  deviations  are  rendered  obvious  by  com- 
paring together  the  distances  of  the  moon  from   the   earth, 
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obaerred  in  the  s&me  point  of  its  orbit  at  different  epochs,  < 

vhat  amounts  to  the  same  thing,  by  comparing  the  parallaxes 

£mtn  which  these  distances  are  calculated ;    for  we  observe 

that   these   parallaxes  are   not  always  the   same,  and   their 

changes  have  a  marked  reference  to  the  positions  of  the  moon 

Vilh  respect  to  the   sun.      We  thus   find  that  the  smallest 

parallax,  0°  63'  51",  takes  place  when  the  moon  is  at  the 

apogee  and  in  conjunction ;  and  the  greatest,  1°  1'  29",  when 

it  is  at  the  perigee  and  in  opposition.     But  the  union  of  these 

I  circumstances  is   necessary  in  order  to  obtain   the  extreme 

I  Talues.     Often  the  parallax  at  the   perigee  is  less  than  l'^  1' 

I  29",  and  the  parallax  at  the  apogee  greater  than  0''  53'  51". 

361.  These  results  show  that  the  lunar  ellipse  does  not 
'  always  preserve  the  same  dimensions.  It  dilates  and  con- 
tracts successively ;  we  have  already  noticed  this  fact  in 
connexion  with  the  annual  equation.  These  phenomena  must, 
therefore,  be  considered  as  produced  by  periodical  inequali- 
ties, which  affect  the  radius  vector  of  the  moon.  Their 
effect  consists  in  causing  the  moon  alternately  to  approach  to 
and  recede  from  the  earth,  and  thus  to  oscillate  within  lunits 
of  small  extent  about  a  mean  distance,  which  it  is  our  object 
to  determine,  and  to  which  all  the  periodical  inequalities  must 
be  applied  alternately  as  positive  and  negative. 

The  theory  of  attraction  having  made  known  the  forces 
which  act  upon  the  lunar  spheroid,  furnishes  the  means  of 
determining  this  mean  distance,  and  the  nature  of  the  ine- 
qualities which  affect  it ;  but  as  astronomical  observations 
give  immediately  the  value  of  the  parallax,  and  as  we  can 
deduce  from  this  the  value  of  the  radius  vector  by  a  simple 
proportion,  it  is  found  more  convenient  and  exact  to  ascer- 
tain the  inequalities  of  the  parallax  directly  by  theory,  that 
we  may  be  the  better  able  to  follow  out  and  verify  them  by 
observation.  But  then  it  is  necessary  to  determine  a  mean 
parallax  from  which  all  the  others  shall  deviate  equally  on 
the  one  hand  and  on  the  other,  in  consequence  of  the  ine- 
qoalities ;  this  is  what  is  called  the  constant  of  the  parallax. 

In  order  to  determine  tt,  we  in  the  first  place  have  recourse 
to  observation ;  by  applying  to  the  parallaxes  observed  all 
the  inequahties  made  known  by  theory,  we  obtain  for  the 
iwolt  the  constant  of  the  parallax ;  but  by  a  process  more 
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profinmdy  Laplace  succeeded  in  obtaining  this  importaiit  el»> 
ment  from  theory  alone ;  its  value  is  0^  67^  4,1648'^.  It  gira 
a  mean  distance  equal  to  60,23799  radii  of  the  earth.  Ths 
apparent  diameter,  which  conresponds  to  it,  is  equal  to  doubb 
QP  67'  4,1648"'  multiplied  by  the  constant  ratio  0,27293,  or 
31'  7,73". 

In  order  to  determine  this  mean  parallax  by  theory,  we 
must  consider  the  moon  as  a  body  subjected  to  the  same 
action  of  grevity  as  other  terrestrial  bodies,  and  revolving 
about  the  earth  by  the  effect  of  a  motion  ci  projection.    Ite 
velocity  of  this  motion  is  known  by  observations  of  the  mooo. 
We  know  also  by  experiments  upon  the  pendulum  the  intes- 
sity  of  tenestrial  grevity  at  the  surface  of  the  earth.    Thm^ 
suppoong  this  gravity  to  be  inversely  proportional  to  the 
square  of  the  distance  from  the  centre  of  the  earth,  we  ean 
circulate  to  what  degree  it  must  be  diminished,  and  ccnsB- 
qnently  to  what  distance  the  moon  must  be  removed,  in  otda 
that  the  action  of  gratrity  upon  it  may  be  such  as  observi^ 
tions  show  it  to  be  from  its  mean  motion.    We  thus  cbtaia 
the  moon's  distance  firom  the  earth,  corresponding  to  this 
motion ;  and  hence  we  deduce  the  mean  value  of  the  peraUax, 
it  being  inversely  as  this  distance.    It  may  be  proper  to  re- 
mark, that  the  value  QP  B7'  4,1648^"  is  not  the  arithmetical 
mean  between  the  values  1°  1'  29^'  and  QP  63'  60"  of  the 
extreme  parallaxes ;  but  approaches  nearer  to  the  second  than 
the  firsL 
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362.  It  is  found  by  careftilly  observing  the  spots  <mthe 
moon,  that  it  always  presents  to  us  nearly  the  same  ftce. 
Accordingly,  during  a  revolution  about  the  earth,  its  oppo- 
site hemisphere  corresponds  successively  to  all  the  points  of 
the  heavens  which  are  in  the  plane  of  its  orbit.  It  has,  tbea, 
a  real  motion  of  rotation  about  its  axis. 

We  shall  be  convinced  of  the  existence  of  this  motion  in  a 
manner  still  more  striking,  by  referring  the  successive  posi- 
tions of  the  moon  to  a  very  distant  point,  as  the  sun ;  for  the 
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fece  which  it  presents  to  us  is  sometimes  turned  towards  the 
sun,  and  sometimes  in  a  contrary  direction.  An  observer 
placed  at  the  sun  would,  therefore,  see  the  moou  turn  on  its 
axis  in  the  course  of  a  synodic  revolution.  This  rotation 
seen  from  tho  stars  would  be  of  the  same  duration  as  the 
sidereal  revolution  of  the  moon ;  with  respect  to  the  equi- 
noctial points,  it  would  be  the  tropical  revolution. 

In  order  to  determine  the  axis  of  rotation  and  the  plane  of 
the  lunar  equator,  observers  have  been  led  to  a  very  minute 
examination  of  the  spots.  Two  circumstances  served  to 
facilitate  this  inquiry ;  these  spots  are  permanent,  and,  in  gen- 
eral, may  be  observed  during  a  whole  revolution. 

They  present,  nevertheless,  some  varieties  in  their  apparent 
position  on  the  moon's  disc  ;  we  see  them  alternately  approach 
to  and  recede  from  the  limb.  Those  which  are  near  the  limb 
disappear  and  reappear  successively  by  periodical  oscillations. 
But  as  the  spots  tliemselves  do  not  seem  to  undergo  any 
sensible  change  in  their  relative  positions,  and  as  they  always 
present  themselves  under  tho  same  form  and  magnitude, 
when  they  return  to  the>same  situation,  we  infer  that  they 
are  Exed  to  the  surface  of  the  moon.  Their  oscillations 
appear,  therefore,  to  indicate  in  the  lunar  globe  a  kind  of 
motion,  wliich  has  received  the  name  of  Ubration,  from  a 
Latin  word  which  signifies  lo  balance. 

But  in  adopting  this  expression,  which  represents  very  well 
the  appearances  observed,  we  must  not  affix  to  it  an  absolute 
meaning ;  it  is  only  the  result  of  several  optical  illusions, 

363.  To  analyze  these  illusions,  we  must  make  use  of  pre- 
cise language.  Let  ns  then  suppose  a  visual  ray  drawn  from 
the  centre  of  the  eartli  lo  the  centre  of  the  moon.  A  plane 
drawn  through  this  latter  centre  perpendicular  to  the  above 
ray,  cutting  the  globe  of  the  moon,  will,  by  its  intersection, 
form  tlie  circumference  of  a  circle ;  this  is  the  boundary  of 
the  apparent  disc.  If  the  moon  had  no  real  motion  of  rota- 
lion,  that  is,  if  each  point  of  its  surface  were  invariably 
directed  towards  the  same  point  of  the  heavens,  its  single 
motion  of  revolution  about  the  earth  would  discover  to  us 
successively  all  the  parts  of  its  surface ;  and  the  visual  ray 
would  cut  it  successively  in  difierent  points,  which  wo  should 
see  pass  one  after   the   other  over    the  centre  of   the   disc. 
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The  actual  motion  of  nMation  counteracts  the  effects  of  this   ' 
apparent  rotation,  and  causes  the  lunai  globe  to  present  coBf  J 
statitly  the  same  face  to  the  earth ;  this  is  the  leaaon  -why  M 
never  see  the  opposite  face. 

Let  us  now  suppose  that  tho  rotation  of  the  moon  is  si 
bly  uniform  ;    that  is,  that  it  does  not  partake  of  the  period 
cal  inequalities;  this  supposition  is  at  least  the  most  natu 
that  can  be  made,  and  theory  has  proved  that  it  is  com 
Then  one  of  the  causes  which  produce  the  hbralion  becom 
evident ;  for  the  motion  of  revolution,  being  affected  by  tl 
periodical  inequalities,  is  sometimes  more  and  sometimes  les 
rapid.      The  apparent   motion   which   it    occasions    cannot, 
therefore,  be  always  counteracted  by  the  real  rotation  which 
remains  constantly  the  same;   and  these  two  effects  exceed 
each  other  alternately.     The  points  of  the  lunar  globe  must, 
therefore,  appear   to   turn   alternately  in  different  direciiocs 
about  its   centre,  and  the  appearance  thus  produced  is  the 
same  as  if  the  moon  had  a  slight  vibratory  motion  on  each 
side  of  the  radius  vector  drawn  from  its  centre  to  the  earth, 
This  is  called  the  librathn  in  longitude. 

Several  causes  miile  with  the  preceding  and  sensibly  modify 
this  first  result. 

The  spots  on  the  moon  do  not  always  preserve  the  same 
distance  from  the  plane  of  its  orbit ;  sometimes,  by  the  elfecl 
of  rotation,  they  even  pass  from  one  side  of  this  plane  to  the 
opposite.    These  phenomena  indicate  an  axis  of  rotation, 
which  is  not  exactly  perpendicular  to  the  plane  of  the  orbit. 
Now,  as   this  axis  appears  under  its   greatest  and   smallest 
obUquity,  it  must  discover  to  us  successively  the  two  poles 
of  rotation  of  the  lunar  spheroid ;  in  the  same  manner  as  the 
axis  of  the  earth  presents  successively  its  two  poles  to  the 
sun  at  the  two   solstices.     It  follows,  then,   that   we  must 
sometimes  see  points  sitimted  about  the  poles,  and  then  lose 
sight  of  them  as  they  pass  over  the  apparent  edge.     ThisilJ 
called  the  libration  in  latitude.     It   is   inconsiderable,  fnndl 
which  we  infer  that  the  equator  of  the  moon  differs  but  Utds'l 
from  the  plane  of  its  orbit. 

A  third  illusion  arises  from  the  observer  being  placed  itl 
the  surface  of  the  earth,  and  not  at  the  centre.  It  is  towaiAlfl 
the  centre  that  the  moon  always  turns  the  same  face,  and  thtfl 
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visual  ray  drawn  from  thence  to  the  centre  of  the  moon 
would  always  meet  its  surface  iu  the  same  point,  the  pre- 
ceding inequalities  being  left  out  of  consideration.  It  is  not 
the  same  with  the  visual  ray  drawn  from  the  surface  of  the 
earth;  this  ray  makes  a  sensible  angle  with  the  preceding, 
in  consequence  of  the  proximity  of  the  moon ;  this  angle  at 
the  horizon  is  equal  to  the  horizontal  parallax.  On  account 
.  of  this  difference,  the  apparent  contour  of  the  lunar  spheroid 
is  not  the  same  with  respect  to  a  spectator  at  the  centre  of 
the  earth  and  one  at  the  surface.  In  the  latter  position,  when 
the  moon  is  rising,  some  points  are  discovered  towards  its 
upper  hmb,  which  are  not  visible  from  the  centre.  As  the 
moon  increases  in  altitude,  these  points  approach  the  upper 
limb  of  the  disc,  and  at  length  disappear,  while  others  become 
perceptible  near  the  lower.  The  same  effect  continues  as 
long  as  the  moon  is  visible,  and  as  the  part  of  its  disc,  which 
is  uppermost  when  rising,  appears  lowest  when  setting,  the 
difference  is  most  obvious  at  these  two  epochs,  Thus,  by 
its  diurnal  motion,  the  body  of  the  moon  appears  to  oscillate 
about  the  radius  vector,  drawn  from  its  centre  to  that  of  the 
earth.     This  is  called  the  diurnal  libraHon. 

364.  The  preceding  explanations  satisfy  the  phenomena 
observed,  so  readily  and  exactly,  that  we  cannot  entertain  a 
doubt  of  their  correctness.  These  three  kinds  of  libration 
are,  then,  purely  optical  effects ;  accordingly  they  disappear 
entirely,  when  we  refer  the  position  of  the  spots,  as  seen  from 
the  earth,  to^the  position  they  would  have  with  respect  to  an 
observer  placed  at  the  centre  of  the  moon.  Then  there 
remains  only  a  uniform  motion  of  rotation  about  an  axis 
nearly  perpendicular  to  the  moon's  orbit. 

365.  To  determine  the  position  of  this  axis  and  the  dura- 
tion of  the  rotation,  we  make  use  of  the  processes  already 
applied  to  the  determining  of  the  sun's  rotation.  We  observe 
the  differences  of  right  ascension  and  declination  between 
one  of  the  moon's  limbs  and  a  given  spot.  As  we  know  also 
by  observation  or  calculation  the  apparent  semidiameter  of 
the  disc,  we  deduce  from  these  data  the  difference  of  dechna- 
tion  and  right  ascension  between  the  spot  and  the  centre,  and 
consequently  the  difference  of  longitDde  and  latitude. 
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The  geocentric  positions  of  a  spot  being  known,  we  con- 
vert them  itilo  selenuceitlric  jxitiitiuus,  that  is,  the  positions 
they  would  have  as  seen  from  the  centre  of  the  moon.  Tlie 
formulas  necessary  for  this  reduction  are  the  same  as  th<»> 
employed  io  the  case  of  the  sun,  witli  the  exception  of 
Email  modificatioit  arising  from  the  ctrcuiustance  thai 
latitude  of  the  moon  is  not  0,  like  that  of  the  sun. 

366.  If  tlie  orbit  described  by  the  spot  about  the  centre 
of  the  moon  is  in  the  same  plane,  three  observations,  thus 
prepared,  would  seem  to  be  sulficient  to  determine  tiiis  plane, 
and  consequently  the  position  of  ihe  moon's  equator,  whieh 
is  parallel  to  it.     But  here  a  new  peculiarity  presents  itselt 

If  we  employ  three  observations  made  within  a  short  iuler- 
val,  for  example,  witliiii  the  space  of  16  days,  we  find  ihai 
the  longitude  of  the  ascending  pode  of  the  moon's  equaur 
is  equal  to  the  mean  longitude  of  the  ascending  node  of  the 
orbit ;  and  as  we  find  this  equality  to  continue,  at  whatevai 
epochs  we  repeat  the  operation,  i)rovided  the  interval  be  not 
great,  we  must  conclude  that  the  intersecti^  of  the  lunar 
equator  with  the  ecliptic  is  constantly  parallel  to  the  line  of 
the  mean  nodes  of  the  orbit ;  consequently,  this  line  of  inter- 
section has  a  retrograde  motion  equal  to  that  of  the  nodes; 
and  thus  the  axis  of  rotation  of  the  lunar  spheroid  describes 
a  conical  surface  about  the  axis  drawn  through  its  centre 
perpendicuiai  to  the  echptic.  As  to  the  inclination  of  the 
limar  equator  to  the  echptic,  it  appears  to  be  constant ;  for, 
calculating  it  thus  by  observations  made  near  to  each  other, 
we  always  oblain  for  it  the  same  value,  namely,  1^  off  11". 

367.  The  mean  revolution  of  the  moon's  nodes  taking  place. 
808.  as  we  have  seen  above,  in  6793'^  10''  6'  30",  it  follows  ttiai 
*      these  nodes  retrograde   1°  in  18''  20*"  53'  40".     The  Une  of 

intersection  of  the  lunar  equator,  therefore,  following  the  mo- 
tion of  the  nodes,  must  also  retrograde  1°  in  the  same  interval. 
The  slowness  of  this  motion  is  such  that  observations,  made 
within  an  interval  of  a  few  days,  give  nearly  tlie  same  longi- 
tude for  the  moon's  node  ;  but  we  cannot  combine  in  this 
manner  observations  made  at  distant  epochs ;  for  then  the 
displacement  of  the  limar  equator  becoming  sensible,  the  sde- 
nocentric  positions  of  the  spot  cannot  be  comprehended  in 
the  same  plane  having  a  constant  longitude,  as  is  supposed 
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tho  formulas  established  for  the  sua ;  hence  another  modifica- 
tion is  to  be  made  in  these  formulas  in  order  to  render  them 
applicable  to  the  moon.  This  modification  consists  in  ren- 
dering the  line  of  intersection  of  the  Imiar  equator  movable 
on  the  ecliptic,  conformably  to  the  law  we  have  determined. 
Tills  is  easily  done  without  rendering  the  calctUations  any 
more  complicated. 

That  nothing  may  be  omitted  wliich  can  conduce  to  pre- 
cision, wo  remark  that  it  is  necessary  to  employ  a  different 
parallax  for  the  centre  of  the  lunar  spheroid,  and  for  the  spots 
on  its  surface;  since,  on  account  of  the  magnitude  of  the 
moon's  parallax,  this  difference  is  sensible.  We  can  easily 
estimate  it  when  we  know  the  difference  of  the  distances; 
and  to  obtain  this  last,  it  is  sufficient  to  calculate  the  parallel 
of  the  spot  by  a  iirst  approximation,  in  which  the  parallaxes 
for  the  spot  and  centre  are  supposed  to  be  equal, 

36S.  By  employing  all  the  precautions  which  the  case 
admits  of,  and  applying  them  to  a  great  number  of  observa- 
tions, we  establish,  with  the  utmost  certainty,  the  constancy 
of  the  inclination  of  the  lunar  equator  to  the  ecliptic,  and  tho 
parallelism  of  its  nodes  with  the  mean  nodes  of  the  orbit. 
These  results  may  be  represented  by  the  following  construc- 
tion. Through  the  centre  of  the  moon  suppose  three  planes 
to  pass;  one  representing  the  moon's  equator,  another  the 
mean  plane  of  its  orbit,  and  a  third  parallel  to  the  ecliptic. 
Tliis  last,  which  will  be  always  comprehended  between  the 
two  others,  will  pass  tlirough  their  common  intersection.  It 
will  make  with  the  first  an  angle  of  1°  30'  11",  which  is  the 
inclination  of  the  lunar  equator  to  the  ecliptic  ;  and  with  the 
second,  an  angle  of  6*^  8'  50,93",  which  is  the  mean  inclina- 
tion of  the  orbit  to  the  same  plane. 

3G9.  We  have  seen  that  there  are  secular  variations  in  the 
motion  of  the  moon,  which  must,  in  the  coiu^e  of  time,  pro- 
duce very  considerable  changes  in  it.  If  the  rotatory  motion 
remained  always  the  same,  and  did  not  participate  in  these 
inequaUtics,  it  would  soon  cease  to  counterbalance  exactly  the 
motion  of  revolution,  and  the  moon  would  gradually  turn  with 
respect  to  us,  until,  in  the  lapse  of  centuries,  it  would  present 
successively  all  the  points  of  its  Surface.  But  theory  has 
shown  that  this  can  never  be  the  case.     The  rotatory  motion, 
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though  indepepdent  of  the  periodical  inequalities  which  aflfoet 
the  levolving  motion^  is  subject  to  the  same  secular  ineqnalir 
ties.  These  motions  will,  therefore^  pass  through  the  suae 
changes,  always  counterbalancing  each  other,  and  the  &oe  of 
the  moon  now  opposite  to  the  earth  will  for  ever  remain  as. 
B7  the  same  laws  the  constant  inclination  of  the  Imiir 
equator  to  the  ecliptic,  and  the  parallelism  of  its  nodes  vith 
the  mean  nodes  of  the  orbit,  will  always  be  the  same,  not- 
withstanding the  developement  of  secular  inequalities.  Ilieie 
▼aluaUe  theorems  are  derived  from  the  anal]rsis  of  Lagnmge. 
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370.  Ws  hare  seen  that  the  ratio  of  the  radius  of  the  earth 
to  that  of  the  moon,  on  the  supposition  that  they  are  spheri- 
cal, is  0,273,  or  nearly  1^.  The  ratio  of  their  bulks,  on  the 
same  hypothesis,  is  equal  to  the  cube  of  the  ratio  of  their  ladii, 
namely,  xSir)  or  A-  We  hence  infer  that  the  bulk  or  vohme 
of  the  moon  is  about  one  forty  ninth  part  of  thai  of  the  earth. 

It  appears,  by  the  theory  of  attraction,  that  the  mass  of  the 
moon  is  A  of  that  of  the  earth.  This  ratio  is  much  less  than 
that  of  A-  The  dmiss  of  the  moon  compared  with  that  of  the 
earth  is,  therefore,  not  in  proportion  to  its  biilk,  and  conse- 
quently the  moon's  density  is  less  than  that  of  the  earth. 

From  the  phenomena  presented  by  the  moon's  rotation,  it 
is  proved  that  the  moon'  is  not  spherical.  The  form  must  be 
that  of  a  spheroid,!  having  its  greater  axis  turned  constantly 
toward  the  earth  and  situated  in  the  plane  of  the  lunar  equa- 
tor, its  smaller  axis  in  the  direction  of  the  poles  of  rotation, 
and  for  its  third  axis  one  perpendicular  to  these  two,  and  inter- 
mediate between  them  as  to  length.  These  curious  results 
were  discovered  by  Lagrange. 

t  The  term  spheroid  is  used  here  and  in  some  other  places,  with 
the  latitude  of  the  original  spheroide,  to  stand  for  any  figure  that  ap- 
proaches nearly  to  a  sphere ;  whereas  it  ordinarily  denotes,  in  Eng- 
lish, a  solid  generated  by  the  revolution  of  an  ellipse  about  one  of  its 
axes,  and  answers  to  what  the  French  call  an  ellipsoid  of  reTolution. 
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371.  By  examining  carofiiliy  the  disc  of  the  moon,  when  it 
is  not  entirely  illuminated  by  the  sun,  we  observe  on  the  dark 
part  certain  bright  spots  that  gradually  increase  and  become 
more  conspicuous,  as  the  illuminated  part  extends  itself. 
These  spots  never  appear  far  from  the  confines  of  the  illumi- 
nated part,  and  when  they  are  lost  in  the  general  light,  they 
are  always  accompanied  with  a  shade,  more  or  less  deep, 
which  turns  with  the  sim  like  a  projected  shadow,  that  is, 
so  as  to  be  always  opposite  to  the  siui.  We  hence  conclude 
that  the  spots  imder  consideration  are  mountains,  that  elevate 
themselves  more  or  less  above  the  genemi  surface  of  the 
moon,  the  summits  of  which  are  reached  by  the  sun's  light 
before  tlieir  bases.  They  are  found  to  bo  of  various  heights, 
like  those  of  the  earth,  the  highest  attaining  to  about  the 
same  elevation  in  both. 

We  observe  also  portions  of  the  lunar  disc  that  are  distin- 
guished by  theirobscurity.  These,  it  would  seem,  are  val- 
leys, or  depressions  below  the  general  surface.  The  resiUt  of 
the  latest  and  best  observations  upon  the  different  inequalities 
in  the  moon's  surface,  together  with  those  which  relate  to  a 
limar  atmosphere,  will  be  given  in  the  Appendix. 
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372,  We  proceed  now  to  speak  of  certain  phenomena, 
which  for  a  long  time  filled  the  world  with  terror,  but  which, 
owing  to  the  progress  of  knowledge,  have  at  lenglli  come  to 
be  regarded  only  as  objects  of  interest  and  ciu-iosity. 

We  shall  first  consider  the  general  phenomena  of  ccHpses, 
next  the  circumstances  under  which  they  can  take  place,  and, 
lastly,  the  means  of  predicting  them. 

We  shall  begin  with  eclipses  of  the  moon.  The  earth, 
being  an  opaque  body  iUurainated  by  the  sun,  will  project 
a  shadow  behind  it  in  space.  When  the  moon  enters  this 
shadow  it  is  cut  off  from  the  direct  light  of  the  sun,  and  is 
consequently  eclipsed. 

373.  If  through  the  extremity  of  the  sun's  diameter  we  sup- 
pose straight  lines  to  he  drawn  touching  the  surface  of  the 
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Wig.  85.  earth,  as  AB^  A'B\  these  lines  produced  will  repiesent  the 
limits  of  the  shadow ,  and,  as  the  sun  is  much  larger  than  the 
earthy  they  will  meet  behind  the  latter,  and  will  thus  giTs'to 
the  shadow  the  form  of  a  circular  cone,  if  the  earth  be  spheri-  i 
cal,  and  of  an  elliptical  cone,  if  the  earth  be  a  regular  spheroid.  \ 
Accordingly,  when  the  moon  enters  this  shadow,  a  part  of  its 
disc  still  remaining  illuminated  by  the  sun,  this  part  will  not 
be  terminated  by  a  straight  line,  but  will  have  the  form  of  a 
luminous  crescent,  its  c(mcavity  being  turned  towards  die 
shadow.  The  same  phenomena  will  take  place  when  ths 
moon  begins  to  emerge  from  the  shadow. 
.  374.  When  the  moon  approaches  the  earth's  shadow,  it 
does  not  become  eclipsed  suddenly,  but  loses  its  light  by  im- 
perceptible degrees.  In  order  to  comprehend  this  phenome- 
non, we  must  remember  that  a  small  opaque  body,  upon 
being  placed  between  an  object  and  the  sun,  does  not  entirely 
obstruct  the  sun's  rays,  but  .the  object  becomes  less  iUumi- 
nated  on  this  account,  and  if  the  opaque  body  be  suflkmntly 
near,  receives  a  shadow.  There  is  then  between  the  psit 
which  is  perfectly  illuminated,  and  that  which  is  perfectly 
dark,  an  intermediate  shade,  called  the  penumbra.  Such  is 
the  effect  produced  upon  the  moon  when  it  approaches  the 
earth's  shadow. 

To  determine  the  limits  of  the  penumbra,  we  suppose  two 
straight  lines  A'B^  AB',  touching  the  surface  of  the  son  and 
that  of  the  earth,  but  on  opposite  sides,  so  as  to  cross  each 
other  between  the  two  bodies,  as  in  figure  86.  The  angles 
EBCj  E'B'Cj  represent  the  space  comprehended  by  the  pe- 
numbra ;  for,  from  any  point  situated  without  these  limits  the 
entire  sun  is  seen ;  but  from  any  point  L  within  them,  only 
the  part  AL'  of  its  disc  is  visible.  This  portion  diminishes 
from  the  line  EB  to  CB,  where  it  becomes  nothing;  and 
consequently  the  deepness  of  the  penumbra  increases  firom 
the  first  limit  where  it  begins,  to  the  second  where  it  is  con- 
founded with  the  shadow.  Tliis  explains  the  progressive 
obscurity  observed  in  the  moon's  disc  when  it  is  eclipsed. 

376.  When  the  moon  is  totally  eclipsed  by  the  earth's 
shadow,  it  is  not  entirely  concealed  from  view.  Its  surface  is 
still  feebly  illmninated  with  a  reddish  light,  resembling  that 
of  the  clouds  after  sunset     This  light  proceeds  from  the 
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solar  rays  refracted  by  the  earth's  atmosphere,  and  bent  to 
such  a  degree  as  to  pass  into  the  shadow ;  for  those  rays 
which  are  not  sufficiently  refracted  to  reacli  the  surface  of 
the  eartli,  whero  they  would  be  absorbed,  continue  their 
course  through  the  atmosphere.  After  they  have  traversed 
it  they  are  bent  behind  the  earth,  and  tend  as  it  were  to  the 
focua  of  a  lens.  If  the  hghl  thus  tending  to  a  point  behind 
ihe  earth  were  not  in  a  great  degree  absorbed  by  tlie  atmo- 
sphere, its  effect  would  be  very  considerable ;  for,  if  we  con- 
sider one  of  the  luminous  points  of  tlie  sun's  disc,  this  point 
could  only  send  directly  a  smgle  ray  to  each  point  of  space ; 
but,  by  the  interposition  of  the  earth's  atmosphere,  it  causes  a 
cone  of  luminous  rays  to  fall  beliind  the  earth.  The  focus 
where  the  rays  unite  receives,  therefore,  a  much  greater  num- 
ber than  it  would  do  if  it  were  illuminated  directly. 

376.  Hitherto  we  have  spoken  only  of  the  ecUpses  of  the 
moon.  Eclipses  of  the  sun  are  to  be  understood  in  a  similar 
manner  ;  for  they  axe  produced  by  the  conical  shadow  which 
the  moon  projects  behind  it  in  space.  When  this  shadow 
meets  the  surface  of  the  earth,  the  points  upon  wliich  it  falls 
are  deprived  of  the  direct  Ught  of  the  sun,  and  are  in  complete 
obscurity.  The  points  which  are  not  strictly  in  the  shadow, 
but  in  the  penumbra,  lose  only  a  part  of  the  sun's  hght,  and 
its  disc  would  appear  to  a  spectator  thus  situated  to  be  hol- 
lowed out  by  the  partial  interposition  of  the  moon ;  in  a  word, 
all  we  have  said  respecting  ecUpses  of  the  moon  is  equally 
a|iplicable  to  eclipses  of  the  sun,  if  we  suppose  the  spectator 
in  the  moon  ;  for,  what  we  call  ecUpses  of  the  sun  axe  uothing 
but  eclipses  of  the  earth  witli  respect  to  bii  observer  thus 
situated. 

377.  Let  us  now  subject  the  phenomena  to  calculation,  and 
attend  to  the  circumstances  under  which  they  may  happen. 

The  first  thing  to  be  determined  is  the  length  of  the  conical 
shadow  projected  behind  the  earth,  since  it  is  necessary  to 
know  whether  it  always  extends  to  the  orbit  of  the  moon. 
For  this  piupose  we  first  leave  out  of  consideration  the  earth's 
atmosphere  and  its  oblaleness. 

Let  S  be  the  centre  of  tlie  sun,  T  that  of  the  earth,  AB  a  Rg.  S6. 
straight   line  touching   the  earth  and  snn,  and  forming   the 
limit  of  iierfcct  sliadow  ;  ST*  will  he  the  axis  of  the  conical 


238  Theory  of  the  Moan. 

diadoWy  and  TC  the  length  of  the  cone  to  be  detennined. 
Now  it  is  sufficient  to  know  the  angle  TCB  at  the  yertezof 
the  cone.  This  is  equal  to  the  semidiameter  of  the  ion, 
minus  its  horizontal  paxallaz,  or  8,78'^,  as  will  be  readily  seen 
by  the  figure. 

By-means  of  this  result  we  can  easily  find  the  lengAcf 
CT;  fcflr,  in  the  triangle  CBTj  right«ngled  at  J3,  we  know 
the  angle  C  and  the  side  TBj  which  is  the  radios  of  the 
earth. 

It  is  obvious  that*  the  length  of  the  conical  shadow  ii»C 
vary  with  the  apparent  diameter  of  the  sun,  and  consequeofly 
with  its  distance  finom  the  earth.  The  following  are  the  valiM 
corresponding  to  the  mean  distance  and  those  of  the  perigee 
and  apogee. 

Distance  frmn  the  centre  of  the  earth  to  ^e  i^ertet  of  thi 
eonieal  Mhadow  expressed  in  radU  of  the  earth. 

When  the  sun  is  at  the  perigee     .  912,896 

<*  '^       at  its  mean  distance  .    216|fi31 

<<  <<       at  the  apogee      .  .        220,238 

378.  From  these  values  it  appears  that  the  shadow  lengdh 
ens  as  the  sun's  distance  increases.  We  have  before  seen  that 
the  moon's  greatest  distance  from  the  earth  is  only  63,94146 
terrestrial  radii,  and  therefore  much  less  than  the  smaDest 
length  of  the  shadow.  Consequently,  if  the  moon  moved  in 
the  plane  of  the  ecliptic,  it  would  traverse  this  shadow  each 
revolution,  and  there  would  be  an  eclipse  of  the  moon  every 
month. 

379.  In  the  same  manner  we  may  determine  the  length  d 
the  conical  shadow,  projected  by  the  moon,  on  the  supposi- 
tion that  it  is  spherical;  it  is  sufficient  to  employ  for  the 
apparent  diameter  and  parallax  of  the  sim  their  values  refer- 
red to  the  surface  of  the  moon.  It  is  easy  to  deduce  these 
values  from  those  we  have  already  employed ;  fortheqypa- 
rent  diameter  of  the  sun,  as  seen  from  the  moon,  will  be 
equdl  to  its  apparent  diameter,  as  seen  from  the  earth,  aug- 
mented in  the  ratio  of  the  distances  of  the  earth  and  moon 
from  the  sun.  Also  the  sun's  parallax  at  the  moon  is  equal  to 
its  parallax  at  the  earth,  augmented  in  the  ratio  of  the  distan- 
ces, and  diminished  in  the  ratio  of  the  radii  of  the  moon  and 
earth.    With  these  reductions,  the  formulas  investigated  in 


the  case  of  the  earth  will  serve  equally  for  the  iiiooo,  aiid 
will  enable  us  to  determioe  the  length  of  the  conical  sliadow 
which  the  moon  projects  behind  it  in  space.  This  is  the 
method  by  which  the  following  results  were  obtained ;  they 
relate  to  the  two  extreme  cases  in  which  the  length  oi  the 
cone  is  greatest  and  least,  and  are  compared  with  the  distance 
of  the  eartli. 


1  the  apogee, 
I  the  perigee. 


59,730 
57,760 


In  the  first  case  the  shadow  of  the  raoon  will  reach  the 
centre  of  the  earth  and  pass  it ;  in  the  second,  it  will  not 
even  reach  its  surface.  Thus,  if  we  suppose  the  moon  to 
move  in  the  plane  of  the  ecliptic,  it  would  not  always  cause 
a  total  obscurity  in  any  part  of  the  earth,  when  passing  betbre 
the  siui,  on  account  of  the  variations  in  its  distance.  Its 
only  eS'ect  would  then  be  to  conceal  a  part  of  the  sun's 
disc, 

380.  To  calculate  the  extent  and  duration  of  lunar  ecUpses, 
it  is  necessary  to  know  the  diameter  of  the  earth's  shadow 
at  the  place  where  it  is  traversed  by  the  moon's  orbit.  This 
is  very  easily  found ;  for  if  LL'  represent  this  orbit,  cousid-F 
ered  as  circular,  the  apparent  semidiameter  of  the  shadow  as 
seen  from  the  earth,  at  this  distance,  would  have  for  its  meas- 
ure the  angle  LTC,  which  is  equal  to  the  difference  of  the 
angles  TCL  and  TLA.  The  angle  TLA  is  the  apparent 
Gemidiameler  of  the  earth,  as  observed  from  the  moon ;  or,  in  i 
other  words,  the  horizontal  parallax  of  the  moon  at  the 
moment  of  the  eclipse.  We  have  seen  that  the  angle  TCL 
is  equal  to  the  apparent  'semidiameter  of  the  sun,  minus  its 
parallax.  These  two  angles  being  known,  the  angle  L  TC, 
or  the  semidiameter  of  the  shadow,  becomes  known  also. 
We  have  oidy  to  add  the  parallax  of  the  sim  to  the  parallax 
of  the  moon,  and  subtract  Irom  their  sum  the  apparent  semi- 
diameter of  the  sun. 

By  calculating  the  above  value  according  to  what  we  have 
before  found  for  the  greatest,  mean,  and  least  )>arallax  of  the 
moon,  we  shall  havn  for  iho  results  Ihf  iVillnwIng  tablr. 
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Diameter  of  the  Earih^s  Shadow  at  the  distance  of  the 

Moofi. 

it 
Moon  at  the  apogee     •     .    4fi84^ 
Sw  at  the  perigee  .    .   ^  Moon  at  its  mean  distance    4982^ 

Moon  at  the  perigee     .     •    0440,9 

Moon  at  the  apogee     •     .    4556,9 
Sun  at  its  mean  distance  \  Moon  at  its  mean  distance    5014,9 

Moon  at  the  perigee     .     .    6472,9 

Moon  at  the  apogee     .     .    4586,3 
Sun  at  the  apogee   .    .    \  Moon  at  its  mean  distance    6045,3 

Moon  at  the  perigee     .     .    6604^ 


The  greatest  apparent  diameter  of  the  moon  being  only 
8011^^,  it  is  evident  that  it  can  always  be  comprehended  and 
covered!  by  the  earth's  shadow  which  is  much  greater.  Ac- 
cordingly, whenever  the  moon  traverses  the  centre  of  the 
shadow,  it  must  be  totally  eclipsed. 

^  The  diameter  which  we  have  calculated  is  that  ci  tbs 
shadow  projected  by  the  great  body  of  the  earth.  It  appeals 
that  the  lower  strata  of  the  atmosphere  obstruct  so  much 
light  as  to  occasion  a  sensible  shadow ;  for,  the  apparent 
diameter  of  the  shadow,  which  is  deduced  from  observation, 
is  always  a  little  greater  than  the  one  above  calculated.  This 
difference  is  commonly  estimated  at  100^^,  as  indicated  by 
the  instant  of  the  entrance  of  the  moon  into  the  shadow,  and 
that  of  its  emergence  from  it.  But  this  estimate  is  wholly 
empirical.  Besides,  it  is  evident  that  the  greater  or  less  purity 
and  transparency  of  the  inferior  strata  of  the  atmosphere  must 
produce  considerable  accidental  variations.  Lastly,  it  is  mani- 
fest that  this  shadow  produced  by  the  atmosphere  must  grow 
less  and  less  distinct  from  the  centre  to  the  circumference, 
like  the  density  of  the  atmosphere  itself,  and  this  diminution, 
added  to  that  of  the  penumbra,  must  prevent  the  limits  of  the 
shadow,  projected  on  the  moon,  from  being  accurately  defined. 
The  time  durmg  which  the  moon  continues  in  the  shadow 
depends  on  the  difference  between  its  diameter  and  that  of 
the  shadow,  and  upon  the  rate  at  which  it  traverses  the 
shadow  by  its  horary  motion.  .  We  shall  resume  this  subject 
in  £Uiother  place. 


Strictly  speaking,  the  shadow  is  not  circular,  because  the 
earth  is  not  spherical.  Indeed,  its  form  is  elliptical ;  its 
diiuensioits,  therefore,  when  projected  on  the  moon,  cannot 
be  the  same  in  all  directions.  But  the  limit  of  perfect  shadow- 
is  not  sufficiently  marked  in  lunar  eclipses  to  allow  the  differ- 
ence of  its  axes  to  be  appreciated  by  observation. 

3S1.  If  we  would  determine,  in  like  mamier,  the  semidi- 
ameler  of  the  moon's  shadow  at  the  distance  of  the  earth, 
we  have  only  to  substitute,  in  place  of  the  data  now  used, 
those  which  belong  to  an  observer  stationed  at  the  moon. 
Thus  the  semidiameter  of  the  moon's  shadow  to  an  observer 
thus  situated,  would  be  equal  to  the  sun's  parallax,  referred 
to  the  moon,  plus  the  earth's  parallax,  minus  the  apparent 
semidiameter  of  the  sun  as  seen  from  the  moon.  The  earth's 
parallax  is  simply  tlte  apparent  semidiameter  of  the  moon  as 
seen  from  the  earth.  We  have,  then,  from  what  precedes, 
all  the  required  data.  The  formula  is  rendered  more  simple 
by  neglecting  the  sun's  parallax,  the  influence  of  which  in 
the  calculation  is  scarcely  sensible,  not  amounting  to  a  sixth 
of  a  second.  Then  the  semidiameter  of  the  moon's  skadoto 
is  equal  to  Ike  excess  of  the  apparent  semidiameter  of  the 
moon  over  the  apparent  semidiameter  of  the  sun. 

if  we  calculate  the  length  of  the  shadow  under  the  most 
favorable  circumstances,  wliich  are  those  in  which  the  sun 
is  in  its  apogee  and  the  moon  in  its  perigee,  we  find  that 
the  semidiameter  of  the  moon's  shadow,  as  seen  from  the 
moon,  is  equal  to  about  60".  The  apparent  semidiameter  of 
the  earth,  at  this  distance,  is  equal  to  the  horizontal  parallax 
of  the  moon  at  the  same  instant,  that  is,  3689".  Thus,  imder 
these  circumstances,  which  are  the  most  favorable,  the  breadth 
of  the  moon's  shadow  is  to  the  diameter  oi  the  earth's  disc 
nearly  as  60  to  3689,  or  as  I  to  61,5,  that  is,  it  does  not 
cover  a  sixtieth  part  of  the  breadth  of  the  earth's  hemisphere. 
It  is  obvious  that  in  less  favorable  circtmistances  the  dimen- 
sions of  the  shadow  will  be  still  smaller.  It  would  become 
nothing  if  the  apparent  diameter  of  the  moon,  as  seen  from 
the  surface  of  the  earth,  were  exactly  equal  to  the  apparent 
diameter  of  the  sun,  and  negative,  if  it  were  less.  In  the 
first  case,  the  apex  of  the  cone  would  barely  reach  the  ob- 
server at  the  earth ;  in  the  second,  tt  wopld  not  extend  so  far. 

Aslron.  3! 
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Bill  il  injglil  still  reach  other  observers  difierently  s 
on  the  terrestrial  globe  ;  for,  iii  coaseqiience  of  thoir  siti; 
they  might  be  more  or  less  distant  from  the  c 
for  example,  who  see  it  iii  the  horizon,  are  farther  by  a 
eV  than  those  who  see  it  at  the  zenith ;  the  apparent  diame- 
ter of  the  moon  will,  therefore,  appear  smaller  by  about  ^g  to 
the  first  than  to  the  second ;  and  as  the  effect  of  these  diffcreiii 
positions  is  insensible  with  respect  to  the  apparent  diameler 
of  the  sun,  on  account  of  its  very  great  distance,  it  foUows 
that  to  one  the  apparent  dianieter  of  the  moon  will  seem  less 
than  that  of  the  sim,  while  to  the  other  it  will  appear  greater. 
The  first  will  not  be  reached  by  the  sliadow,  while  the  secocd 
may  be  immersed  in  it.  We  perceive,  then,  that  within  these 
limits  the  position  of  the  observer  becomes  very  important, 
since  it  may  cause  him  to  enter  the  shadow  or  escape  it,  by 
a  mere  diiference  of  parallax  in  altitude.  We  shall  pursue 
this  subject  farther  in  another  place.  For  the  present  it  is 
sufficient  to  remark,  that  the  smallest  apparent  diameter  of  the 
sun  being  1891",  and  the  diameter  of  the  moon  at  its  mean 
distance  being  1878",  and  consequently  smaller  than  the  firsi 
there  can  never  be  a  total  obscurity  at  this  limit,  and  still  less 
when  the  moon  is  beyond  its  mean  distance.  Wo  see,  more- 
over, that  in  consequence  of  the  small  dijnensions  of  tlie 
moon's  shadow,  there  can  only  be  a  small  portion  of  the 
earth's  hemisphere  overshadowed  at  once  ;  that  very  often  the 
shadow  does  not  reach  the  earth ;  and  that,  for  this  double 
reason,  eclipses  of  the  sun  are  very  much  rarer,  in  any  given 
place,  than  those  of  the  moon  ;  which  is  confirmed  by  expe- J 
rience. 

382.  Thus  far  we  Iiave  considered  only  the  perfect  shadovd 
Fig.  87.  we  proceed  now  to  fix  the  limits  of  the  penumbra.     Let  .J 
be  a  straight  line  touching  the  opposite  limbs  of  the  sun  a 
moon,  and  LL'  the  moon's  orbit ;  the  angle  L'TC  will  gin^ 
the  distance  of  the  penumbra  from  the  axis  C  T.     Now  this 
angle  bemg  the  exterior  angle  of  the  triangle  C'TL,\  is  equal 
to  the  sum  of  the  two  opposite  interior  angles,  TL'C,  TCI/. 
The  first  of  these  is  the  horizontal  parallax  of  the  moonM 
the  second  is  equal  to 

C-AT-\-C'TA, 
that  is,  to  the  sun's  parallax  plus  its  semidlameter,  as  i 
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from  the  earth.  Consequently  the  angle  /.TC,  orthe  ex- 
treme radius  of  the  terrestrial  penumbra,  is  equal  to  the  sum 
of  the  parallaxes  of  the  sun  and  moon,  plus  the  appaient 
semidjameter  of  the  sun. 

Subtracting  from  UTC  the  semidiametcr  of  the  perfect 
shadow,  we  have  the  breadth  of  the  penumbra.  Tlus  semi- 
diameter  is  equal  to  the  sum  of  the  parallaxes  of  the  sun  and  sso. 
moon,  minus  the  apparent  semidiameter  of  the  sun ;  conse- 
quently the  breadth  of  the  penumbra  is  exactly  equal  to  the 
apparent  diameter  of  the  sun. 

383.  If  wo  would  calculate  on  the  same  principle  the 
extent  of  the  penumbra,  projected  by  the  moon  upon  the 
earth  in  eclipses  of  the  sim,  we  liave  only  to  substitute  in 
the  preceding  formulas  the  data  belonging  to  the  moon 
instead  of  those  relating  to  the  earth.  Thus  the  extreme 
radius  of  the  penumbra  will  be  equal  to  the  sum  of  the 
parallaxes  of  the  sun  and  earth,  plus  the  apparent  semidi- 
ameter of  the  sun  ;  these  diameters  and  parallaxes  being 
supposed  to  be  calculated  for  the  moon.  If  wo  would  sim- 
plify the  process,  we  may  neglect  the  parallax  of  the  sun,  and 
then  the  extreme  radius  of  the  moon's  peniunbra,  as  seen 
from  the  moon,  becomes  equal  to  the  sum  of  the  apparent 
scmidiameters  of  the  sun  and  moon,  as  seen  from  the  earth. 
To  this  sum  must  be  added  5"  on  account  of  the  sun's 
reduced  distance.  The  total  breadth  of  the  lunar  penumbra, 
as  seen  from  the  moon,  is  equal  to  the  apparent  diameter  of 
the  sun,  seen  also  from  the  moon,  that  is,  to  this  diameter  seen 
from  the  earth,  plus  very  nearly  5"  on  account  of  the  reduced 
distance. 

384.  In  what  precedes  wo  have  paid  no  regard  to  the 
refraction,  which  the  rays  of  the  sun  undergo  in  traversing 
the  earth's  atmosphere.  We  must  now  consider  what  allow- 
ance is  to  be  made  on  this  account. 

When  we  leave  the  atmosphere  out  of  consideration,  the 
limit  of  the  perfect  shadow  is  determined  by  the  ray  which 
touclies  the  exterior  limbs  of  the  earth  and  sun.  The  inter- 
section of  this  ray  with  the  line  drawn  through  the  centres  is, 
therefore,  the  vertex  of  the  shadow.  But  if  we  take  into 
consideration  the  atmosphere,  the  case  is  different.  The 
himinous  ray,  coming  from  the  exterior  limb  of  the  sun,  a 


IL 
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tangent  to  the  eaith,  is  no  longer  a  straight  line ;  it  is  ciu 
where  it  enters  into  the  atmosphere,  and  where  it  ec 
from  it,  bending  behind  the  earth  so  as  to  meet  the  a 
the  shadow  much  nearer  the  earth  than  it  would  othen 
do  ;  by  this  means  the  vertex  of  the  perfect  shadow  has  S 
distance  reduced.  Suppose  such  a  ray  coming  from  I 
^e-  ^-  limb  A  of  the  sun,  and  toiiching  the  earth  somewhere  in  1 
If  S  be  the  centre  of  the  sun,  and  T  that  of  the  eanh,  liie 
refracted  ray  will  meet  the  line  ST  somewhere  in  O,  but 
always  nearer  T  than  it  would  have  done  if  it  had  been 
rectilinear.  Let  us  now  consider  another  point  of  the  disc, 
as  A',  for  instance.  Amongst  all  the  luminous  rays  emanatiiiE; 
from  this  point,  there  is  likewise  one  which  will  pass  inio 
the  earth's  atmosphere,  and  be  refracted  so  as  to  touch  its  sur- 
face in  a  point  B'  different  from  B.  After  bending  behind 
the  earth,  it  will  meet  the  axis  of  the  shadow  in  some  point 
C,  farther  from  the  earth  than  O.  As  the  same  may  be  said 
of  all  the  points  of  the  disc,  it  follows  that  all  these  points, 
even  the  other  extremity  tI'"  of  the  diameter,  will,  on  ac- 
count of  refraction,  send  luminous  rays  (o  unequal  distances 
on  the  other  side  of  the  earth,  so  that  the  whole  image  of  the 
disc  will  be  distributed  from  O  to  O"',  in  the  same  manner  as 
a  lens,  by  refraction,  disperses  the  images  of  objects  trans- 
mitted throtigh  it. 

This  being  the  case,  if  an  observer  happen  to  be  placed  at 
,  O,  or  a  little  beyond  this  point  in  the  direction  TO"',  it  is 

evident  that  he  would  not  be  completely  in  the  shadow  ;  for 
he  would  begin  to  see,  by  refraction,  the  exterior  border  A  of 
the  sun,  which  would  appear  to  him  to  surround  the  circunf 
ference  of  the  earth's  disc  like  a  luminous  ring.  If  he  r^ 
moved  farther,  as  to  O",  for  example,  he  would  see,  in  llut 
manner,  the  rays  coming  from  A' ;  but  he  would  see  the 
whole  interval  AA',  no  longer,  indeed,  by  rays  touching  ths 
earth's  surface,  but  by  rays  passing  higher  into  the  atmo- 
sphere. If  he  removed  to  a  still  greater  distance,  the  lund^ 
nous  ring  would  become  larger.  Finally,  if  he  placed  himself 
at  O"',  in  the  dfrection  of  the  ray  coming  from  the  inferitv 
border  of  the  disc,  he  would  see  the  whole  disc  of  the  sun 
around  the  surface  of  the  earth.  If  he  placed  himself  beyond 
this  limit,  he  would  no  longer  receive  the  solar  rays  touctiiDg^ 
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e  earth,  since  ihe  diameter  of  the  sun  is  supposed  to  end  in 
A'" ;  but  he  would  receive  rays  from  certain  points  in  the 
eavens,  situated  below  A'"  in  the  figure ;  consequently  the 
tminous  ring  would  be  removed  from  the  circumference  of 
le  earth,  and  the  azure  of  the  sky  would  appear  in  its  place. 
[itherto  we  have  supposed  the  observer  to  be  situated  in  the 
)ne  of  the  perfect  shadow,  and  consequently  all  the  portions 
r  the  sun's  disc  which  are  visible  to  him,  becoming  so  by 
ifraction  only,  they  will  be  wholly  comprehended  within  the 
wee  occupied  by  the  earth's  atmosphere.  But  at  a  still 
reater  distance,  the  observer  being  entirely  without  the  cone 
"  the  perfect  shadow  formed  by  the  extreme  rays,  he  will 
sgin  to  see  the  border  of  the  sim  directly  and  without 
ifraction,  while  the  rays  which  come  from  the  interior  of 
le  disc  would  still  traverse  the  atmosphere,  and  be  still 
ted. 

385.  It  is    very  easy  to   determine  these  different  limits, 

'or  this  purpose  let  us  suppose  a  ray  SB,  proceeding  from  Pig,  89, 
le  sun  and  touching  the  terrestrial  surface.  The  curve 
escribed  by  tliis  ray  about  the  surface  of  the  earth,  supposed 
)  be  spherical,  will  be  symmetrical  for  the  different  parts  of 
lis  surface,  amd  if  its  direction  be  ST  when  it  enters  the 
tmosphere,  and  T'O  when  it  emerges,  the  angles  BTI, 
[J*/,  formed  by  these  directions  with  the  tangent  TT",  will 
B  equal  to  each  other.  Now  the  angle  BTI,  DTS,  is  very 
early  equal  to  DBS,  or  the  horizontal  reiraction,  because  the 
Dint  T  being  little  elevated  above  the  point  li,  the  lines  jS7, 
id  iSS,  drawn  from  these  two  points  to  the  sun,  are  nearly 
urallel.  Thus  the  angle  B7*/  is  also  nearly  equal  to  the 
Diizontal    refraction ;   consequently,  the  angle   SIf,   which 

iresses  the  inflection  of   the  ray,  is  equal  to   BTI  plus 

3*/,  or  double  this  same  refraction. 

386.  We  may  therefore  regard  the  effect  of  the  atmosphere 
augmenting  by  this  quantity  the  apparent  semidiameter  of 

he  Sim,  for,  having  once  emerged  from  the  atmosphere,  the 
luminous  rays  continue  their  course  in  a  straight  line,  as  if 
they  had  been  emitted  originally  in  this  direction ;  and  the 
ray  SBO,  for  example,  emanating  from  the  upper  limb  S  oi 
the  true  sun,  arrives  at  O  in  the  axis,  as  if  it  liad  come  from 
the  superior  limb  of  an  imaginary  sun,  whose  semidiameter 
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exceeded   ihat  of  the  true  one   by  a  quantity  equal  to  tJi- 
angle  S'lt.    We  perceive,  then,  that  in  order  to  detcrroine  ih" 
distance  of  the  vertex  of  the  cone  of  jierfcct  sliadow  tnnii 
the  centre  of  the  earth,  regard  being  had  to  the  refraciiiis 
power  of  tlie  atmosphere,  it  is  sufficient  to  augment  the  seiui- 
diameter  of  the  sun  by  double  the  horizontal  refraction,  and 
with  this  single  corroclion  the  preceding  formulas  may  bt 
employed.     If,  instead  of  considering  the  ray  SB  as  cotning 
from  thu  exterior  border  of  the  sun,  we  suppose  it  to  com* 
from  any  point  in  the  disc,  situated  at  a  known  distance  from 
the  centre,  we  can  substitute  this  distance   for   the  semidi- 
ameter  of  the  sun,  and  we  shall  then  have  the  distance  &oid 
the  earth  at  which  this  part  of  the  sun  begins   to  be  visible 
We  can  thus  determine  successively  the  zones  which  become 
risible  at  each  removal. 

In   this   manner  the  following   table  was   calculated,  the 
distance  being  expressed  in  terrestrial  radii. 

1 

' 

Limb  of  the  0  begins  to  appear  .     .     . 
A  quarter  of  the  ©  at  the  circumference  1 

of  the  earth j 

Half  the  disc  of  the  O  at  the  circum-  [ 

ference  of  the  earth ) 

Three  quarters  of  the  Q's  disc  at  the  j 

circumference  of  the  earth    .     .     .      } 
Entire  disc  of  the  O  at  the  surface  of) 

the  earth I 

Azure  of  the  sky  equu!  to  a  quarter  of  i 

the  Q's  disc  between  the  sun  and  the  \ 

circumference  of  the  earth    ...      J 
Azure  of  the  sky  equal  to  half  the  Q's\ 

disc  between  the  eun  and  tlic  circum-  J 

ference  of  the  earth ) 

Azure  of  the  sky  equal  to  three  quarters  i 

of  the  O'h  disc  between  the  sun  and  \ 

the  circumference  of  the  earth   .     .      J 
Exterior  border  of  the  Q  begins  to  be  i 

visible  direcdy J 

0.tthe 

Parigee. 

g.r.s 

42,228 
46,C74 
52,236 
59,316 
68,283 
81,499 
100,100 
130,140 
185,490 

42,013 
46,502 
&2,2G6 
59.eM 
69,12S 

92,144 
101,560 

131,570 
192,590 

41,Sfi 
46,408 
52,236 
60,317 
89,645 
8!!,9«e 
102,980 
132310 
198,200 

The  smallest  distance  of  the  moon  from  the  earth  is,  as  wc 
have  seen,  55,916.     Thus,  under  the  most  unfavorable  cir- 
cumstances, even  at  the  centre  of  the  shadow,  tm  observer 
placed   at   the   moon   would    still   see,   by   refraction,   throe 

I 
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rters  of  the  suu's  disc -through   the   atmosphere   of  the 

th.     It  is  not  then  siuprising  that  the  moon,  when  eclipsed, 

ears  colored  with  a  reddish  light;  it  would  apjiear  much 

ore  luminous  if  the  absorbing  action  of  the  atmosphere  did 

iDt  weaken  this  light  to  such  a  degree,  as  to  leave  only.a  very 

Bail  pro]x>rtion  to  be  tnuismitted. 

>  387.  Hitherto  wc  have  supposed  the  moon  placed  exactly 
[is  of  the  earth's  shadow.     It  would  be  actually  in 
s  axis  at  every  opposition,  if  it  moved  in  the  ecliptic  ;  but 
.  it  sometimes  rises  above,  and  sometimes  descends  below 
lis  i>lane,  in  consequence  of  the  inclination  of  its  orbit,  it 
lay  happen  that  only  a  part  shall  enter  the  shadow  of  the 
irth,  or  that  it  shall  merely  touch  the  border  of  the  shadow, 
r  lastly,  that  it  shall  pass  entirely  without  it.     In  the  first 
36,  the  eclipse   is  partial;   in  the  second,  it  is  called  an 
Eclipses  are  said  to  be  total  when  the  moon  passes 
Ifholly  into  the  shadow,  and  cefitral  when  the  moon's  centre 
wincides  with  the  axis  of  the  shadow.     We  shall  soon  de- 
nine  by  calculation  the  circumstances  under  which  these 
henomcna  take  place. 

.  In  like  manner  with  respect  to  eclipses  of  the  sun,  we 

1  those  partial  in  which  the  moon  passes  over  only  a  por- 

ion  of  the  sun's  disc  j  total,  those  in  which  the  whole  disc  is 

loncealed.     Annular  eclipses  are  those  in  which  the  moon  is 

kitirely  projected  on  the  sun's  disc,  without  completely  cov- 

so  that  a  luminous  border,  like  a  ring,  siirroimds  it 

,   every   side.      Central  eclipses   are   those    in  which   the 

■bserver  is  situated  in  the  centre  of  the  shadow,  or  in  the 

ne  which  joins  the  centres  of  the  sun  and  moon.  , 

From  what   we   have  said  respecting   the   extent  of  the 

q's  shadow,  compared  with  that  of  the  earth's  disc,  it  is 

ridcnt  that  total  eclipses  of  the  sun  can  happen  only  through 

It  Bmall  part  of  the  earth's  surface,  and  can  continue  only  for 

t  time ;  while  eclipses  of  the  moon  are  observed  tlirough- 

nt  the  whole  hemisphere  of  the  earth  from  which  the  moon 

■  visible  at  the  time ;  and,  on  account  of  the  magnitude  of 

9  earth's  shadow,  the  duratJoa  of  the  eclipse  may  be  very 

lonsiderable. 

889.  A  total  eclipse  of  the  sun  is  very  remarkable  for  the 

gtee  of  daikneBB  which  accompanies  it,  and  which  extends 
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to  all  the  points  of  the  earth  on.  which  the  moon's  ahador 
fidls,  precisely  in  the  same  manner  as  the  shadow  of  a  dool 
borne  along  by  the  wind  passes  over  hills  and  jdainsy  ui 
for  a  time  deprives  them  of  the  smi's  light. 

The  darkness  which  attends  a  total  eclipse  of  the  sun  ii 
the  more  striking,  as  it  follows  so  suddenly  the  fiill  sfdente 
of  day.  The  inferior  animals  are  filled  with  constematioa, 
The  heavens  are  at  once  enveloped  in  darkness ;  the  lsig«: 
stars  become  visible^  and  a  pale,  whitish  halo  appean  iboiit 
the  black  disc  of  the  moon,  which,  is  supposed  to  be  the  lodi- 
acal  light,  or  the  atmosphere  of  the.sun.  A  fiunt  li^t  ahi 
often  skirts  the  horizon  which  is  a  real  twilight,  pioceedi^t 
fiom  portions  of  the  earth's  atmosphere  that  are  without  da 
cone  of  the  moon's  shadow,  and  within-  the-  view  of  th 
spectator.  Under  the  most  favorable  circumstanoes  total 
darkness  may  continue  eight  minutes.  The  first  ray  oC  Urn 
sun  which  escapes  darts  forth  like  ^n  arrow,  and  this  dsef 
gloom  instantly  vanishes. 


Method  of  Determining  the  Circumstances  of  an  BcHpse 

of  the  Moon. 

390.  We  proceed  now  to  show  how  all  the  circumstances 
of  'an  eclipse  may  be  determined.  We  begin  with  eclipses  of 
the  moon,  which,  being  imaffected  by  parallax,  are  more  easily 
understood  than  eclipses  of  the  sun. 

Let  us  suppose  that,  at  the  moment  of  opposition,  the 
Fig.  90.  point  T  represents  the  centre  of  the  earth's  shadow.  Let 
TE  be  the  ecliptic,  TY  the  circle  of  latitude  in  which  the 
conjuction  takes  place ;  L  the  centre  of  the  moon  then  in  this 
circle,  and  LN  its  orbit  inclined  to  the  ecliptic.  In  conse- 
quence of  the  sun's  motion  in  the  ecliptic  the  centre  of  the 
earth's  shadow,  always  diametrically  opposite  to  the  sun, 
moves  together  with  the  sun,  and  with  the  same  velocity 
from  west  to  east,  that  is,  fix)m  N  toward  E.  During  this 
time  the  centre  of  the  moon  also  moves  from  west  to  east  in 
its  orbit,  that  is,  from  N  toward  E'.  The  velocities  of  these 
two  motions  are  given  by  the  tables.    The  question  is  to 
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I  detennine  from  these  data  the  instant  when  the  two  circles 
which  represent  the  moon  and  shadow  will  meet,  whether  be- 
fore or  aiter  conjunction. 

Tlie  calculation  is  very  much  simplified  by  considering 
that  the  apparent  distance  between  the  centre  of  the  moon 
and  that  of  the  shadow,  during  the  continuance  of  an  echpse, 
being  uecessarily  very  small,  may  bo  considered  as  rectilinear, 
and  llial  we  may  also  regard  the  difference  of  longitude  and 
latitude  of  ihe  centres  as  small  straight  lines  respectively 
parallel  and  perpendicular  to  the  echplic ;  so  that  the  motion 
of  the  two  centres  may  be  considered  as  referred  to  rectangular 
coordinates  x  and  s,  the  first  being  taken  on  the  ecliptic  NE, 
the  second  on  the  circle  of  latitude  which  passes  at  each 
instant  through  the  centre  of  the  shadow. 

The  duration  of  a  lunar  eclipse  is  always  so  short  that  the 
motion  of  the  sun,  and  consequently  that  of  the  shadow  in 
the  ecliptic  during  the  interval,  may  be  considered  as  uni- 
form. Wo  may  also  regard  as  uniform  the  motion  of  the 
moon  in  longitude  and  latitude,  at  least  in  the  first  approxi- 
mation. With  these  modifications  the  problem  presents  no 
difficulty. 

391.  Let  T'L'  be  two  simultaneous  positions  of  the  shadow 
in  the  ecliptic  and  of  the  moon  in  its  orbit,  at  a  given  instant, 
before  or  after  opposition.  Since  we  know  the  velocity  of 
the  moon  and  of  the  shadow,  both  in  longitude  and  latitude, 
■we  shall  have  also  for  the  same  instant  the  values  of  T^P' 
and  P'L',  which  express  the  relative  motion  of  the  centre  of 
Ihe  moon  with  respect  to  the  centre  of  the  shadow. 

The  sum  of  the  squares  of  these  hnes  will  give  the  square 
of  L'  7^,  that  is,  of  the  distance  between  the  centres ;  since 
the  triangle  L'P'T"  is  right-angled  at  P'.  From  the  value  of 
this  distance  we  shall  know  whether  the  eclipse  has  begun  or 
not ;  and  by  taking  the  algebraic  expression  of  this  value  for 
any  given  time,  it  is  easy  to  determine  the  precise  instant  of 
each  of  the  phases  of  the  eclipse.  For  this  it  is  sufficient  to 
resolve  an  equation  of  the  second  degree. 

The  above  results  are  obtained  upon  the  supposition  that 
the  motion  of  the  sun  and  that  of  the  moon  are  imiform.  If 
we  wish  to  attain  lo  the  utmost  precision,  they  can  only  be 
regarded  as  a  first  approximation.     Since  we  know,  in  this 
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manner,  very  nearly  the  instant  of  each  phase,  we  take  this 
instant  for  the  origin  of  the  times,  and  having  calculated  bf 
the  tables  the  motion  of  the  sim  and  that  of  the  moon  whidi 
correspond  to  it,  we  recommence  the  calculation  of  the  phase 
with  these  new  data ;  and  we  thus  find  the  correction  to  be 
made  in  the  epoch  determined  by  the  first  approximation. 
The  result  will  now  have  all  the  exactness  which  can  be 
desired,  since  the  supposition  of  uniformity  in  the  hourly 
motion  applies  only  to  a  very  small  interval  of  time.  By 
proceeding  in  the  same  manner  with  each  successive  phase, 
we  shall  obtain,  with  great  precision,  all  the  circumstances  of 
the  eclipse,  regard  being  had  to  the  variation  in  the  moticm 
of  the  moon  and  sun. 

It  should  also  be  added  that  in  order  to  diminish  the  great 
uncertainty  to  which  the  different  phases  of  a  lunar  eclipse 
are  liable,  astronomers  are  in  the  habit  of  observing  the  en- 
trance of  different  spots  into  the  shadow  and  their  emergence 
thence.  These  spots  being  well  Icnown  to  all  observers,  and 
their  position  on  the  moon's  disc  being  fixed,  the  mean  epochs 
between  their  immersion  and  emersion  answer  to  the  middle 
of  the  eclipse  ;  and  by  observing  these  phenomena  we  an? 
able  to  determine  this  instant  with  more  precision. 

In  what  precedes,  we  have  left  out  of  consideration  the 
diurnal  motion  of  the  heavens  ;  for,  as  it  carries  along  simul- 
taneously and  with  an  equal  motion  the  sun,  moon,  plane  of 
the  ecliptic,  and  all  the  celestial  circles,  it  does  not  change  the 
relative  positions  of  these  bodies  with  respect  to  each  other. 
This  motion  has  no  other  effect  than  that  of  presenting  the 
eclipse  successively  to  different  portions  of  the  earth.  It  does 
not  affect  its  absolute  existence,  but  only  the  chance  of  its 
being  visible  or  invisible. 


Method  of  Determining  the  General  Circumstances  of  a 

Solar  Eclipse. 

392.  The  questions  which  present  themselves  with  regard 
to  a  solar  eclipse  are  ;  1 .  Whether  there  will  be  an  echpse  in 
any  part  of  the  earth  ;   2.  What  will  be  the' duration  of  the 


(  commencement  b 
tennination. 

These  questions  are  attended  with  no  difficnlty,  if  we  con- 
sider a  solar  eclipse  as  an  eclipse  of  the  earth  with  respect  to 
an  observer  at  the  moon.  Then  the  object  is  to  determine 
for  any  given  instant  the  apparent  distance  of  the  centre  of 
the  earth's  disc  from  the  centre  of  the  moon's  shadow  ;  and 
from  the  known  diameters  of  tlie  earth  and  the  sliadow,  we 
calculate  the  instant  when  their  discs  will  meet.  This  prob- 
lem, therefore,  is  absolutely  of  the  same  nature  with  that 
respectmg  a  lunar  eclipse,  as  seen  from  the  earth.  Accord- 
ingly, it  may  be  solved  by  the  same  formulas.  The  only 
diiference  is  in  the  graphic  construction  made  use  of  to  repre- 
sent the  centre  of  the  moon  as  the  centre  of  the  visual  rays. 

Let  T  represent  the  centre  of  the  earth  for  any  given  in-  Fig.  B 
stant,  L  that  of  the  moon,  iS  that  of  the  sim ;  and  let  us 
consider  the  rectilinear  triangle  THL,,  formed  by  lines  con- 
necting these  three  points'  in  space.  If  we  produce  the  side 
SL.,  which  passes  through  the  sun  and  moon,  it  will  be  the 
axis  of  the  moon's  shadow,  and  the  angle  Oh  T,  formed  by 
this  prolongation  with  the  visual  ray,  drawn  from  the  moon 
to  the  earlh,  will  be  the  apparent  distance  of  the  centre  of  the 
earth  from  the  centre  of  the  shadow,  or  the  quantity  to  be 
determined.  Now  this  is  very  easily  found  ;  for  the  triangle 
iSZiT' furnishes  all  the  necessary  data,  since  we  know  the  two 
sides  ST  an3  LT,  the  distance  of  the  sun  and  that  of  the 
moon  from  the  earlh,  and  the  angle  at  T,  wliich  is  the  appa- 
reut  distance  between  these  two  bodies  as  seen  from  the  earth, 
and  which'  is  easily  deduced  from  their  difference  of  longitude 
and  latitude,  as  was  done  in  the  case  of  lunar  eclipses.  We 
thus  obtain,  for  any  given  instant,  the  ejqjressiou  for  the  appa- 
rent distance  of  the  centre  of  the  shadow  from  the  centre  of 
the  earth's  disc,  as  seen  from  the  moon ;  and,  by  making  this 
expression  equal  to  the  differences  of  this  distance  which  cor- 
respond to  the  different  phases  of  the  echpse,  and  considering 
the  time  as  the  unknown  quantity,  we  arc  enabled  to  deter- 
mine the  epochs  at  which  these  phases  will  happen. 

393.  We  have  here  paid  no  regard  to  the  diurnal  motion  of 
the  heavens  ;  for,  this  motion  being  common  to  the  sun  and 
moon  and  all  the  celestial  circles,  it  cannot  change  their  rela- 
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tire  positioDs,  aiid  it  is  with  these  only  that  we  are  concerned. 
lu  this  case,  as  in  that  of  luiiar  eclipses,  the  diurnal  motion 
has  no  other  effect,  except  that  of  presenting  the  eclipse  suc- 
cessively to  different  parts  of  the  earth ;  or  rather,  if  we  woulil 
attribute  the  diurnal  motion  to  the  earth,  a  supposition  which 
equally  satisfies  the  phenomena,  and  in  a  much  more  simple 
manner,  this  motion  causes  the  observer  to  turn  on  his  paral- 
lel, and  presents  the  eclipse  to  him  successively  at  different 
elevations  above  the  horizon  where  he  is  situated.  This 
rotation  may  even  be  the  occasion  of  an  eclipse  being  seen, 
or  render  it  invisible  by  bringing  the  observer  to  the  hemi- 
sphere where  it  is  to  take  place  or  to  the  opposite.  It  maj 
also  affect  the  eclipse  in  another  way,  by  causing  the  observtf 
to  approach  to  or  recede  from  the  moon's  centre  by  a  chang 
of  parallax  in  altitude.  But  all  these  variations  which  rend* 
the  problem  complicated,  when  we  consider  a  physical  an 
determinate  point  of  the  earth,  have  no  such  effect  when  a 
have  reference  to  the  earth  in  general. 

394.  There  is  a  very  simple  means  of  removing  these  diffi) 
culties ;  and  that  is  by  reasoning  with  respect  to  any  point 
the  earth's  surface,  as  we  have  just  done  with  respect  to  i 
centre.  Only  we  must  employ  in  the  calculation  the  dat« 
which  are  suited  to  these  new  circumstances,  that  is,  the 
apparent  elements  of  the  two  bodies,  as  seen  from  the  point 
in  question,  instead  of  the  true  elements  which  belong  to  the 
centre ;  and  as  these  two  kinds  of  data  differ  only  in  the 
values  of  the  parallax  in  longitude,  latitude,  declination,  and 
right  ascension,  which  we  have  learned  how  to  calculate,  it  is 
obvious  that,  when  we  know  the  instants  of  the  different 
phases  of  the  echpse  for  the  centre  of  the  earth,  we  can  cal- 
culate the  corrections  which  must  be  applied  to  them,  on 
account  of  parallax,  in  order  to  refer  them  to  the  surface. 

395.  If  we  examine  also  in  a  general  manner  the  course  of 
the  lunar  shadow  or  penmnbra  on  the  earth's  disc,  we  shatti 
perceive  that  it  must  move,  with  respect  to  us,  from  west 
east,  in  the  direction  of  the  proper  motion  of  the  moon ;  faff^' 
as  this  body  moves  more  rapidly  than  the  sun  in  its  reroIit»i 
tion  about  the  earth,  its  shadow  must  follow  it  and  moveC 
the  same  du-ection.  Thus  an  observer,  placed  at  the  mooa 
and  observing  the  earth  eclipsed,  would  first  see  the  western 
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he  disc  obscured  and  then  the  eastern.  To  us  who 
B  situated  on  the  earth,  the  disc  of  the  moon  appears  to  pass 
vi  that  of  the  sim  from  west  to  east  by  the  excess  of  its 
lative  motion.  This  is  all  that  is  constant  in  the  phenome- 
;  for  the  magnitude  of  (he  part  echpsed  and  its  position 
I  the  sun's  disc  are  extremely  variable  for  several  reasons, 
Uch  will  be  soon  explained. 


Method  of  Calculating  the  General  Circumstances  of  Occulr 
tations  of  the  Planets  and  Stars  by  the  Moon, 

396.  OccoLTATioNs  of  the  planets  and  stars  by  the  moon 
are  calculated  upon  precisely  the  same  principles  as  eclipses  of 
the  sun.  If  T  represent  the  centre  of  the  earth,  L  the  centre  Fig.  8 
of  the  moon,  and  S  the  centre  of  the  planet  or  star,  the  line 
SIj  will  represent  the  axis  of  the  lunar  shadow,  and  the  angle 
TLO  will  be  the  apparent  distance  of  the  centre  of  the 
shadow  from  the  centre  of  the  earth.  The  general  expression 
of  this  angle  in  a  function  of  the  lime  may  be  obtained  here  as 
before,  by  calculating  the  angles  at  jS  and  T,  Making  this 
expression  equal  to  the  different  values  of  the  angle  TLO, 
which  belong  to  the  different  phases  of  the  echpse,  and  con- 
sidering the  time  as  unknown,  we  obtain  as  before  the  epochs 
of  these  phases. 

We  here  imderstand  by  lunar  shadow  the  portion  of  space 
which  the  rays  from  the  planet  or  star  cannot  reach,  in  con- 
sequence of  the  interposition  of  the  body  of  the  moon.  In 
this  sense  the  expression  lunar  shadow  is  correct,  though  we 
are  not  to  attach  to  it  any  idea  of  sensible  obscurity, . 

In  solar  echpses,  when  the  object  is  to  calculate  the  angle 
STL,  or  the  apparent  distance  between  the  two  bodies  as 
seen  from  the  centre  of  the  earth,  we  have  considered  this 
distMice,  which  is  always  very  small  in  echpses,  as  the  hy- 
pothenuso  of  a  right-angled  triangle,  the  sides  of  which  are 
the  latitude  of  the  moon,  and  the  difference  between  the  sun 
and  moon's  longitude.  In  the  occultation  of  planets  and  stars 
by  the  moon,  we  can  Ukewise  make  use  of  the  same  suppo- 
sition ;   but  as  the  latitude  of  the  echpsed  planet  or  stoi  is 
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not  zero,  as  is  the  case  with  the  sun,  and  as  that  of  the  n 
may  not  be  very  small,  one  of  the  sides  of  the  triuigle 
be  the  difference  of  latitude,  and  the  other  the  difference  of 
Top.  85.  longitude,  reduced  on  account  of  its  distance  from  the  eclip- 
tic, by  multiplying  by  the  cosme  of  ihe  latitude.  This  is  all 
the  difference  that  exists  between  the  phenomena  of  occal- 
tntions  and  those  of  solar  eclipses.  With  these  modifications, 
the  formulas  of  the  preceding  sections  will  be  completely 
applicable  ;  and  it  is  sufScient  to  substitute,  for  the  parallax 
of  the  moon  and  that  of  the  planet,  their  numerical  values 
suited  lo  the  different  cases  wl^ich  may  happen.  If  the 
eclipsed  be  a  star,  its  parallax  is  nothing,  and  its  motion 
latitude  and  longitude  is  also  nothing. 


Method  of  Determining  the  Circumstances  of  a  SiA 
Eclipse  or  an  Occultalion  for  a  Definite  Point  of  t 
Earth's  Surface. 

397.  Hitherto  we  have  considered  the  phenomena  cf 
solar  eclipses  only  in  their  general  circumstances,  and  as  they 
would  appear  to  an  observer  at  the  moon.  If  we  would 
determine  their  particular  appearance  at  a  given  point  of  the 
terrestrial  spheroid,  it  is  necessary  to  introduce  into  our  calcu- 
lations some  particular  conditions  relating  to  the  position  of 
the  observer. 

In  this  case  all  the  questions  that  can  arise  resolve  them- 
selves into  the  two  following ;  1,  To  find  the  apparent 
distance  of  the  two  bodies,  as  seen  from  a  determinate  point 
of  the  earth's  smface,  at  a  given  instant ;  2.  To  find  the 
instant  when  a  determinate  distance  will  take  place  for  a 
given  point. 

398.  The  first  problem  is  the  easiest.  We  calculate  llie 
apparent  latitudes  and  longitudes  of  the  two  bodies  for  the 
given  instant ;  tliat  is,  the  latitudes  and  longitudes  as  seen  al 
the  place  where  the  observation  is  made.  We  then  calculate 
the  apparent  distance  of  the  centres,  considering  this  distance 
as  the  hypothenusc  of  a  right-angled  triangle,  one  of  whose 
sides  is  the  difference  of  the  apparent  latitudes,  and  the  other 
the  difference  of  the  apparent  longitudes,  reduced  on  a 
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of  the  moon's  distance,  fronj  the  ecliptic  by  multiplying  by 

the  cosine  of  the  latitude,  Top.  36. 

Knowing  the  distance  of  the  centres  and  the  apparent 
diameters  of  the  two  bodies,  at  the  given  instant,  we  can 
easily  determine  whether  there  is  an  eclipse.  We  have  only 
to  inquire  whether  the  apparent  distance  of  the  centres  is  less 
or  greater  than  the  sum  of  the  semidianieters.  In  the  first 
case  there  is  an  eclipse,  in  the  second  it  has  not  commenced, 
or  has  already  passed. 

In  this  calculation  we  must  employ  the  apparent  diame- 
ters aa  seen  from  the  place  of  observation,  that  is,  augmented 
according  to  the  altitude  of  the  "bodies  above  the  horizon. 
The  moon  only  is  sufficiently  near  the  earth  to  make  this 
apparent  augmentation  sensible. 

399.  Of  the  two  questions  proposed  at  the  beginning  of 
this  section,  that  which  we  have  just  solved  is  much  the 
easier.  We  now  pass  to  the  second,  which  is  the  converse  of 
the  first,  and  in  which  it  is  proposed  to  find  the  time,  the 
distance  of  the  centres  being  considered  as  known. 

This  second  question  is  employed  to  determine,  for  exam- 
ple, if  an  eclipse  is  possible  in  a  given  place,  and  at  what 
instant  it  will  happen. 

In  order  to  arrive  at  a  solption,  we  begin  by  calculating  the 
circumstances  of  the  eclipse  for  the  earth  in  general,  by  the 
methods  laid  down  in  the  preceding  section.  We  shall  thus 
know  the  instant  of  the  beginning  and  end  of  the  echpse, 
and  consequently  its  total  duration.  Then  we  divide  this 
duration  into  a  certain  number  of  intervals,  for  example,  into 
half  hours,  and  calctUate  for  each  of  these  intervals  the 
elements  of  the  apparent  place  of  the  two  heavenly  bodies, 
as  seen  from  the  given  point.  We  then  determine  the  appa- 
rent distance  of  their  centres  by  the  method  which  we  have 
just  explained,  and,  by  comparing  this  distance  with  the  sum 
of  the  semidiameters,  we  shall  discover  if  an  eclipse  takes 
place  or  not.  We  shall  thus  learn,  at  least  within  half  an 
hour,  the  lime  of  the  beginning  and  end  of  the  echpse  for 
the  place  of  observation. 

In  the  present  state  of  astronomy  all  eclipses  of  the  sim,  and 
lor  the  most  part,  occidtations  of  the  planets  and  fixed  stars, 
art  known   beforehajid  very  nearly.     There    is  no   occasiort 
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then  for  this  preparatory  calculation  which  we  have  espl 
or  at  least  rarely,  Slill  it  was  proper  to  consider  it  in  order ' 
complete  the  plan  we  had  proposed  to  ourselves  in  this  wotk, 
that  is,  to  show  how  an  insulated  observer  could  build  up  the 
whole  science  of  astronomy  simply  by  his  own  observatioat 
and  caiculations. 

Taking  it  for  granted,  then,  that  we  know  very  nearly  ibe 
times  of  the  beginning  and  end  of  the  echpse,  at  the  plate 
for  which  the  calculation  is  made,  it  is  required  to  deteraiiue 
them  more  exactly.  We  calculate  for  these  times  tJie  appa- 
rent longitudes  and  latitudes  of  the  two  bodies,  their  appaicnl 
horary  motions,  and  their  apparent  semi  diameters,  regard 
being  had  to  their  altitude  above  the  horizon.  It  is  very 
easy  to  make  the  small  correction  which  this  altitude  requires, 
by  means  of  a  formula  to  be  found  in  the  Appendix.  It  is 
necessary  only  in  the  case  of  the  moon. 

We  then  suppose  that  the  times  sought  differ  from  the 
ceding  only  by  quantities  so  small  that  the  apparent  hor 
motions  may  be  considered  as  uniform  during  this  intt 
Thus,  regarding  the  correction  of  the  epochs  calculated 
imknown  quantity  i',  we  shall  have  an  analytic  expression 
for  the  distance  of  the  centres  in  a  function  of  f ,  and  this 
expression  being  equal  to  the  true  distance  which  must  take 
place  for  the  phase  imder  consideration,  will  give  an  equation 
by  which  f  is  determined. 

If  we  wish  to  obtain  this  with  still  greater  precunon,  we 
calculate  again,  for  this  new  epoch,  the  elements  of  tbe  appa- 
rent place  of  the  two  heavenly  bodies,  their  horary  motions,  and 
their  semidiameters,  regard  being  had  to  their  altitude  above 
the  horizon.     Then  we  take  this  new  epoch  for  the  origin, 
and  calculate  in  the  same  manner  the  necessary  correction  C, 
This  correction  will  be   incomparably  smaller  than  V,  and 
will  give  the  epoch  sought  with  the  greatest  exactness, 
mode  of  proceeding  is  precisely  the  same  as  that  laid  down 
solar  echpses,  when  we  wished  to  correct  the  results  of 
first  approximation. 

400.  It  might  be  proper  here  to  notice  a  curious  phenc 
non  in  eclipses  of  the  sim ;  we  allude  to  the  progress  of 
shadow  of  the  moon  over  the  earth's  disc.     We  have  ahead] 
remarked,  that  it   must   proceed   from  west   to   east   in 
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direction  of  the  proper  motion  of  the  moon  ;  for  this  body 
moving  more  rapidly  than  the  sun,  in  the  apparent  orbit 
■which  it  describes  about  the  earth,  its  shadow  must  follow  it 
in  the  same  direction  and  at  the  same  rate.  Thus  an  observer, 
situated  in  the  moon,  and  viewing  the  earth  thus  eclipsed, 
would  sec  the  eclipse  commence  upon  the  westerly  part  of  the 
disc,  and  terminate  at  the  easterly  part.  To  observers  upon 
the  earth  it  is  always  the  westerly  part  of  the  sun  which  is 
first  eclipsed,  and  the  easterly  last.  Hence  the  disc  of  the 
iiiaon  appears  to  us  to  pass  over  that  of  the  sun,  from  west  to 
cast,  by  the  excess  of  its  motion  over  that  of  the  sun.  As  to 
the  portion  of  the  disc  which  is  thus  eclipsed,  it  depends  upon 
the  respective  positions  of  the  moon,  the  sun,  and  the  observ- 
er, which  together  occasion  very  great  variations.  In  small 
eclipses,  the  inclination  of  the  lunar  orbit  may  be  so  great  that 
the  part  eclipsed  shall  be  entirely  on  one  aide  of  the  disc.  For 
example,  if  the  moon  approaches  from  its  ascending  node, 
rising  towards  the  north  pole  of  the  ecliptic,  it  is  possible  that 
its  disc  may  not  meet  that  of  ihe  sun  except  in  its  most  north- 
ern part,  or  rather  a  little  on  the  side  of  this  point  towards  the 
west.  In  this  case,  the  eclipse  would  take  place  wholly  on 
the  western  part  of  the  sun's  disc.  The  contrary  might  happen 
at  the  dcscenduig  node,  and  the  eclipse  would  take  place  only 
on  the  western  part  of  the  disc,  near  the  southern  extremity. 
Similar  effects  may  be  produced  by  change  of  parallax  in 
longitude  and  latitude,  which  make  considerable  variations  in 
the  apparent  mclination  of  the  lunar  orbit. 

Hence  il  will  be  perceived  that  the  motion  of  the  shadow 
and  penumbra  upon  the  earth  must,  in  like  manner,  be  subject 
lo  great  variations.  Still  it  is  always  very  rapid,  and  the 
entire  extent  of  the  earth's  disc  is  always  passed  over  in  a 
little  less  than  4''.  To  illustrate  this  clearly,  we  leave  out  of 
consideration  the  mclination  of  the  lunar  orbit.  Let  the  moon, 
then,  be  supposed  to  move  in  the  plane  of  the  ecliptic ;  and,  for 
the  sake  of  greater  simplicity,  we  neglect  also  the  parallax  of 
the  stm,  which  is  extremely  small.  The  case  being  thus  sim- 
plified, let  T  be  the  centre  of  the  earth,  MM'O  a  section  of  Fig.  96. 
its  surface  made  by  the  plane  of  the  ecliptic,  TLS  the  pro- 
jection of  the  circle  of  latitude  corresponding  to  the  conjunc- 
tion.    Under  these  circumstances  the  course  of  the  moon's 
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shadow  upon  the  earth's  sur&ce  will  fottow  the  circle  MO, 
made  by  its  intersection  with  the  ecliptic.    Suppose  unr 
tha^  at  a  certain  .instant  after  conjunction,  the  son  is  in  Ab 
prolongation  of  the  visual  ray  TS* ;  and  the  moon  at  1/ 
upon  the  visual  ray  TL^j  both  lines  being  drawn  firom  it 
centre  71    Then,  by  drawing  from  the  point  1/  the  stndg^ 
line  I/O  parallel  to  TS^^  and  meeting  in  O  the  temstnl 
surfiicci  the  point  O  wilji  be  the  place  of  the  shadow  npoii 
this  sut&ce,  and  the  angle  TL'O  wiU  be  equal  to  UT8^^ 
that  is,  to  the  relative  motion  of  the  moon  with  respect  It 
that  of  the  sun  from  conjunction.    Let  us  take  these  bodi« 
at  their  mean  distances,  and  consider  only  their  mean  motioiis 
That  of  the  sun  is  69^  08^'  a  day,  or  9"  28^^  an  hour.    TbH 
of  the  moon  for  a  day  is  13^  W  36^',  which  gives  ton  ill 
hourly  motion  SSS^  57'^     The  difference  3(K  2S''  between 
these  is  the  relative  motion  of  the  moon,  or  its  velocity  onr 
•    that  of  the  sun.    This  is  then  the  hourly  increase  of  the 
angle  TL'O.    And  as  double  this  value  exceeds  the  nnsa 
an.  parallax  67'  4'^  which  represents  the  apparent  semidisnieter 
of  the  earth  as  seen  from  the   moon;  it  will  be  perceived 
that  the  axis  of  the  shadow  will  become  a  tangent  to  the 
earth's  surface,  before  two  hours  have  elapsed  after  conjunc- 
tion.    Then  the  angle  h'TO  will  be  equal  to  90^,  minus  the 
horizontal  parallax  of  the  moon ;  so  that  the  centre  O  of  the 
shadow  will,  during  this  time,  have  passed  over  upon  the 
earth  an  angle  equal  to  this  quantity,  plus  the  angle  I/TU 
described  by  the  moon  about  the  earth,  reckoning  firom  con- 
junction. 

Hitherto  we  have  made  no  allowance  for  the  diurnal  mo- 
tion of  the  heavens;  but  it  is  necessary  to  attend  to  this 
circumstance  if  we  would  consider  the  variations  of  the  cen- 
tre of  the  shadow,  with  respect  to  a  determinate  point  upon 
the  earth.  For  the  sake  of  greater  simplicity,  we  shall  neg- 
lect the  obliquity  of  the  equator  to  the  ecliptic,  and  suppose 
their  planes  to  coincide  with  each  other;  then  the  circle 
MM'O  will  represent  the  terrestrial  equator,  and  in  order  to 
simplify  the  reasoning,  we  attribute  to  this  the  apparent  mo- 
tion of  rotation  of  the  heavens,  in  a  contrary  direction,  which, 
as  we  have  before  remarked,  makes  no  alteration  in  the 
phenomena  as  seen  from  the  earth.    This  being  done,  sap- 
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f  pose  an  observer  at  M,  at  the  instant  of  conjunction,  that  is, 
situated  as  to  have  the  sun  and  moon  at  his  zenith.  This 
observer,  by  the  effect  of  the  diurnal  motion,  will  be  caxried 
on  his  circle  of  latitude  from  M  towards  M',  from  west  to 
east.  He  will  move  after  the  lunai  shadow,  wliich  proceeds 
in  the  same  direction,  but  he  cannot  overtake  it ;  for,  the 
rotation  of  the  heavens  being  Z&O'^  in  a  day,  is  at  the  rate  of 
30^^  in  two  hoius,  while,  during  the  same  time,  the  progress 
of  the  moon's  shadow  upon  the  circle  MM'  exceeds  it  by 
90'^.  It  will  then  separate  from  the  observer  with  the  excess 
of  its  velocity;  but,  on  account  of  this  disposition,  the  ob- 
server will  see  the  eclipse  for  a  longer  time  than  he  would 
have  done  if  he  had  been  stationary.  Nevertheless,  his 
velocity  can  never  be  equal  to  that  of  the  shadow,  if  it  cotdd 
be,  it  would  render  the  shadow  permanent  upon  this  point  of 
the  terrestrial  surface. 

The  very  great  rapidity  with  which  the  shadow  moves 
maybe  seen  immediately  from  the  triangle  L'TO.  In  this 
triangle  the  sides  L'T,  OT,  are  to  each  other  very  nearly  as 
60  to  1.  Hence  the  sines  of  the  opposite  angles  UOT, 
TIJO,  are  in  the  same  ratio.  The  first  then  varies  sixty 
times  as  fast  as  the  second.  The  angle  7",  which  completes 
tJie  triangle,  partakes  of  this  rapid  increase  according  to  the 
same  proportion. 

Beginning  with  this  ratio,  which  becomes  exact  when  the 
angles  TL'O,  L'TO,  are  very  small,  let  us  seek  to  deduce 
from  it  the  time  which  the  observer,  situated  in  M,  will 
remain  in  total  darkness.  In  order  to  do  this  it  is  necessary  - 
to  know  the  relative  motion  of  the  shadow  with  respect  to 
the  observer.  The  motion  of  the  moon  over  that  of  the  sun 
is,  as  we  have  seen,  Sty  29"  in  an  hour,  or  30,5"  in  a  minute 
nearly.  This  will  be  the  value  of  the  angle  TL'O  a  minute 
after  conjunction. 

In  order  to  reduce  this  motion  to  the  centre  of  the  earth, 
it  is  necessary  to  multiply  it  by  60,  which  gives  30*  29". 
This  is  the  value  of  the  angle  L'TO  for  the  same  instant. 
Moreover,  by  virtue  of  its  proper  motion  in  longitude,  the 
moon  has  also  described  the  angle  L'TL,  wliich,  in  the  same 
interval,  js  equal  to  33"  nearly,  since  its  hourly  motion  is 
32'  57".     The  sum  31'  2"  of  these  two  partial  angles  will 
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be  tlie  total  angle  MTO,  described  by  the  shadow  about  tl 
centre  of  the  earth  in  a  minute  of  time.  But,  during  t 
interval  the  motion  of  the  observer  about  the  same  centn 

arising  Irom  the  rotation  of  the  earth,  will  be  --^,  or    ISj 

The  relative  motion  then  of  the  shadow  with  respect  to 
observer,  seen  from  the  centre  of  the  earth,  will  be  31'  2"- 
15',  or  16'  2".     It  is  in  virtue  of  this  excess  that  the  sludoi 
passes  the  observer. 

Now  we  have  seen  that  the  semidiameter  of  the  perfo 
shadow,  as  seen  from  the  moon,  is,  at  a  maximum,  equal  to 
■  1'  nearly ;  consequently,  its  whole  diameter  will  be  2'.  Mul- 
tiplying this  quantity  by  60  we  shall  have  2°  nearly  for  the 
breadth  of  the  perfect  shadow,  as  seen  from  the  centre  of  the 
earth.  This  value  being  more  thaji  seven  times  the  quantity 
16'  2",  which  expresses  the  relative  motion  of  the  shadow 
with  respect  to  the  observer,  in  one  minute,  it  will  be  seen 
that  the  whole  duration  of  total  darkness  may  exceed  seven 
minutes  under  the  circumstances  above  supposed. 

401.  By  means  of  the  principles  which  we  have  now  laiJ 
down,  we  can  predict  and  determine  the  moment  of  an  ecUjit' 
with  the  utmost  precision.  But,  to  avoid  all  superfluous 
calculations,  it  will  be  advantageous  to  devise  some  simp]  • 
method  of  ascertaining  beforehand  whether  there  wiU  be  an 
eclipse.  This  is  easily  done.  If,  for  example,  we  first  con- 
sider eclipses  of  the  sun  and  moon,  we  shall  perceive  imme- 
diately that  it  is  sufficient  to  find  a  period  after  which  the 
sun  and  moon  return  exactly  or  very  nearly  to  the  same  posi- 
tions with  respect  to  the  node  of  the  moon's  orbit.  For, 
after  this  interval,  the  motions  of  these  bodies  recommencina; 
in  the  same  manner,  the  eclipses  which  depend  upon  them 
must,  in  like  manner,  recur  successively  and  nearly  in  the 
same  order.  There  can  only  be  the  diflcrcnces  arising  from 
the  inequalities  to  which  the  motions  of  the  sun  and  moon 
are  subject.  The  whole  is  then  reduced  to  finding  such  a 
period ;  and  in  order  to  this,  we  have  only  to  combine  ihe 
synodic  revolution  of  the  moon  and  the  synodic  revolution  of 
its  nodes,  in  a  period  that  shall  just  admit  of  each  being  com- 
pleted a  certain  number  of  times. 
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Now  we  have  before  seen  that  the  simodic  revolution  of  the  sis. 
moon  is  29^  IS*"  44'  03",  and  the  synodic  revolution  of  the 
nodes  346'*  U**  53'  16".  These  two  quantities  are  to  each  3i4. 
other  very  nearly  as  19  to  223 ;  that  is,  in  223  synodic  revolu- 
tions of  the  moon,  the  node  returns  19  times  to  the  same  posi- 
tion with  respect  to  the  sun.  The  difference  is  10''  Sfy  nearly, 
as  may  be  easily  shown,  and  it  answers  to  28'  09",  by  which 
the  longitude  of  the  node  is  greater  than  it  was  in  its  for- 
mer synodic  position.  Now  223  lunar  months  are  equal  to 
65S5,321 124*,  or  IS  mean  tropical  years  and  11  days ;  so  that 
after  this  interval  all  eclipses  both  of  the  sun  and  moon  must 
also  recur  in  the  same  order,  which  affords  us  a  very  simple 
means  of  predicting  them,  when  we  know  those  which  happen 
during  the  preceding  period.  The  return  of  eclipses  aftej  833 
lunations  has  heen  known  from  the  time  of  the  ancient  Chal- 
dean astronomers.  They  called  this  period  Saros ;  and  we 
frequently  find  it  thus  designated  in  the  vorks  of  modem 
chronolo  gists. 

In  like  maimer,  if  we  compare  the  sidereal  revolution  of  the 
moon,  which  is  27''  T*"  43'  11,51",  with  the  sidereal  revolution  aos. 
of  its  nodes,  which  is  6793''  10''  06'  29,95",  we  perceive  that  ao5. 
they  are  in  the  ratio  of  17  to  4227,  that  is,  in  4227  sidereal 
revolutions  of  the  moon  there  are  very  nearly  17  sidereal 
revolutions  of  the  node.  The  difference  is  12''.  Tlien  the 
position  of  the  moon,  with  respect  to  its  nodes  and  to  the  dif- 
ferent pomts  of  the  heavens,  becomes  again  very  nearly  the 
same.  Occultations  of  the  stars  must,  therefore,  recur  again 
in  the  same  order.  From  the  duration  of  a  sidereal  revolution 
we  find  lliis  period  to  be  115488,661^,  or  316  tropical  years, 
72  days,  2  hours,  24  minutes. 

But  the  above  ratios  not  being  rigorously  exact,  these  laws 
are  to  be  regarded  only  as  approximations,  and  the  order  ob- 
served in  the  several  periods  must  at  length  be  changed,  as  is 
well  ascertained.  The  periodical  inequahtics  which  affect 
the  motions  of  the  moon  disturb  also  these  returns,  since  they 
have  not  all  for  their  periods  a  multiple  of  the  synodic  or 
sidereal  revolution.  Still,  as  these  inequalities  are  inconsider- 
able, we  make  use  of  the  ratio  above  established  in  finding 
approximately  the  ejwchs  of  eclipses,  and  then  we  calculate 
by  astronomical  tables  the  precise  instant  at  which  they  are 
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lo  happen.     If  we  wish  to  approxiniate  nearer  at  first,  it  n 
be  suflicient  to   allow   for  the  principal  inequalities  of  the" 
moon's  longitude. 

Another  cause  of  deviation  arises  from  the  great  secular  in 
equalities,  the  nature  of  which  we  have  already  explained, 
and  which,  in  the  immense  diutition  of  their  course,  sensibly 
change  the  values  of  the  small  periods,  as  will  be  easily  coo-  I 
ceivcd ;  so  that  all  attempts  to  ascertain  exactly  the  peiiodi 
under  consideration  will  be  fruitless.  In  order  to  find  diiectli*, 
and  inde]xjndently  of  such  periods,  tiie  syzygies  when  a 
eclipse  is  possible,  we  begin  by  calculating  from  the  tables  d 
the  nnx>n  the  epoch  of  each  mean  conjunction.  We  com- 
monly employ  for  this  purpose  the  method  of  aslnmimueai 
epacls.  • 

The  epact  of  a  year  is  the  age  of  the  moon  at  the  cob. 
mencemcnt  of  this  year,  that  is,  the  time  which  has  elapsed^ 
or  which  ought  to  have  elapsed,  from  the  last  conjunction  4 
the  preceding  year  to  the  31st  of  December,  at  noon,  meal 
time,  if  the  year  in  question  be  a  common  year,  or  to  the  111 
of  January,  at  noon,  mean  time,  if  it  be  bissextile, 
here  only  of  the  ancient  tables.  We  unite  these  epacta  to  thi 
other  elements  of  the  moon  for  the  commencement  of  the  j 
The  epact  of  each  month  then  is  the  quantity  which  il  h 
necessary  to  add  to  the  epact  of  the  year,  in  order  to  have  tbt 
age  of  the  moon  at  the  commencement  of  this  month. 

Knowing  the  epact  of  any  month,  it  is  easy  to  find  thtt 
mean  conjunctions  which  take  place  in  this  month.  For,  is 
the  first  place,  by  subtracting  the  epact  from  a  synodic  revo- 
lution of  the  moon,  that  is,  from  2**  12''  44'  03",  the  remain- 
der will  indicate  the  day  of  the  month  and  hour  of  the  day 
when  the  first  conjunction  will  happen.  I  say  the  first, 
because  there  are  sometimes  two  conjimctions  in  the  same 
month,  separated  by  a  synodic  revolution ;  but  there  can  _ 
never  be  more  than  two,  since  the  months  are  at  most  I 
31  days  in  length. 

When   we  know   the   epochs   of  mean  conjunction  or  o 
new  moon,  we  find  those  of  opposition  or  of  full  moon,  ^  I 
subtracting   from   the    first    half    a    synodic    revolution, 
14^  IS"  22'  01". 
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The  times  of  conjuDctioii  and  opposition  being  ihiis  deter- 
mined, in  order  to  know  if  tliere  will  be  an  eclipse  of  the  sun 
at  the  one,  or  of  the  moon  at  the  other,  we  must  calculate  the 
I  d^tance  of  the  moon  from  its  node,  and  see  if  it  fails  within 
lie  limits  required  for  an  eclipse  to  take  place.  These  limits, 
B  calculated  by  M.  Delambre,  are  as  follows. 


f  the  distance    C  less  than  9° 
»f  the  O  Irom    i  j 

'  ;  >  's  node  is  (  greater  than  12^°  _ 


the  cclips 
of  the  3> 


(  certain. 


f  impossible. 

Between  0°  and  12^°  it  is  doubtful,  and  recoiu^e  must  be 
I  had  to  more  precise  calculations. 


If  the  distance  C  less  than  13i° 

of  the  O  from  < 

the  H  's  node  is  (  greater  than  IS"-* 


the  eclipse    ( <^«"^- 
'the  C   " 


(  impossible. 
it  is  doubtful,  and  a  more  exact  cal- 


^  Between  13^°  and  1 
dilation  is  necessary. 
We  perceive  that  these  limits  are  more  extended  in  the  case 
ef  solar  eclipses  than  for  those  of  the  moon.  The  first,  there- 
fore, must  happen  more  frequently.  But  they  are  not  visible, 
except  from  certain  parts  of  the  earth,  on  account  of  the  paral- 
lax which  modifies  them ;  while  those  of  the  moon  are  visible 
from  all  points  of  the  terrestrial  hemisphere,  which  have  the 
moon  above  the  horizon  during  the  eclipse. 

In  the  new  tables  published  by  the  French  Board  of  Longi- 
tude, we  have  not  the  epacts  laid  down,  but  as  we  find  the 
values  of  the  mean  longitudes  of  the  stm  or  the  moon,  as  well 
as  the  distances  of  these  bodies  fix)m  the  node  of  the  moon's 
orbit,  these  arguments  answer  for  calculating  the  epochs  of 
the  syzygies,  and  all  the  otjier  phases,  with  no  less  despatch 
and  greater  precision  than  the  method  of  epacts.  The  mode 
of  proceeding  is  explained  in  the  tables. 

It  remains  to  speak  of  an  indispensable  precaution  to  be 
used  by  astronomers  in  observing  an  eclipse.  Li  solar  eclipseff 
the  face  which  the  moon  presents  to  us  does  not  receive  the 
sun's  rays;  it  is  therefore  completely  invisible ;  for  the  light 
reflected  by  the  earth  to  such  a  distance  is  entirely  lost  in  the 
superior  brightness  of  the  sun.  Hence  we  do  not  perceive  the 
passage  of  the  moon  over  the  sun's  disc,  except  by  means  of 
the  interruption  In  the  sun's  Ught,  when  it  begins  to  make  an 
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indentation.  But  it  is  impossible  to  seize  the  fiist  conunenoe- 
ment  of  this  phenomenon,  unless  we  know  beforehand  the  in- 
stant when  it  will  happen,  which  may  be  calculated  within  t 
few  seconds  by  means  of  the  tables,  and  unless  wb  know 
also  in  what  part  of  the  sun's  limb  the  indentation  first  com- 
mences. The  same  problem  presents  itself  in  the  transits  of 
the  planets  over  the  sun's  disc,  and  in  emersions  of  stars  and 
planets,  in  the  case  of  an  occultation  by  the  moon.  It  is  ne- 
cessary to  know  precisely  at  what  point  of  the  moon's  dise  the 
star  or  planef  will  emerge,  in  order  to  be  ready  to  obaerfe  Ae 
first  indication  of  its  reappearing. 

Let  us  consider  this  last  case,  which  is  the  most  geoenl, 
and  fiom  which  all  the  others  may  be  deduced.  We  fiitf 
calculate,  by  the  tables,  the  precise  instant  of  the  emernon  of 
the  star  or  planet,  and  the  difference  of  longitude  and  latitude 
between  its  centre  and  that  of  the  moon  at  this  instant.  From 
this  it  is  easy  to  determine  the.angle  formed  by  the  line  of  ths 
centres  with  the  circle  of  latitude  which  passes  through  the 
moon ;  for  the  tangent  of  this  angle  is  equal  to  the  di£krenee 
of  longitude,  reduced  on  account  of  the  distance  of  the  star  or 
planet  from  the  ecliptic,  and  divided  by  the  difference  of  the 
latitudes.  We  shall  thus  have  the  arc  of  the  lunar  disc,  com- 
prehended between  the  point  of  emersion  and  the  point  of  the 
disc,  nearest  the  plane  of  the  ecliptic.  This  arc  is  denoted  by 
SE  in  figure  96,  TNL  representing  the  ecliptic,  Y  the  vernal 
equinox,  C  the  centre  of  the  moon,  C I  its  circle  of  latitude, 
and  S  the  point  of  the  disc  where  the  emersion  takes  place. 

Now  let  Z  be  the  zenith  of  the  place  of  observation ;  then 
^L  will  be  its  longitude,  and  LZ  its  latitude,  both  being 
referred  to  the  ecliptic.     The  great  circle  ZC  will  represent 
the  plane  of  a  vertical  in  which  the  centre  of  the  moon  is 
found,  since  this  vertical  must  contain  the  centre  of  the  moon 
and  the  zenith.     These  two  conditions  are  sufficient  for  deter- 
mining the  angle  NC  I,  formed  by  the  circle  of  latitude  of 
the  moon  with  the  vertical  ZC,  and  by  adding  to  it  the  angle 
I  CSy  just  calculated,  the  sum  will  give  the  arc  SH  of  the 
lunar  disc,  comprehended  between  the  point  of  emersion  S  and 
the  point  H  of  the  disc  which  is  most  distant  fronr  the  zenith 
Z,  and  consequently  the  nearest  to  the  horizon.     We  reckon 
this  arc  from  the  lowest  point  of  the  disc  proceeding  towards 
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the  east,  and  from  (P  to  an  entire  circumfereuce.  The  formu- 
las, being  once  established  by  means  of  this  construction,  are 
applicable  to  all  cases,  the  rules  respecting  algebraic  signs 
being  carefidly  observed.  If  we  wish  to  refer  what  is  here 
laid  down  to  eclipses  of  the  snn,  it  is  only  necessary  to  substi- 
tute, in  the  formulas,  the  centre  of  the  sun  for  the  centre  of 
the  moon,  and  as  the  latitude  of  the  sun  is  always  nothing, 
ihe  formulas  become  more  simple.  (App.) 

By  means  of  this  preparatory  calculation  we  always  know, 
with  an  exactness  abundantly  sufficient,  to  what  point  of  the 
moon's  disc,  or  that  of  the  sun,  it  is  necessary  for  the  observer 
to  direct  his  attention ;  thus  informed,  he  can  seize  the  instant 
of  the  plienomenon  with  all  the  precision  of  which  his  organs 
are  susceptible. 


Of  the  Connexion  betweeti  the  Motions  of  the  Moon  and  l/te 
Periodical  Ebb  and  Flow  of  the  Sea, 

402.  Beforb  passing  to  anothei  division  of  my  subject,  I 
ought  to  give  some  account  of  a  phenomenon  extremely 
remarkable,  upon  which  the  moon  appears  to  have  an  impor- 
tant influence.  I  refer  to  the  ebb  and  flow  of  the  sea,  called 
the  tides. 

Twice  every  day  the  sea  rises  and  falls  with  a  regular  oscil- 
latory motion.  The  water  elevates  itself  at  first  during  about 
one  loiu'th  part  of  a  day ;  it  overflows  the  shores  and  runs  into 
the  channels  of  rivers,  even  to  great  distances  from  their 
mouths.  When  the  water  lias  arrived  at  its  greatest  height,  it 
is  said  to  be  hiffh  water,  fidl  sea,  oxjlood  tide ;  it  remains  in 
this  state  only  for  a  few  moments.  It  soon  begins  to  decline, 
and  it  falls  at  the  same  rate  at  which  it  rose.  It  withdraws 
from  the  places  it  had  overflown ;  and  continues  to  descend 
nearly  a  foiu'th  part  of  a  day.  The  water  having  reached  its 
greatest  depression,  it  remauis  stationary  for  a  short  time.  It 
is  then  said  to  be  hw  ipater  or  ebb  tide.  Very  soon  the  same 
motion  re»)mmences,  the  sea  advances  and  retreals  again  by 
the  simic  steps,  and  according  to  the  same  laws, 

403.  These  oscillations  of  IUr  sea  may  be  increased  bv  Ihe 
A»t}on.  U 
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action  of  the  wind ;  but  they  do  not  arise  wholly  finim  fhii 
cause,  for  they  are  observed,  in  like  manner,  when  the  weather 
is  calm  and  seiene.     Aside  firom  this,  their  periods  are  m 
regular  and  constant,  that  we  are  aUe  to  jnredict  the  return  of 
low  and  high  water.    This  constancy   deaily  indicateis  a 
regular  and  durable  cause,  whose  effects  are  prodaced  poi- 
odieally.    In  order  to  discover  this  cause,  we  most  dbsarrs 
the  phenomena  for  a  long  tune,  follow  out  all  the  resolti^  ali 
determine  the  periods  to  which  their  smallest  yariations  ne 
enlist    We  may  afterward  undertake  to  discover,  in  Ae 
couisb  they  take,  the  nature  of  the  causes  which  prodnce  them.  . 
By  thus  examining  the  pjienomena  of  the  ebb  and  flow  of  1 
the  sea,  we  perceive,  even  in  their  miiiutest  details,  a  madoed  ^ 
coxmezion  with  the  conjunctions  of  the  moon  and.  eun;  tbB 
influence  of  the  moon  is  particularly  apparent 

This  is  evident,  in  the  first  place,  firom  the  intervals  at 
which  they  return.  These  intervals  are  not  always  exacdj 
the  eame,  but. .they  still  have  a  mean  duration  fipto  wfaUi 
they  differ  but  little,  and  this,  expressed  in  mean  time,  ii 
1^  0*»  6(K  28,32''.  During  this  tune  it  is  twice  low  water  and 
twice  high  water.  Now  this  is  precisely  the  time  which  the 
moon  employs  in  returning  to  the  meridian  by  the  effect  of 
its  mean  motion,  and  this  period  of  ebb  and  flow  may  be 
termed  a  lunar  day. 

We  perceivfe,  then,  that  if  high  water  happens  to-day  in  a 
certain  harbor  at  0*»,  to-morrow  it  will  happen  at  O**  BV  28,32^', 
the  day  after  at  1**  4(K  56,64'',  and  so  on  continually,  the  daily 
retardation  being  6(y  28,32" ;  but  in  this  interval  there  will 
be  another  high  tide,  which  may  be  called  the  morning  tide  ; 
this  will  happen  the  first  day  at  12**  25'  14,2",  the  second  at 
12*»  25'  14,2"  +  (^5(y  28,32",  and  so  on. 

404  But  this  is  not  exactly  the  course  observed.  The 
daily  retardation  from  one  tide  to  another  is  sometimes  a 
little  more  than  50'  28,32",  and  sometimes  less.  This  is  only 
an  additional  proof  of  the  influence  of  the  moon  upon  these 
phenomena,  for  the  course  of  this  body  is  not  more  regular,  it 
is  subject  to  many  inequalities  which  have  a  striking  agree- 
ment with  the  retardations  and  variations  observed  in  the 
tides.  We  may,  therefore,  consider  this  action  of  the  mooD, 
whatever  may  be  its  nature,  as  established  beyond  a  doubt 


405.  But  the  moon  is  iiot  the  only  LioJy  whose  action  is 
rceived  in  the  tides ;  the  sim  cxprts  also  a  sensible  influence, 
s  aJways  remark,  that  the  highest  tides  happen  at  the  syzy- 
(bb,  and  the  lowest  at  the  (inadratiires  ;  so  that  by  observing 
Mply  the  phases  of  the  moon,  we  are  abla  to  predict  their 
turn. 
LThese  elevations  and  depressions  of  the  sea  are  more  re- 
irkable  and  conspicuous  when  the  moon  and  sun  are  near- 
(  the  earth  ;  and  they  diminish  as  these  bodies  recede ;  but 
n  this  secondary  effect  the  action  of  the  moon  maintains 
s  ascendency,  and  the  variations  in  its  distance  are  particu- 
irly  sensible.  Finally,  the  position  of  these  two  bodies  on 
tie  one  side  and  the  other  of  the  equator,  produces  likewise 
'  modilications. 

All  this  is  to  be  understood  of  a  sea  very  extended  and  free 
on  all  sides  like  the  ocean.  In  small  seas,  and  near  the 
shores,  the  motions  of  the  water  must  bo  obstructed  and 
opposed  by  the  obstacles  it  meets  with.  In  like  manner,  the 
instant  of  the  tide  dilTers  according  to  the  lime  necessary  for 
the  undidations  to  be  propagated.  This  happens  in  oar  har- 
bours, although  they  all  belong  to  the  same  ocean.  The  hour 
of  high  water  is  very  di^ient  in  one  port  from  what  it  is  in 
another,  although  constant  in  each  harbour.  At  Ilonkirk,  for 
example,  high  water  happens  half  a  day  after  the  passage  of 
I  over  the  meridian  ;  at  St.  Malo  it  is  one  fourth  of  a 
day ;  at  the  Cape  of  Good  Hope  it  is  0^  1''  aCK.  The  hour 
I  when  this  phenomenon  happens,  on  the  day  of  full  moon,  is 
letermined  in  each  pl^e  by  observation,  after  which,  by 
D  it  successively  50'  28,32",  we  obtain  the  successive 
udatinns  of  the  tides  from  one  day  to  another,  and  the 
mes  at  which  they  ought  to  happen.  As  there  arc  two  high 
les  every  lunar  day,  two  observations  of  this  kind  are  neces- 
J  to  enable  us  to  foretell  the  times  of  every  high  tide. 
The  preceding  method  gives  only  the  mean  epochs  of  the 
phenomena  under  consideration,  that  is,  those  which  would 
take  place,  if  the  course  of  the  moon  which  governs  them 
was  subject  to  no  irregularity.  In  order  to  predict  the  exact 
instant  we  must  have  recourse  to  ihc  theory  of  attraction, 
which,  having  made  known  the  cause  of  Ihc  oscillations  of 
the  sea,  has  shown  the  connexion  which  exists  between  the 
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variations  which   they  experience  and  the  inequalities  of  tl 
bodies  which  produce  them.     In  the  second  volume  t 
Micattique  Celeste  will   be  found   all  the   fonntilas  ne< 
for  this  purpose. 

406.  Among  the  jnequahtics  in  the  motion  of  the  sea  ve 
remark  this  general  law ;  the  higlier  the  water  rises  at  flood 
tide,  the  more  it  descends  at  ebb  tide.  We  call  the  total  tide 
the  half  sum  of  two  consecutive  high  tides  above  the  level 
of  the  intermediate  low  tide.  The  greatest  value  of  this  total 
tide  at  Brest  is  19,32  feet.  It  takes  place  at  the  syzygies. 
The  smallest  is  9,15  feet.  This  takes  place  at  the  quadta- 
tm-es. 

407.  It  is  an  object  of  great  importance  to  obtain  observa- 
tions equally  exact  for  all  other  harbours ;  but  unfortunately 
they  are  yet  wanting,  and  the  members  of  the  Institute  of 
France  thought  it  their  duty  to  invite  the  attention  of  intelli- 
gent men  inhabiting  seaport  towns  to  this  siSjject.  It  is 
sulficient  to  set  up  a  vertical  rod  properly  graduated,  and  lo 
observe  as  often  at  least  as  once  every  day  the  exact  time  of 
high  and  low  water,  and  the  point  of  the  greatest  elevation 
and  depression  of  the  water-  But  as  the  height  of  the  water 
varies  very  slowly  in  approaching  these  extreme  limits,  it  is 
necessary  in  determining  it  with  precision  to  employ  corre- 
sponding observations  made  before  and  aAer  the  extreme  limit 
when  the  water  has  attained  the  same  height.  If  these  \ 
observations  are  near  the  maxitnitm  and  vtinnnutn  stale,  tl 
limit  sought  will  answer  to  the  middle  of  the  interval  ¥ 
separates  them ;  but  it  is  necessary  iu  order  to  this,  that  tl 
should  not  be  loo  distant,  for  the  tide  employs  a  little  lot^ 
time  in  falling  than  in  rising.  At  Brest  this  ditference  amoui 
to  nine  or  ten  minutes. 

408.  The  theory  of  attraction,  having  made    known  I 
cause  of  the  ebb  and  flow  of  the  sea,  has  furnished  t 
have  said,  with  the  means  of  calculating  all  the  v 
which  are  to  be  looked  for  in  these  phenomena ;  it  has  taughl 
us  how  they  may  be  foreseen.     The  oscillations  of  the  b 
are  thus  found  to  be  connected  with  the  celestial  mottoiu^  I 
and  they  have  served  more  clearly  to  make  known  sev&A  1 
important  particulars. 


THEORY   OF   THE   PLANETS   AND   COMETS. 


Motion  of  the  Plimcls  about  the  Sun. 

409.  We  have  recognised  and  determined  the  motions  of 
the  sun  and  moon.  These  are  to  us  the  most  interesting 
bodies  in  the  system ;  the  first,  as  being  the  source  of  lil'e  and 
fertility  to  the  earth ;  the  second,  on  account  of  its  proicimily, 
Its  tight,  and  its  phases ;  and  both,  on  account  of  the  indica- 
tions they  furnish  for  the  measurement  of  time. 

But  the  other  bodies  which  compose  the  solar  system  invite 
otu'  attention,  and  hold  out  to  us  the  prospect  of  results  no  less 
curious  and  useful.  The  study  of  them  will  lead  to  a  more 
perfect  knowledge  of  the  general  scheme  of  the  material 
world;  and  in  this  way  it  will  connect  itself  with  our  first 
results,  and  enable  us  to  correct  them  by  more  accurate  cal- 
cidations,  or  it  will  serve  to  bring  them  before  us  imder  a  more 
enlarged  view ;  or  lastly,  it  will  help  to  make  known  relations 
and  analogies  hitherto  unobserved.  Encouraged  by  these 
considerations,  we  proceed  to  examine  the  planetary  motions. 
We  shall  endeavour  to  discover  the  laws  which  govern  them, 
and  in  deducing  these  from  the  phenomena  that  present 
tliemsclvcs,  we  shall  continue  to  pursue  the  plan  which  has 
hitherto  guided  us. 

410.  We  begin  with  Venus,  which  is  the  most  conspicuous. 
There  are  few  who  have  not  observed  a  beautiful  star  in  the 
west,  a  little  after  sunset,  and  called  for  this  reason  the  evening 
star.  This  star  is  Venus,  If  we  observe  it  for  several  days, 
we  find  lliat  it  docs  not  remain  constantly  at  the  same  dis- 
tance from  tlie  sun.  It  departs  to  a  certain  distance  which  is 
about  45°,  or  ^  of  the  celestial  hemisphere,  after  which  it 
begins  to  return ;  and  as  we  can  ordinarily  discern  it  with  the 
naked  eye  only  when  the  sun  is  below  the  horizon,  it  is 
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visible  only  for  a  certain  lime  initnfdiatDly  after  sunset.  By 
and  by  it  sets  with  the  sun,  and  tlien  we  are  entirely  pre- 
vented from  seeing  it  by  the  sun's  light.  But  after  a  fei 
days,  we  perceive  in  the  mornmg,  near  the  eastern  horizoi^j 
a  bright  star  which  was  not  visible  before.  It  is  seen  at 
only  a  few  minutes  before  sunrise,  and  is  hence  called 
vtomiiiff  star.  It  departs  from  the  sun  from  day  to  day, 
precedes  its  rising  more  and  more ;  but  alter  depaxtine  to 
about  45^,  it  begins  to  return,  and  rises  later  each  day,  at 
length  it  rises  with  the  sun,  ajid  we  cease  to  distinguish  it. 
In  a  few  days  the  evening  star  agaiii  appears  in  the  west  verj- 
near  the  stm  ;  from  which  it  departs  in  the  same  manner  m 
before ;  again  returns ;  disappears  for  a  short  time  ;  and  then 
tlie  morning  star  presents  itself. 

These  alternations,  observed  without  interruption  for  mi 
thau  2000   years,  evidently  indicate   that   the    evening 
morning   star  are  one  and   the  same   body.     They    indici 
also  that  this  star  has  a  proper  motion,  in  virtue  of  which  il 
oscillates  about  the  sun,  sometimes  preceding  and  soniet 
following  it. 

These  are  phenomena  exhibited  to  the  naked  eye ;  but  the 
admirable  mvention  of  the  telescope  enables  us  to  carry  otn 
observations  much  farther. 

411.  Observing  Venus  with  this  instrument,  we  perceii 
that  it  has  phases  like  the  moon.  At  evening  when  it  is  ap*' 
preaching  the  sun  it  presents  a  luminous  crescent,  tba  poi 
of  which  ate  turned  towards  the  east,  that  is,  from  the  s 
The  apparent  magnitude  of  this  crescent  diminishes  from  ds^ 
to  day,  as  Venus  draws  nearer  to  the  sun.  But  after  it 
passed  the  snn,  and  reappears  on  the  other  side  of  it  in 
east,  the  ■points  of  the  crescent  are  turned  in  the  op] 
direclioo,  that  is,  to  the  west.  The  crescent  gradualt 
increases  in  magnitude  till  it  reaches  the  form  of  a  semici 
Venus  is  then  in  its  first  quarter.  As  it  approaches  the 
the  illuminated  part  of  lis  disc  becomes  enlarged  ;  and  wh4 
it  comes  up  with  the  sun  it  appears  full.  After  passing  th* 
sun  and  reappearing  in  the  west,  the  disc  begins  to  be  deftt* 
cated,  and  its  illuminated  part  gradually  diminishes,  reW 
ing  through  the  same  phases  that  it  exhibited  when  Mi 
increase,  but  in  the  inverse  order. 


Motion  of  the  Planets  about  the  Sun. 

412.  ThcsD  phenomena  represent  Venus  as  a  kind  of  moon 
revolving  about  the  sun  and  iUuminated  by  its  light.  All 
observations  confirm  this  fact. 

Wien  Venus  appears  as  an  entire  circle  its  appeirent  diame- 
ter is  Teiy  small,  not  amounting  to  more  than  10".  It  is  then 
beyond  the  sun  with  respect  to  tlie  earth.  On  the  contrary, 
when  its  phases  diminish,  and  its  illuminated  face  is  turned 
more  and  more  from  us,  its  apparent  diameter  is  on  the  in- 
crease, which  indicates  that  it  is  now  nearer  the  earth.  Ijostly, 
in  the  interval  between  its  disappearing  in  the  evening  and 
reappearing  in  the  morning,  we  sometimes  see  it  moving  over 
the  sun's  disc  with  the  appearance  of  a  round,  black  spot, 
and  its  apparent  diameter  is  then  the  greatest  it  ever  attains 
during  a  revolution,  amounting  sometimes  to  69,8",  or  very 
nearly  1'. 

These  diminutions  and  augmentations  are  not  sensible  to 
the  naked  eye,  on  accoimt  of  the  irradiation  which  dilates  a 
little  the  apparent  diameters  of  objects,  and  the  more  so,  the 
more  they  are  illuminated ;  now  as  the  phases  of  Venus 
increase  in  extent  as  it  departs  beyond  the  sun,  its  increase  of 
light  compensates,  to  our  eyes,  for  its  increased  distance; 
these  illusions  arc  removed  by  the  telescope,  and  the  real 
variations  of  its  distance  are  indicated  by  those  of  its  apparent 
diameter, 

413.  The  orbit  of  Venus  does  not  embrace  the  earth  ;  since, 
if  it  did,  this  planet  would  sometimes  be  in  the  pan  of  the 
heavens  opposite  to  the  sun,  the  earth  being  between  them, 
which  never  happens.  Neither  is  its  orbit  wholly  beyond 
the  sun  with  respect  to  the  earth  ;  for  if  it  were,  Venus  would 
never  appear  between  the  sun  and  the  earth ;  whereas  it  is 
sometimes  seen  passing  over  the  sun's  disc.  Lastly,  while  the 
sun  moves,  or  appears  to  move,  in  the  ecliptic,  Venus  never 
deviates  beyond  its  customary  limits;  and  its  oscillations 
about  the  sun,  or  its  elongations,  are  always  nearly  of  the 
same  extent.  These  facts,  taken  together,  manifestly  prove 
that  Venus  moves  about  the  sun  in  an  orbit  which  returns 
into  itself,  and  which  accompanies  the  sun  in  its  apparent 
elliptical  motion.  The  progressive  order  of  its  phases,  more- 
over, indicates  that  this  planet  is  opaque,  that  it  shines  with 
reflected  light,  and  is  nearly  spherical. 
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414.  The  orbit  of  Venus  being  presented  to  us  under 
fcreut  points  of  view  in  its  successive  positions,  there 
result  from  this  circumstance  a  variety  of  apparent  irrei 
ties  and  anomalies,  when  we  refer  its  motions  to  the  cei 
the  earth ;   but   these   disappear   when   we   consider  it  will 
reference  to  the  sun,  which  is  its  true   centre.     All   this  is 
confirmed  by  observation,  as  we  shall  soon  see. 

415.  Venus  is  not  the  only  planet  which  exhibits  the  ap- 
pearances we  have  described.  Those  of  Mercttry  are  perfectly 
similar,  though  confined  to  narrower  Umits.  This  planet, 
therefore,  moves  about  the  sun  like  Venus,  but  in  a  smalla 
orbit.  We  infer  from  its  phases  that  it  is  opaque,  that  its  f«n 
is  nearly  spherical,  and  that  it  receives  its  light  from  the  sou 

Its  greatest  apparent  diameter  is  11,3",  its  least  5".  Mer- 
cury and  Venus  are  called  inferior  planets,  because  their  orbits 
are  below  or  within  that  of  the  earth. 

416.  These  two  planets,  as  seen  from  the  earth,  always 
appear  to  accompany  the  aun.  Their  angular  distances  never 
exceed  certain  limits,  which  are  nearly  constant  The  same 
cannot  be  said  of  the  other  planets ;  these  diveige  from  the 
sun  to  all  possible  angular  distances. 

The  apparent  motion  of  Mercury  and  Venus  is  very  un- 
equal ;  it  is  sometimes  direct,  and  sometimes  retrograde.  By 
comparing  them  with  the  stars  which  they  meet  wilh  in  (heir 
course,  or  what  is  still  more  exact,  by  observing  from  day  to 
day  their  declination  and  right  ascension,  we  percwvc  that 
they  do  not  continue  m  the  same  parallel  to  the  equator ;  uor 
do  they  move  exactly  in  the  plane  of  the  ecliptic.  But  nil 
the  planets,  except  those  lately  discovered,  deviate  very  little 
from  this  last  plane ;  and  it  is  this  circumstance  which  has 
given,  from  the  remotest  antiquity,  a  particular  donomini 
to  the  zone  which  comprehends  them.  It  is  termed  the  t 
diac,  and  extends  to  8°  or  9°  on  each  side  of  the  ecliptit 
since  the  discovery  of  the  four  new  planets,  this  denoi 
has  become  useless ;  for  Ceres,  Juno,  and  especially  Ptdlss,  gi 
far  beyond  these  limits. 

417.  All  the  planets,  except  Mercury  and  Venus,  in  \htn 
revolutions,  come  into  mnjuncHon  and  apposition  with  respeot] 
lo  the  sun  ;  that  is,  they  are  sometimes  on  the  same  side 
the  sun  Willi  respect  lo  the  earth,  luid  sometimes  the  earth  Js: 
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between  them  and  the  sun.  This  last  chrcumstance  is  pe- 
culiar to  them,  and  never  happens  with  regard  to  the  inferior 
jdanets.  We  are  led  by  analogy  to  inquire  whether  these 
planets  do  not  move  about  the  sun,  like  Mercury  and  Venus, 
,  but  in  more  extended  orbits,  and  we  find  that  all  their  phe- 
nomena indicate  such  a  motion. 

418.  Let  us  take  Mars  as  an  example.  When  we  observe 
this  planet  with  a  telescope,  its  disc  appears  constantly  illumi- 
nated and  round ;  it  never  exhibits  a  crescent  like  Venus ;  but 
yet  it  experiences  very  sensible  variations  in  its  phases.  In 
eoQJunction  and  opposition  its  form  is  completely  circular.  In 
passing  from  one  of  these  positions  to  the  other,  it  gradually 
contracts  and  assumes  the  shape  of  an  oval  more  or  less 
^  oblate ;  and  the  change  always  takes  place  slowly  and  pro- 
gressively. These  phenomena  indicate  that  Mars  is  an  opaque 
body,  illuminated  by  the  sun,  and  nearly  spherical.  They 
are  accurately  represented  by  supposing  the  planet  to  move  in 
an  orbit  returning  into  itself,  and  comprehending  the  sun  and 
earth.  Indeed,  this  consequence  follows  so  necessarily  from 
the  phenomena,  that  they  could  not  exist  without  involving 
it.  If  the  orbit  of  Mars  did  not  embrace  the  earth,  it  could 
never  appear  in  opposition ;  and  if  it  did  not  include  the  sun, 
it  would  pass,  when  in  conjunction,  between  the  earth  and 
the  sun ;  its  disc  also  would  be  crescent-shaped,  like  those  of 
Venus  and  the  Moon,  instead  of  appearing  always  round. 

Moreover,  the  apparent  diameter  of  Mars  increases  in  pass- 
ing from  conjunction  to  opposition ;  and  diminishes  in  passing 
from  opposition  to  conjunction.  Accordingly,  in  the  first  case. 
Mars  approaches  the  earth ;  and  in  the  second,  recedes  firom  it. 
The  variations  of  its  apparent  diameter  are  considerable.  Its 
greatest  value  is  17,1'' ;  its  least  3,6'' ;  the  corresponding  dis- 
tances, then,  are  to  each  other  as  3,6  to  17,1,  or  nearly  as  1 
to  5 ;  that  is.  Mars  is  5  times  further  from  the  earth  in  the 
second  case,  than  in  the  first. 

These  great  differences  indicate  that  the  earth  is  not  at  the 
centre  of  the  orbit  of  Mars.  From  analogy,  it  is  much  more 
natural  to  suppose  that  this  planet  moves  about  the  sun,  like 
Mercury  and  Venus ;  in  which  case  the  sun  must  carry  the 
orbit  of  Mars  also  along  with  it,  in  its  apparent  motion  through 
the  ecliptic  ;  the  greatest  and  least  distances  of  Mars  from  the 
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earth  mnst  take  place  when  the  sun  is  in  apogee ;  and  ill 
greatest  and  least  apparent  diameters  mnst  then  he  perceptiUe. 
All  this  is  confirmed  by  observation,  and  hence  we  condqik 
that  Mars  revolves  about  the  sun. 

419p  The  phenomena  presented  by  the  other  planets  wfaoie 
orbits  embrace  the  earth,  and  which  are  hence  denominatsd 
superior  planets^  take  place  in  precisely  the  same  order,  and 
accordingly  lead  to  the  same  conclusions ;  only  the  Taoalioii^ 
observed  in  the  apparent  form  of  their  discs,  are  mnehkB 
sensible,  and  this  form  deviates  less  from  a  circle.  Henoe  ve 
infer  that  their  distance  liom  the  sun  is  much  greater  tfaa 
that  of  Xfars ;  for,  if  there  were  a  planet  at  so  great  a  distanoB 
fiom  the  sun,  that  the  solar  orbit  might  be  regarded  as  a  poinl 
with  respect  to  it,  and  this  planet  could  yet  be*  seen  from  the 
earth,  the  appearances  exhibited  would  be  sensibly  the  same 
as  if  we  were  placed  at  the  centre  of  the  sun,  about  ifriiich  it 
revolved.  Its  disc  would,  therefore,  iqppear  always  nnder  tbe 
form  of  a  circle,  the  variations  of  its  phases  being  too  small  to 
be  appreciated. 

420.  To  render  more  sensible  the  variations  which  take 
place  in  the  distances  of  the  planets  from  the  earth,  we  have 
placed  together  in  the  following  table  their  greatest  and  least 
apparent  diameters,  as  given  by  observation.  It  must  be  re- 
marked, that  Ceres,  Pallas,  Vesta,  and  Juno  are  so  small  that 
their  apparent  diameters  have  not  yet  been  satisfactorily  deter- 
mined. 


Venus 

Mars 

Jupiter 

Saturn 

Uranus 


)are] 

It  diam. 

11,3 

69,8 

17,1 

44,6 

20,1 

4,1 

least 


6,0 
9,6 
3,6 
30,1 
16,3 
3,7 


421.  These  considerations  lead  to  the  conclusion,  that  the 
sun  is  nearly  at  the  centre  of  all  the  planetary  orbits,  and  car- 
ries them  with  it  in  its  apparent  motion  through  the  ecliptic ; 
or  rather,  to  the  more  natural  supposition,  that  this  infened 
motion  of  the  planetary  orbits  with  the  sun,  is  only  an  appear- 
ance occasioned  by  the  real  motion  of  the  earth,  which,  by 


Iransfemog  us  to  different  points  of  the  ecliptic,  causes  the 
sun  and  the  planetary  orbits,  of  which  it  is  the  centre,  to 
appear  as  if  they  revolved  about  us.  For,  if  we  are  guided  by 
analogy,  which  is  always  so  evident  in  the  works  of  nature, 
we  cauQot  help  considering  the  sun  as  the  common  centre  of 
llie  whole  planetary  system,  as  well  as  of  the  earth's  orbit ; 
thus  establishing  the  most  perfect  symmetry  throughout.  But, 
as  all  the  arguments  for  this  opinion  have  not  yet  been  stated, 
and  as  they  crowd  upon  us  more  and  more  as  we  advance  in 
the  study  of  the  heavens,  we  content  ourselves  for  the  present, 
wiih  barely  intimating  that  such  an  arraugemeiit  is  possible. 
We  shat!  now  for  a  moment  transfer  ourselves  in  imagination 
from  the  earth  to  the  centre  of  the  sun,  and  we  shall  endeavoiu: 
}  to  consider  our  observations  as  taken  from  that  position. 


Method  of  Delcniiining  the  Posilion  of  the  Planetary  Orbits. 

422.  The  most  simple  way  of  representing  the  planetary 
orbits  is  to  regard  them  as  plane  curves,  the  planes  of  which 
pass  through  the  sun.  This  supposition  is  favored  by  the 
ajialogy  which  exists  between  the  motions  of  the  planets 
about  the  sun,  and  thai  of  the  moou  about  tlie  earth.  Let  us 
see  how  it  agrees  witli  observation. 

423.  If  the  planets  move  in  plane  orbits  and  the  planes  pass 
through  the  centre  of  the  sun,  the  points,  where  each  planet 
meets  the  plane  of  the  ecliptic,  must  be  opposite  to  each  other 
in  the  same  straight  line,  drawn  through  the  centre  of  the  sun, 
and  movable  with  it  in  the  ecliptic.  These  points,  therefore, 
determine  the  intersection  of  the  plane  of  the  orbit  with  the 
ecliptic,  which  is  called  the  line  of  the  iiodes. 

An  observer  placed  at  the  sun  might  easily  determine 
whether  this  condition  is  fulfilled.  Ho  might  determine,  by  a 
scries  of  observations,  the  instants  when  the  latitude  of  the 
planet  is  nothing,  and  then  see  if  the  heliocentric  longitudes 
at  the  same  instants  were  the  same,  or  whether  they  differed 
by  a  semicirciunference.  Those  who  are  situated  on  the 
earth  can  also  determine,  by  geocentric  observations,  the  in- 
stant when  the  planet  passes  its  node  ;  but,  not  being  at  the 
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centre  of  the  planetaiy  motions,  these  nodes  will  not  appev 
opposite  to  each  other  on  the  celestial  sphere ;  and  the  straight 
line  which  joins  them,  being  apparently  carried  along  th« 
ecjiptic  by  the  sun,  will  be  presented  under  different  degreei 
of  obliquity,  which  prevents  this  opposition  being  perceiied. 

But  among  all  the  situations  which  the  plane  of  the  orhit  if 
capable  of  taking  with  respect  to  us,  there  are  two,  bat  toj 
rare  indeed,  in  which  the  difficulty  may  be  avoided ;  ihm  aia 
when  the  planet  is  in  the  ecliptic,  and  at  the  same  tinein 
conjunction  or  opposition  with  respect  to  the  sun ;  for  Aes 
we  see  it  firom  the  earth  in  the  same  straight  line  in  wfaibhit 
would  appear  as  viewed  from  the  sun.  A  number  of  obsem- 
tions  of  this  kind  would  determine  whether  the  node  of  the 
planet  has  always  the  same  heliocentric  longitude. 

This  method  is  easily  applied  to  Mercury  and  Venus.  As 
the  periods  of  these  two  planets  are  very  short,  the  first  being 
only  88  days,  and  the  second  224^,  it  jfollows  that  they  pas 
through  their  nodes  very  often ;  for  they  must  evidently  pas 
each  of  them  every  revolution.  The  short  intervals  of  these 
phenomena  must,  therefore,  render  the  condition  in  question 
comparatively  frequent.  We  have  a  particularly  favorable 
opportunity  for  the  observation  in  question  at  the  time  of  the 
transits  of  these  planets  over  the  sun's  disc.  For  then  we  see 
them  in  the  same  straight  line  with  the  sun ;  and  at  the  same 
time  their  latitude,  necessarily  very  small,  shows  them  to  be 
near  one  of  their  nodes.  The  observation  of  these  transits 
will,  therefore,  settle  the  question  with  respect  to  the  constan- 
cy of  the  nodes,  as  seen  from  the  sun.  The  following  table 
is  decisive. 


Observed  Transits  of  Mercury  at  its  Descending  Node. 


Y6«n. 

Mean  Time  at  Parii  reckoned 
horn  Noon. 

Gcocen.  Loni;. 
of  Merenry  in 
Conjunction. 

Geocfin.  Lat.  of 
MeKnry. 

1674 
1670 
1740 
1753 
1786 
1709 

6th  May  15    0  37 
5th           12  45    0 
2d             10  47  36 
5th            18  25  37 
3d             16  27    0 
7th             0    5  48 

Is  43  19 

44  43    5 

42  43  23 

45  47  28 

43  47  44 

46  54  27 

13  51  South  j 
0  37  North 

14  52  North 
2  22  Soath 

12    3  North 
5  44  South 

Mean  in  1763 

45    3  14 

5  35  North 
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All  these  observations  concur  to  show  thai  Mercury  ha 
very  small  latitude,  when  its  heliocentric  longitude  becomes 
equal  to  45^  3'  14".  Accordingly,  it  is  then  near  one  of  its 
nodes,  which  we  call  the  descending  node,  because  when 
Merctiry  passes  it,  it  is  descending  toward  the  south.  This 
conclusion  is  confirmed  by  rigorous  calculation  ;  for,  by  deter- 
mining the  heliocentric  longitude  of  the  descending  node  of 
Mercury  from  its  transit  in  1799,  by  methods  to  be  explained 
hereafter,  M.  Delambre  found  it  to  be  45°  67'  5"  for  this 
epoch.  It  is  necessary  to  subtract  27'  33"  from  this  longi- 
tude, in  order  ta  bring  the  origin  of  the  angles  to  the  same 
point  of  the  heavens  as  that  made  use  of  in  1763;  for  the 
equinox  must  have  retrograded  this  quantity,  during  the 
interval,  the  annual  rate  being  60,1",  The  result  of  M.  De- 
lambre, thus  reduced,  gives  fcff  the  longitude  of  the  descend- 
ing node,  in  1763,  45°  39'  32",  differing  but  little  from  the 
geocentric  longitude  given  by  the  mean  of  the  transits.  This 
comparison,  it  is  obvious,  can  bo  considered  only  as  an  ap- 
proximation, since  regard  is  also  to  be  paid  to  the  latitude  of 
Mercury.  Moreover,  its  nodes  arc  not  strictly  fixed,  as  we 
shall  see  hereafter.  All  these  causes  must  affect  the  results 
compared,  if,  therefore,  we  make  any  allowance  for  them, 
as  we  ought  to  do  in  this  first  attempt,  it  is  evident  that  the 
longitude  of  the  descending  node  of  Mercury  is  nearly  con- 
stant. 

The  same  constancy  is  observable  in  the  passage  of  Mer- 
ciity  through  its  ascending  node,  so  called,  because,  when  the 
planet  passes  it,  it  is  ascending  toward  the  north  side  of  tlie 
ecliptic.     The  following  are  a  few  of  these  observations. 


¥o«i. 

""'"■^rN''r'"^°™' 

GaoiMin.  LoDi. 

'^TJi■i?^'' 

1697 
1710 
1723 
1736 
1743 
1756 

■2d    Nov.  17  37  50 
mh             11  28  30 
9th              5  15  52 
10th            22  59  40 
4ih            22  27     0 
6th             16  18     0 

2^1  35    2 

224  11  12 
22ti  47  26 
229  23  38 
222  37  50 

225  14     3 

lb  40  s. 

2  19  S. 

6     0  N. 
14  21  N. 

9    3  S. 

0  42  S. 

The  heliocentric  longitude  of  the  ascending  node,  deduced 
from  these  observations,  exceeds  that  of  the  descending  node 
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very  nearly  180^,  or  a  semicircumference.  Theae  two  nodo^ 
seen  from  the  sun,  are  then  opposite  to  each  other  in  the 
ecUptic,  as  they  must  necessarily  be  if  the  orbit  be  in  the 
same  plane.    They  are  moreover  nearly  constant. 

The  same  agreement  is  found  in  the  passages  of  YemH 
through  its  descending  node,  as  appears  from  the  following 
observations. 


Tmx«. 

in  Co^JimeUoa. 

GeooMtrio  liMtitaito 

ofVemu. 

1761 
1769 

0       /       // 

75  96  14 
78  27  28 

/       // 

0  34  8. 

10  13  N. 

The  agreement  of  tHese  phenomena,  though  very  teamAMr 
ble,  is  not  sufficient  to  justify  our  extending  the  InfeEenee  to 
all  the  other  planets,  the  long  periods  of  whose  TercivSiam 
must  render  much  more  rare  the  opportunities  for  obsenraig 
them,  when  the  latitude  is  very  small  or  nothing  at  the  instant 
of  conjunction.  We  must,  therefore,  have  recouise  to  some 
method  of  determining  whether  the  node  is  constant,  without 
the  necessity  of  observing  it  under  circumstances  so  seldom  to 
be  met  with.  Now,  geometry  furnishes  a  very  general  and 
simple  process  adapted  to  this  purpose. 

At  the  moment  the  planet  enters  the  plane  of  the  ecliptic  at 
Fig.  S7.  Pj  let  T  represent  the  earth,  5^  the  sun,  and  PSN  the  Jine  of 
the  nodes  of  the  planet,  which  must  pass  through  the  son, 
according  to  the  hypothesis  under  consideration.  If  ¥  repre- 
sent the  equinoctial  point  from  which  longitude  is  reckoned, 
the  angle  Y  TS  will  be  the  geocentric  longitude  of  the  sun, 
which  we  shall  call  S ;  the  angle  ^TP  will  be  the  geocen- 
tric longitude  of  the  plaiiet  P.  These  two  quantities  are 
known  from  observation.  Lastly,  the  angle  VNS  or  *f  SP, 
will  be  the  heliocentric  longitude  of  the  node  Ny  which  is  the 
unknown  quantity  to  de  determined.  Now  in  the  triangle 
STP,  formed  by  the  sun,  the  planet,  and  the  earth,  the  angle 
at  the  earth  is  known,  and  is  equal  to  P  —  S ;  the  side  TS 
is  also  known,  and  is  equal  to  the  distance  of  the  sun  from  the 
earth  at  the  moment  of  observation ;  we  shall  call  it  R.  The 
unknown  parts  are  the  distance  SP  of  the  planet  from  the 
sun,  which  we  shall  call  r,  and  the  angle  at  the  planet,  which 


Position  of  the  Planetary  Orbits. 

may  be  expressed  by  N — P.  But  as  m  every  plane  triangle 
the  sides  are  proportional  to  the  sines  of  their  opposite  angles, 

it  is  obvious  that  the  ratio  ^=  or    ^  will  be   equal   to  the 

sine  of  the  angle  P  —  IS,  divided  by  the  sine  of  the  angle 
JV  —  P-  Hence  we  know  a  relation  wliich  exists  between 
the  two  unknown  quantities  N  and  r  of  the  problem. 

Suppose  now,  that  after  one  or  several  revolutions  of  the 
planet,  we  again  observe  the  instant  of  its  passing  the  same 
node  at  P',  and  repeat  the  same  construction.  The  longitude 
of  the  sun  and  that  of  the  planet  will  be  ditferent  from  what 
they  were  in  the  first  observation.  Ws  shall  designate  them 
by  S'  and  P'.  But  if  the  line  of  the  nodes  P'lU'N'  remain 
nearly  parallel  to  itself,  as  the  transits  of  Venus  and  Mercury 
aeem  to  indicate,  the  angle  fN'P'  will  still  remain  the  same 
as  before,  and  consequently  be  equal  to  N.  The  side  S'P" 
will  also  remain  the  same,  and  be  equal  to  r,  whatever  be  the 
nature  of  the  curve  described  by  the  planet  in  its  plane, 
provided  only  that  this  curve  is  immovable,  or  has  only  aa 
msensible  motion,  during  the  interval  between  the  observa- 
tions ;  which  the  slowness  of  the  motion  of  the  solar  ellipse 
renders  very  probable.  This  second  passage,  therefore,  will 
give  us  a  new  relation  between  the  unknown  quantities  iVand 
T.  We  shall  thus  have  two  conditions  which  these  unknown 
quantities  must  satisfy ;  and  this  circumstance  will  be  suffi- 
cient to  determine  them.  By  repeating  the  same  process  for 
several  passages,  we  shall  ascertain  whether  the  values  of  N 
are  always  the  same,  and  if  they  arc,  we  conclude  that  the 
longitude  of  the  node  is  constant,  and  experiences  only  the 
variation  resulting  from  the  precession  of  tlie  equinoxes.  If 
we  find  that  there  is  a  very  slow  motion,  we  must  deduce  the 
value  of  N  from  observed  passages  made  as  near  each  other 
as  possible;  and  by  repeating  the  same  operation  for  distant 
epochs,  the  difference  of  the  results  will  determine  the  mo- 
tion of  the  node.  In  this  manner  we  determined  the  motion 
of  the  solar  perigee. 

These  calculations  will  also  make  known  another  very  im- 
portant element  In  the  orbit  of  the  planet,  namely,  its  distance 
from  the  sun,  which  we  have  represented  by  r  /  moreover, 
the  ratio,  which  this  distance  bears  to  the  radius  R  of  the 
earth's  orbit,  is  determined  by  the  same  process. 
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We  might  proceed  in  the  same  maimer  with  the  paasages 
observed  through  the  other  node.  The  longitude  thus 
obtained  would  differ  from  N  by  two  right  angles ;  but  the 
distance  SP  of  the  planet  from  the  sun  might  not  be  the 
same.  This  comparison  would,  therefore,  afford  some  indi- 
cation respecting  the  nature  of  the  orbit. 

Lastly,  we  may  combine  obsenrations  made  upon  the  de- 
scending node  with  passages  observed  at  the  ascending  node  ; 
but  if,  in  order  to  determine  iV,  we  have  only  two  passages  at 
the  opposite  nodes,  we  cannot  arriire  at  the  required  rendt 
without  having  recourse  to  an  hypothesis ;  because  the  'nio 
of  the  distances  r  and  r'  would  remain  indeterminate.  In  the 
solar  system,  where  the  orbits  of  the  planets  have  little  eccen- 
tricity, we  might,  in  the  first  approximation,  suppose  the  two 
distances  of  the  planet  from  the  sun  at  the  two  nodes  to  be 
equal  to  each  other;  but  this  would  be  true,  in  geneal, 
only  for  circular  orbits. 

We  have  been  thus  minute  in  describing  this  process^  be- 
cause it  does  not  suppose  *any  previous  knbwledge  of  the 
nature  of  the  orbit ;  and  because  it  leads  directly  to  the  deto- 
mination  of  the  first  elements  sought.  In  the  Appendix  will 
be  found  an  example  of  the  numerical  calculations  that  are 
required.  They  are  applied  to  Mars.  The  observations  upon 
which  they  are  founded  were  made  by  LacaUle,  and  the 
result  obtained  differs  but  a  few  minutes  from  that  generally 
adopted  by  astronomers. 

424  In  the  present  state  of  astronomy,  the  motion  of  the 
planets  may  be  considered  as  very  nearly  ascertained,  and 
new  observations  are  made  simply  with  a  view  to  still  greater 
accuracy.  For  this  purpose,  we  adopt  the  motion  as  laid 
down  in  the  tables,  which  may  be  regarded  as  sufficiently 
exact  for  an  interval  of  a  few  days ;  and  by  means  of  it,  we 
reduce  to  the  ecliptic  all  the  observations  made  upon  the 
planet  in  the  vicinity  of  the  node ;  in  other  words,  we  deter- 
mine firom  the  position  and  epoch  observed  the  place  of  the 
node,  and  the  instant  when  the  planet  is  in  it.  Each  observa- 
tion will  thus  give  a  new  value  of  the  longitude  of  the  node. 
The  principle  of  these  reductions  is  the  same  as  that  emj^oyed 
in  reducing,  to  the  solstice  and  perigee,  observations  of  the  sun 
made  in  the  vicinity  of  these  points. 
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if  the  observations  and  tables  were  perfectly  accurate,  ail 
these  longitudes  would  be  equal ;  but  in  consequence  of  the 
sUght  inaccuracies  which  remaii],  there  is  generally  some  dif- 
ference in  the  longitude  of  the  node,  and  the  epoch  of  passing 
it.  We  therefore  take  a  mean  between  all  the  longitudes 
and  epochs ;  and  in  this  way  arriTe  at  great  precision  in  our 
results, 

Tliis  method  is  founded  on  the  presumption,  that  the  errors 
in  the  tables  are  errors  with  respect  to  the  absolute  positions 
of  the  planets  observed,  and  not  with  respect  to  their  motions. 
For  these  motions,  having  been  determined  with  care,  and 
corrected  by  a  comparison  of  many  distant  observations, 
cannot,  for  the  interval  of  a  few  days,  deviate  sensibly  from 
the  truth. 

425.  The  place  of  the  node  being  known,  we  make  use  of 
it  to  determine  the  inclination.  For  this  purpose  we  observe 
when  the  sun  is  in  the  node  of  the  planet,  that  is,  when  its 
longitude  is  the  same  as  that  of  the  node ;  we  then  calculate, 
from  observation,  the  geocentric  latitude  of  the  planet,  and,  by 
a  simple  trigonometrical  process,  we  obtain  the  inclination  of 
the  plane  of  the  orbit. 

It  is  difficult,  and  perhaps  impossible,  to  fix  exactly  upon 
the  instant  when  the  aim  is  in  the  node  of  the  planet ;  by 
observing  the  two  bodies  for  several  days  in  succession,  before 
and  after  the  epoch  of  the  sun's  passing  the  node,  we  can,  by 
the  method  of  interpolation  applied  to  the  results,  determine 
exactly  the  instant  when  this  phenomenon  must  have  taken 
place.  We  then  find,  for  this  instant,  the  respective  positions 
of  the  two  bodies,  which  is  also  done  by  interpolation,  accord- 
ing to  the  law  of  the  observed  motions.  From  these  positions 
we  obtain  the  inclination  of  the  orbit.  This  method  supposes 
the  node  previously  known.  But,  if  this  element  is  still  liable 
to  some  small  error,  that  of  the  inclination  thus  deduced 
would  be  much  less,  especially  if  the  epochs  selected  are 
when  the  planet  is  near  its  quadrature.  It  is  proper,  more- 
over, to  remark,  that  all  these  separate  determinations  of  the 
elements  of  the  orbit  are  only  approximations,  to  be  after- 
wards rectified  simultaneously  by  the  method  of  equations 
of  condition. 

Astron.  36 


882  Thmy  of  lAe  Planeb.       ^     . 

The  diflerent  methods  now  explained  soppose  fliat  As 
astronomer  is  able  to  obeerve,  at  his  leisure,  the  irihole  oomM 
of  the  planet  in  question.  This  is  true  with  respeet  to  tk|ir 
seyen  principal  planets,  but  not  with  respect  to  comets  aai 
the  newly  discoTered  planets.  We  must,  therefiyie,  seek  nm 
method  by  which  we  can  determine  the  position  and  naton 
of  the  orbit,  by  observing  an  are  of  small  extent.  Thisif  tks 
object  of  a  very  difficult  problem,  which  has  been  solved  I7 
applying  to  the  unknown  body  the  same  laws,  which  goiui 
the  other  planetary  bodies  whose  orbits  are  known,  and  whiek 
depends  upon  the  principle  of  universal  attraetioiL  Thm 
methods  are  explained  in  the  Mieanique  CUetU  in  all  ttor 
generality. 

426.*  When  we  have  determined  the  longitude  of  the  note 
of  a  planet  at  epochs  widely  distant  fiom  each  other,  and  nfo 
the  origin  of  these  longitudes  to  the  same  point  of  the  eeliplic, 
allowance  being  made  for  the  precession  of  the  equinoxes,  wb 
find  that  the  nodes  are  not  strictly  fixed.  They  have  all  a 
retrograde  motion  in  the  ecliptic ;  but  these  motioBs  are  vwy 
slow,  and  belong  to  the  class  called  secular.  The  inclinatkntt 
of  the  orbits  to  each  other  and  to  the  ecliptic,  undergo,  in  like 
manner,  slight  variations. 

The  retrogradation  of  the  nodes  of  the  planets  is  analogous 
to  that  of  the  nodes  of  the  moon.  It  is,  as  we  shall  see  here- 
after, a  necessary  consequence  of  universal  attraction.  The 
same  may  be  said  of  the  changes  in  the  inclination.  That 
analysis,  by  which  we  ascertain  the  cause,  enables  us  to  cal- 
culate the  efiects. 

427.  The  inclination  of  the  several  planetary  orbits  to  the 
ecliptic,  together  with  the  position  of  their  nodes,  and  the 
secular  variations  of  these  elements,  will  be  given  in  the  next 
section. 


Nature  of  the  Planetary  Orbits.  —  Kepler* s  Laws, 

428.  The  position  of  the  plane  of  the  orbit  being  dcte^ 
mined,  it  remains  to  ascertain  the  law  of  the  planet's  motion, 
and  the  figure  described  by  it. 
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Both  these  particulars  would  be  known,  if  we  could  assign 
for  each  instant  the  length  of  the  radius  vector  drawn  from 
ihe  planet  to  the  sun,  and  the  angle  formed  by  tliis  radius 
with  a  fixed  straiijht  lino  drawn  in  the  plane  of  the  orbit, 
and  passing  through  the  centre  of  the  sun.  It  -was  by  this 
method  that  we  traced  from  observation  iho  figure  of  the 
solar  orbit. 

The  first  element  to  be  determined  is  the  duration  of  a 
complete  sidereal  revolution  of  the  planet.  The  most  simple 
and  direct  method  of  finding  this  is,  to  observe  the  interval 
that  elapses  between  two  consecutive  passages  througli  the 
same  node.  As  the  plane  of  the  ecliptic  gradually  changes  its 
position  by  laws  already  investigated,  allowance  must  be 
made  for  this  change  during  the  interval  in  question,  that  is, 
the  observations  must  be  reduced  to  a  fixed  ecliptic.  This  is 
done  by  a  simple  interpolation,  the  motion  of  the  planet  near 
its  nodes  being  known. 

But  it  is  natural  to  expect  in  the  planetary  motions  pertur- 
bations, analogous  to  those  already  recognised  in  the  motions 
of  the  sun  and  moon.  Hence,  in  order  to  diminish  their 
effect  as  much  as  possible,  we  find  it  necessary  to  deter- 
mine the  mean  motion  from  observations  which  embrace  a 
great  number  of  revoiutious.  In  this  way  the  periodical 
inequalities  are  several  times  compensated  during  the  interval, 
and  the  error  which  remains  in  the  definitive  result,  is  ren- 
dered insensible,  by  being  distributed  through  so  long  an 
interval  of  time.  The  method  is  the  same  which  we  used 
in  fixing  with  so  much  precision  the  length  of  the  mean 
year,  independently  of  the  periodical  inequalities  of  the  sun's 
motion. 

The  mean  motion  being  known,  we  proceed  to  determine 
from  observation  the  angular  motion  of  the  planet  about  the 
sun,  and  the  variations  in  its  distance.  Conjunctions  and 
oppositions  are  particularly  adapted  to  [his  purpose ;  for,  under 
these  circumstances,  the  radius  vector  drawn  from  the  planet 
to  the  earth,  and  that  which  is  drawn  to  the  centre  of  the  sun, 
are  projected  upon  the  plane  of  the  echptic  in  the  same 
straight  line  TSM.  Accordingly,  the  point  of  the  ecliptic,  Fig.  9 
to  which  we  refer  the  planet,  is  precisely  that  to  which  it 
would  be  referred  from  the  centre  of  the  sun,  or  it  is  directly 
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opposile.  In  these  two  cases,  the  heliocentric  longitude  a 
the  planet  is  deduced  from  its  observed  geocentric  longituda 
for  at  conjunction  these  two  longitudes  are  the  same,  an 
when  in  opposition  they  differ  180° ;  and  as  the  positioD  o 
the  orbit  on  the  plane  of  the  ecliptic  is  known,  as  also  that  4 
the  node,  by  the  preceding  processes,  a  simple  trigonomeirid 
calculation  will  enable  us  to  determine  the  angle  NSP,  (C 
the  distance  of  the  planet  &om  the  node,  and  the  ratio  of  SP 
to  TS,  or  the  distance  of  the  planet  from  the  sun  expressed  in 
parts  of  the  earth's  distance,  or  major  axis  of  the  solar  oiWl 
This  last  is  already  known ;  the  radius  vector  of  the  plan 
will,  therefore,  be  given  in  parts  of  the  same  scale. 

The  oppositions  and  conjunctions  of  the  planets  lake  plact 
successively  in  different  points  of  the  heavens,  and  do  not 
always  correspond  to  the  same  points  of  their  orbits.  Ac- 
cordingly, making  several  observations  by  the  method  htm 
described,  we  shall  obtain  successively  different  angles  i 
different  radius  vectors.  Then  we  have  only  to  express  theM 
radius  vectors  in  parts  of  the  major  axis  of  the  solar  orbit,  i 
place  them  about  the  sun  in  their  true  directions,  in  orda  tt 
trace  the  figure  of  the  curve  described  by  the  planet. 

But  these  results  may  even  be  obtained  without  the  neceS' 
sity  of  observing  the  planets  at  the  epochs  of  conjimciion  oe 
opposition.  One  geocentric  longitude  and  latitude  observed 
at  any  epoch,  together  with  the  aid  to  be  derived  ftom 
trigonometry,  will  be  sufficient  for  determining  the  nkdius 
vector  and  the  distance  of  the  planet  from  the  node. 

429.  The  curve  thus  obtained  for  each  of  the  planets  s 
preaches  very  nearly  to  an  ellipse,  having  the  sun  in  one 
the  foci.     This  analogy  to  the  earth's  orbit  leads  us  to  inquire^ 
whether  the  laws  of  elhptical  motion  will  not  satisfy  the  it 
suits  of  observation. 

The  experiment  is  easily  made.  Three  points,  being  giva 
in  position  upon  a  plane,  wilt  suffice  for  determining  an  ellipi 
in  which  one  of  the  foci  are  known  ;  having  found  therefml 
an  ellipse  which  satisfies  three  observations,  we  have  only  fl 
inquire  whether  it  answers  to  all  the  others  that  may  6 
made.     This  we  find  to  be  strictly  the  case. 

430.  In  this  manner  it  is'ascertained  that  the  orbits  of  ti 
planets  arc  ellipses,  in  which  (lie  stm  occupies  one  o/the/od. 
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TAe  radius  vector  in  each  case  describes  about  the  focus 
areas  proportional  to  the  times. 

These  results,  therefore,  agree  with  those  obtained  in  the 
case  of  the  sun. 

431.  The  dimensions  of  the  planetary  orbits,  that  is,  half 
the  major  axes,  are  given,  as  we  shall  see,  in  parts  of  a  com- 
mon scale,  the  mean  distance  of  the  sun  from  the  eoith  being 
unity. 

The  eccentricities  of  the  orbit  undergo  slight  variations,  the 
extent  and  laws  of  which  are  determined  by  theory.  At 
present  those  of  Mercury,  Mars,  and  Jupiter  are  increasing ; 
while  those  of  the  other  planets  are  diminishing. 

Tlie  perihelia  of  the  orbits  are  not  fixed ;  they  move  slowly 
in  the  planes  of  the  orbits,  after  the  manner  of  the  solar  peri- 
gee in  the  piano  of  the  ecliptic.  AH  but  that  of  Venus  have 
direct  motions.  That  of  Venus  is  retrograde.  As  yet  we 
have  not  accurate  observations  made  at  intervals  sufficiently 
distant,  to  enable  us  to  determine  these  small  changes  with 
precision.  They  are  obtained  much  more  exactly  by  having 
recourse  to  theory. 

It  is  obvious  that,  if  we  would  ascertain  the  quantity  and 
direction  of  these  motions,  they  must  not  be  referred  to  the 
equinoxes  which  are  movable,  but  to  some  fixed  and  deter- 
minate point  in  the  ecliptic. 

432.  It  will  be  perceived  from  what  precedes,  that  the 
knowledge  of  the  elliptical  motions  of  the  planets  depends,  in 
each  case,  upon  seven  elements.  Two  serve  to  determine 
the  position  of  the  orbit,  which  are  the  longitude  of  the  node 
and  the  inclination ;  the  other  five  relate  to  the  motion.  They 
are,  1.  The  duration  of  the  sidereal  revolution.  3.  Half  the 
major  axis  of  the  orbit,  or  mean  distance  of  the  planet  from 
the  sun.  3.  The  eccentricity,  whence  results  the  greatest 
equation  of  the  centre.  4.  The  mean  longitude  of  the  planet 
at  a  given  epoch.  5.  The  longitude  of  the  perihelion  at  the 
same  epoch.  There  being  now  11  planets,  77  elements  are 
to  be  determined  before  we  can  have  a  complete  knowledge 
of  our  planetary  system,  in  the  present  state  of  astronomy. 

Although  these  elements  may  be  determined,  and  actually 
were  determined  at  first,  by  the  processes  above  described,  yet 
it  is  obvious  that,  if  ai)plied  lo  each  element  separately,  they 
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could  furnish  only  approximations.     Otir  knowledge  of 
causes  which  affect  the  accuracy  of  astronomical  calculad 
is  so  matured,  as  to  teach  ns  the  necessity  of  conai 
all  the  elements  together,  in  order  to  estimate  the  recij 
influence  which  they  exert  upon  each  other,  in  the 
bations  which  they  experience ;   and  the  importance  of  i 
termining  their  values,  not  by  a  single  observation,  but  bf 
great  number.     In  a  word,  we  have  recourse  to  the  nu 
of  equations  of  condition,  in  order  to  correct  our  first 
mations. 

433.  It  will  be  seen,  by  inspecting  the  table  at  the  endof^ 
this  section,  that  the  most  distant  planets  move  the  sLoTCti 
By  comparing,  in  a  variety  of  instances,  their  velocities  w 
their  distances,  Kepler  discovered  this  singular  relation ;  li 
the  squares  of  the  limes  of  their  revoliUiona  i 
to  Ike  cubes  of  their  mean  distances.     This  is  Kepler's  tl 
law. 

The  duration  of  the  sidereal  revolution  of  Jupiter,  for 
ample,  is  4332,5848  days ;  and  that  of  Mercury,  87,9693. 
we  square  these  numbers,  we  shall  have  for  the  ratio  of  the 
squares,  2425,7. 

The  mean  distances  of  these  two  planets  from  the  sim  are 
expressed  by  5,20278  and  0,3871,  lialf  the  major  axis  of  the 
solar  orbit  being  taken  for  unity.  If  we  cube  these  numbers, 
we  find  that  the  ratio  is  2427,8,  that  is,  the  same  as  the  pre- 
ceding, to  within  less  than  tttw 

This  law  being  demonstrated  by  observation  in  the  case 
all  the  planets,  it  may  be  regarded  as  more  exact  than 
observations  themselves ;   accordingly,  instead  of  borrow 
from  observation  the  ratios  of  the  distances  of  tlie  plani 
from  the  sun,  an  operation  which  it  is  always  difficult 
perform  with   sufficient  accuracy,  it  is  thought  better  to 
duce  them  from  the  period  of  their  sidereal  revolutions 
ing  to  this  law  j  for  these  revolutions  are  capable  of 
estimated  with  the  utmost  precision,  by  noting  the  returns 
each  planet  to  the  same  node  of  its  orbit.     Reciprocally,  if 
know  the  distance  of  the  planet  from  the  sun,  and  not  the 
period  of  its  revolution,  the  latter  may  be  deduced  from  the 
former  by  the  same  law.     This  is  the  case  with  the  planets 
recently  discovered;  for  their  major  axes  and  all  the  other 
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nents  were  capable  of  being  determined  by  observation, 
Iforc  they  had  completed  their  revolutions. 

,  Finally,  it  is  a  striking  fact  that  the  earth  itself  par- 
es in  this  general  law,  to  which  all  the  planets  are 
'  awbjected.  If  wc  take  for  granted  its  annual  motion,  and 
regard  that  of  the  sim  as  apparent,  its  course  becomes  that  of 
a  i)laiictary  body  revolving  about  the  sun,  conformably  to 
the  laws  of  Kepler.  The  duration  of  its  revolution,  calculated 
according  to  this  hypothesis,  is  found  to  be  exactly  equal  to 
a  sidereal  year. 

This  coincidence  presents  a  wonderfiU  analogy  between  our 
earlh  and  the  other  heavenly  bodies  ;  as  if  nature  had  adopted 
this  method  to  make  known  to  us  the  motion  of  onr  globe, 
because  it  could  never  be  made  perceptible  to  the  senses.  In 
conformity  to  this  analogy,  we  have  placed  the  earth  among 
the  planets  iu  the  subjoined  table,  and  attributed  to  its  orbit 
the  values  obtained  for  the  elements  of  what  we  have  hitherto 
called  the  sim's  orbit.  We  do  not,  however,  conclude  even 
now  that  its  motion  is  real,  but  defer  the  decision  on  this 
point,  until  we  have  collected  all  the  indications  furnished 
tiy  the  celestial  phenomena. 

435,  The  laws  of  Kepler,  of  which  we  have  been  speaking, 
are  the  basis  of  ail  theoretical  astronomy ;  they  lead  directly 
to  the  law  of  universal  attraction,  which  may,  in  some 
measure,  be  considered  as  a  consequence  of  them,  as  we 
shall  sec  hereafter. 

436.  The  planetary  motions  do  not  take  place  in  exact 
ellipses.  They  are  subject  to  a  variety  of  small  inequalities, 
which  arc  made  known  by  observation  and  tlieory  with  great 
precision.  They  are  given  in  the  tables  of  the  planets,  as  so 
ma;iy  conections  to  be  made  in  the  elliptical  motion. 

The  most  considerable  are  those  which  affect  the  motions 
of  Jupiter  and  Saturn.  By  comparing  modern  with  ancient 
observations,  the  period  of  Jupiter's  revolution  is  found  to  be 
diminished,  and  that  of  Sattim  increased.  Modern  observa- 
tions compared  together  give  a  contrary  result.  These  varia- 
tions seem  to  indicate  in  the  motions  of  these  planets  great 
inequalities,  the  periods  of  which  are  very  long,  and  which 
have  an  opposite  effect  upon  the  two  planets,  so  that  the 
motion  of  the  one  is  accelerated,  while  that  of  the  other  is 
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retarded.  These  phei^onieiw  have  been  completdy  devebpd 
by  the  author  of  the  Mieanique  Cilette^  who  has  iDuidi 
known  their  laws,  dndy  by  means  of  his  calculations,  giren  i 
degree  of  accuracy  to  the  tables  of  Jupiter  and  Saturn,  whid 
we  had  not  before  dared  to  hope  for.  This-  subject  wSl  be 
considered  iartheri  when  we  come  to  speak  of  the  genenl 
cause  of  the  celestial  motions. 

Table  of  the  EWpiioal  MeOon  of  the  Planets. 


Mercury 
Yenus    . 
The  Earth 
Mars 
Jupiter 
Saturn 
Uranus    . 


Sidereal  Berolotioo. 

.  87,9692680 
.  224,7007869 

366,2663835 
.  686,9796468 

4332,6848212 
10769,2198174 
30686,8208296 


or 


i  neariy 

f   " 
1 

2  nearly 

12   « 

29J  « 

84 


(( 


Mean  DiiUnce,  or  half  the  Major  Azi«  of  the  Qrtiit 


Mercury 

Venus 

The  Earth 

Mars 

Jupiter 

Saturn    ■  . 

Uranus 


0,3870981 
0,7233316 
1,0000000 
1,6236923 
6,202776 
9,6387861 
19,18-2390 


or     37000000  miles 

68000000 

96000000 

142000000 

486000000 

890000000 

1900000000 


Ratio  of  the  Eccentricity  to  the  Mean  Distance  at  the  Beginning  of  I80I,  wA 
the  Secular  Variation.    The  Sign  —  indicate!  a  Diminution. 


Mercury 
Yenus    . 
The  Earth 
Mars 
Jupiter 
Saturn  . 
Uranus 


0,20661494 

0,00686074 

0,01678367 

0,0933070 

0,0481621 

0,0661606 

0,0466794 


0,000003867 
0,000062711 
0,000041631 
0,000090176 
0,000169350 
0,000312402 
0,000026072. 
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^ean  Longitude  for  the  Minute,  which  separates  the  Slst  of  December,  1800, 
from  the  Ist  of  January,  1801,  Mean  Time  at  Paris. 

Mercury 166  90  48,6 

Venus                                  .                 .  11  33  03,0 

The  Earth 100  39  10,2 

Mars 64  06  69,9 

Jupiter 112  15  23,0 

Saturn 135  20  06,5 

Uranus 177  48  20,0. 

Mean  Longitude  of  the  Perihelion  for  the  same  Epoch,  with  the  Sidereal  and 
Secular  Variation.    The  Sign  —  indicates  a  retrograde  Motion. 


Mercury 

o      /      // 
74  21  46,9    . 

.      9  43,5 

Venus     . 

.     128  43  63,1 

—  4  27,8 

The  Earth 

99  30  05,0     . 

.     19  39,8 

Mars 

.     332  23  56,6 

26  22,4 

Jupiter 

11  08  34,6    . 

.     11     3,9 

Saturn    . 

.       89  09  29,8 

32  17,1 

Uranus 

167  31  16,1     . 

.       3  69,3. 

Inclination  of  the  Orbit  to  the  Ecliptic  at  the  Beginning  of  1801,  with  the  Secular 

Variation  of  the  Inclination  to  the  true  Ecliptic. 


Mercury 

o     /      // 
7  00  09,1 

18,2 

Venus 

.     3  23  28,5     . 

—  4,6 

The  Earth    . 

0  00  00,0 

0,0 

Mars  , 

.     1  61  06,2    . 

—  1,6 

Jupiter 

1  18  61,3 

.   —22,6 

Saturn 

.     2  29  36,7     . 

— 16,6 

Uranus 

0  46  28,4 

3,1. 

Longitude  of  the  Ascending  Node  at  the  Beginning  of  1801,  with  the  Sidereal  and 

Secular  Motions. 


Mercury 

o     /     // 
46  67  30,9    . 

13'  2 

Venus 

.     74  64  12,9 

—  31  10 

The  Earth  . 

0  00  00,0    . 

0  00 

Mars 

.     48  00  03,6 

—  38  48 

Jupiter 

98  26  18,9    . 

.   —26  18 

Saturn 

.  Ill  66  37,4 

—  37  46 

Uranus 

72  69  36,5    . 

.   —69  68 

Astron.  37 


296 


*  ^ 


7%aofy  of  the  Plmmi$. 


flltereal  Revohitioii. 

.'  •      Ov. 

T«nb 

kASTCB 

1681,3931 

or 

4f  tieuly 

Pdlas 

.    1686,6388 

• 

« 

Juno 

1592,6606 

• 

.  M 

Yesta 

.    1325,7431. 

■ 

• 

M 

cams  «,76984ff  «630000(Mfdei 

PbUas    .  .    2^778886  26300000»'^ 

Juno  2,«ft90Dft  262000000    .J^ 

Testa     .  .    2,367B7  .      MSSOOOOH).    =f 

J  ■ 

Ratio  of  tbe  Eeeentiidty  to  die  Mean  Dialance.  ^ 

Cei68 0,078489  sy 

lUlas 0,241648  ^' 

Juno 0,257848 

Yesta 0,089130 

Mean  Longitude  at  the  Beginning  of  1820. 

Ceres 123  16  11,0 

Pallas 108  24  57,9 

Juno 200  09  32,4 

Vesta 278  30  00,4 

Longitude  of  the  Perihelion  at  the  same  Epoch. 

Ceres 147  07  31,5 

PaUas 121  07  04,3 

Juno 63  33  46,0 

Vesta 249  33  24,4. 

Inclination  of  the  Orbit  to  the  Ecliptic. 

Ceres 10  37  26,2 

Pallas 34  34  56,0 

Juno 13  04  09,7 

Testa 7  08  09,0 


LoQ^lude  or  the  AEceniling  Node  ut  the  Bcginniag  of  1810. 

Ceres 80  41  24,0 

Puilas 172  39  26,8 

Juno in  07  40,4 

VesU 103  13  18,2. 

It  is  very  remarkable  that  the  distances  of  these  four  small 
planets  from  the  sun  are  so  nearly  equal  to  each  other.  Hence 
n'siilte  the  slight  difference  in  the  periods  of  their  revolution, 
as  determined  from  their  mean  distances,  according  to  Kepler's 
third  law.  This  equality  is  particularly  striking  in  the  case 
of  Ceres  and  Pallas.  On  the  other  hand,  Pallas  and  Juno, 
although  they  differ  a  little  more  in  their  distances,  agree 
almost  exactly  in  their  eccentricities  and  in  the  position  of 
their  nodes.  From  these  circumstances  some  astronomers 
have  thought,  that  these  four  small  planets  were  originally 
united  into  one  larger  planet,  which  has  since  been  separated 
by  some  internal  explosion.  But  the  theory  of  attraction 
shows  that  this  hypothesis  is  inadmissible,  because  such 
explosion  would  necessarily  have  given  to  the  fragments 
unequal  velocities  of  projection  from  the  same  point ;  and 
hence  would  have  resulted  very  unequal  major  axes,  contrary 
to  what  we  observe. 


Method  of  Predicting  the  Return  of  a  Planet  to  the  same 
f^ituation  with  respect  to  the  San, 

437,  In  making  observations  upon  the  planetary  motions,  it 
is  often  necessary  to  know  the  time  they  will  employ  in 
returning  to  the  same  position  with  respect  to  the  stm ;  this  is 
termed  their  synodic  reroliUion. 

It  may  be  easily  deduced  from  the  preceding  results  j  we 
have  only  to  proceed  upon  the  general  fact,  that  all  the 
known  planets  perform  their  revolutions  in  the  same  direction, 
namely,  from  west  to  east ;  a  coincidence  which  is  one  of  the 
most  striking  phenomena  of  oiu  system 


k 
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Indeed,  whether  the  earth  revolve  about  the  son,  or  the  am 
about  the  earth,  if  we  were  transported  to  the  centra  of  tb^ 
sun,  we  should  believe  ourselves  to  be  immovable ;  the  eaith 
and  all  the  planets  would  s^em  to  revolve  about  us  in  the 
same  direction,  and  the  quantity  by  which  they  deviated  from 
one  another  in  a  given  time,  would  depend  upon  the  -difo 
ence  of  their  motions. 

Consequently,  if  from  the  daily  motioh  of  the  earth  we  nb- 
tiract  the  daily  motion  of  a  planet,  the  difTerence  will  eipmi 
the  quantity  by  which  the  earth  and  the  planet,  seen  firam  (he 
sun,  would  depart  from  one  another  in  the  interval  of  a  daf^  J 
and,  if  we  suppose  their  motion  to  be  uniform^  w^e  ms^  deta^i 
inine  by  a  simple  proportion  the  number  of  days  necessaiy 
for  them  to  diverge  36(P ;  in  other  words,  to  return  to  the 
same  relative  position.  This  is  the  period  of  a  synodic  reio- 
lution  of  the  planet. 

The  daily  motion  of  Mercury,  for  example,  is  14732^656^'; 
that  of  the  earth  being  3648,318'' ;  the  difference  is  11184,237''; 
this  is  the  quantity  by  which  Mercury  and  the  earth,  as  seen 
from  the  sun,  depart  irom  each  other  in  the  interval  of  a  day; 
accordingly,  in  order  to  depart  360°,  they  will  require  a  num- 

ber  of  days  equal  to  ^--^L—..  or  IW  21»>  3'  25".     This  is 

11184,237" 

the  period  of  a  synodic  revolution  of  Mercury. 

In  taking  for  granted  the  earth's  motion,  our  object  at  this 
time  is  merely  to  simplify  the  inquiry,  by  adopting  a  uniform 
method.  This  supposition  can  evidently  have  no  effect  upon 
the  definitive  result,  deduced  from  observation,  since  it  can 
never  be  decided  by  observation,  whether  it  be  the  sun  or  the 
earth  which  moves.  As  we  proceed,  we  shall  have  frequent 
occasion  to  remark  how  much  our  calculations  are  simplified 
by  the  hypothesis  of  the  earth's  motion. 

438.  By  comparing  the  mean  motion  of  the  planets  with 
the  mean  motion  of  the  sun,  we  can  determine  the  periods  in 
which  these  bodies  will  return  to  the  same  points  of  their 
orbit,  and  the  same  positions  with  respect  to  the  earth.  These 
periods  differ  from  the  synodic  revolution  by  which  the  planet 
returns  to  the  same  angular  distance  from  the  sun.  It  is 
useful  to  know  them,  because  at  the  epochs  thus  indicated, 
the  hour  when  the  planets  rise,  set,  and  pass  the  meridian, 
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and  all  the  inequalities  which  affect  their  motion,  become 
nearly  the  same  as  at  the  preceduig  epoch  ;  so  that  all  the 
phenomf^na,  which  depend  upon  the  position  of  the  two  bodies 
with  respect  to  the  eaith,  recommence  at  this  time  in  the 
same  order  as  before,  and  hence  they  may  be  easily  pre- 
dicted. 

We  have  already  had  an  example  of  the  nlility  of  these 
periods  in  the  calculation  of  eclipses.  To  obtain  simitar  ones 
with  respect  to  the  planets,  we  have  only  to  find  a  number  of 
sidereal  years,  in  which  the  planet  completes  exactly,  or  very 
nearly,  a  certain  number  of  circumferences.  The  simplest 
method  is  to  take  the  ratio  of  the  annual  motion  of  the  planBt 
to  that  of  the  sun,  and  reduce  this  ratio  to  its  lowest  terms. 

The  tropical  motion  of  Mercury,  for  instance,  in  a  Julian 
year,  is  equal  to  6381066,88" ;  that  of  the  sun  for  the  same 

period  being  129627,46" ;  aod  the  ratio  o£  these  is  -ingQ^y'ic  ■ 
If  the  two  terms  of  this  fraction  had  a  common  divisor,  we 
might  avail  ourselves  of  it  in  reducing  the  expression  to  a 
simpler  form.  If,  for  instance,  we  could  reduce  it  to  JJ,  we 
should  conclude  that  the  motion  of  Mercury  is  to  that  of  the 
sun  as  64  to  13  ;  and  that  while  Mercury  performs  54  revo- 
lutions about  the  sun,  the  sun  performs  13  abont  the  earth ;  so 
that  after  13  years  the  Sun  and  Mercury,  having  both  per- 
formed an  exact  number  of  circumferences,  would  return  simul- 
taneously to  the  same  position  in  which  they  were  13  years 
before.  But  as  in  general  the  ratio  tn  question  is  not  reducible, 
or  admits  only  of  slight  reductions,  we  must  seek  for  numbers 
which  will  divide  them,  if  not  exactly,  at  least  nearly;  and 
the  quotients  will  give  so  many  periods,  the  greater  or  less 
accuracy  of  which  will  depend  upon  the  remainders  after 
division. 

Accordingly,  we  proceed  as  if  we  wished  to  find  the  greatest 
common  divisor  of  the  quantities  under  consideration.  As  this 
process  would,  in  general,  if  carried  to  its  limit,  give  unity  for 
the  last  divisor,  since  the  numbers  are  prime  to  each  other,  we 
stop  at  the  first,  second,  third,  &c.  division  ;  that  is,  we 
neglect  the  first,  second,  and  third  remainder.  The  smaller  the 
remainder,  according  to  these  different  suppositions,  the  more 
exact  will  be  the  periods. 
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439.  Having  in  Hm  manner  determined  the  mean  penodi, 
we  are  enabled  to  predict  all  the  epochs,  when  Mercury  and 
the  sun  will  appear  to  have  returned  to  the  same  synodic  and 
sidereal  position,  and  consequently  all  the  epochs  of  meiB 
conjunction,  which  are  of  great  importance. 

If  the  orbit  of  Mercury  coincided  with  the  plane  of  the 
ecliptic,  this  planet  would  appear  on  the  disc  of  the  sdd  at 
each  inferior  conjunction.  But  owing  to  the  incUnat;ionofthe 
orbit,  these  phenomena  occur  less  frequently  than  the  inbnor 
conjunctions ;  for  it  is  obvious  that  Mercury  in  conjunedoa 
can  only  be  projected  on  the  disc  of  the  sun,  when  its  geo- 
centric latitude  is  less  than  the  sun's  apparent  semidiam^ter. 
In  every  other  case,  it  passes  above  or  below  the  disc. 

Mow  there  are  several  circumstances  which  ore  opposed  to 
these  conditions,  and  which  cause  the  epochs  of  Mercory'i 
transit  over  the  sun's  disc  to  vary.  Among  these  axe,  1.  The 
great  eccentricity  of  the  orbit  of  this  planet,  which  rendeii  iti 
motion  very  unequal.  2.  The  motion  of  its  nodes,  which 
prevents  it  from  having  the  same  latitude,  when  it  returns  to 
the  same  longitude ;  and,  lastly,  the  annual  motion  of  the 
orbit,  which,  being  carried  along  the  ecliptic  with  the  sun,  is 
presented  to  our  view  under  different  elongations  and  aspects, 
which  produce  very  considerable  variations  in  the  geocentric 
latitude  of  the  planet. 

Amidst  all  these  inequalities,  the  only  method  of  predicting 
exactly  all  the  transits,  consists  in  determining  the  epochs 
when  they  can  take  place  according  to  the  periods  above 
determined,  and  then  calculating  by  the  tables  all  the  con- 
junctions corresponding  to  these  epochs,  iu  order  to  ascertain 
those  in  which  the  planet  will  actually  cross  the  disc.  In  this 
manner  tables  have  been  constructed  containing  the  transits 
observed,  or  to  be  observed,  for  several  centuries. 

These  tables  exhibit  the  effect  of  the  different  periods  which 
have  been  ascertained ;  and  show  also  that  the  transits  of  Mer- 
cury always  take  place  in  May  or  November,  most  frequently 
in  the  latter  month,  owing  to  the  position  of  Mercury's  orbit 
on  the  plane  of  the  ecliptic.  This  ellipse  is  now  so  situated, 
that  its  perihelion  is  turned  toward  us  in  winter,  and  its 
aphelion  in  sununer,  as  in  figure  100 ;  and  since  it  is  very 
eccentric,  Mercury  is  much  nearer  the  sun  in  November  than 


in  May.  Now  if  we  suppose  a  luminous  cone  formed  ty  the 
visual  rays  drawn  from  any  point  of  the  earth  to  the  sun,  this 
cone  diminishes  towards  the  earth,  and  enlarges  towards  the 
sun,  Whose  disc  forms  its  base.  Mercury  will,  therefore,  be 
more  likely  to  meet  this  cone  when  it  is  near  the  sun,  than 
when  at  a  greater  distance,  and,  consequently,  the  transits 
over  ihc  disc  must  take  place  most  frequently  in  November. 

440.  What  has  been  said  respecting  the  orbit  of  Mercury, 
applies  equally  well  to  that  of  Venus.  The  motion  of  this 
planet  in  a  Julian  year  being  2106591,62",  its  ratio  to   the 

annual  motion  of  the  sun  is  "-.^.r-.^L.''.Z-,  fiom  which  we  ob- 
lii9b2<,4S 

tain  the  periods  y  and  J54,  which  are  accompHshed  in  8  and 
291  years.  We  say  nothing  of  shorter  periods,  because  they 
would  be  very  inaccurate,  nor  of  longer  periods,  because  they 
w^ould  extend  beyond  the  most  ancient  observations.  If  we 
combine  these  two  periods  and  their  multiples  by  addition  and 
subtraction,  we  shall  obtain  all  those  which  have  been  recog- 
nised by  astronomers.* 

These  periods  will  give  the  epochs  of  the  transits  of  Venus 
over  the  sun's  disc,  which  are  much  less  frequent  than  those 
of  Mercury,  because  Venus  is  much  farther  from  the  sun. 
The  following  table  was  calcidated  by  LaJande. 


I 


Yean. 
1631 

1639 

1761 
1769 
1S74 
1882 
2004 


Epoch.4  o(  the  TrajisiU 

6th  December 
4th  December 
6th  June 
3d  June 
8th  December 
6th  December 
7th  June, 


•  Such,   for  example,  are  235,  243,  and  251,  which  are  fornied 
from  the  preceding  ;  for  235  =  291  —  8  X  7 ;  also 

343  =  291—6x8;  251=291—5x6, 
In  general,  if  we  represent  by  n  and  n   any  two  whole  numbers,  the 
forraula  291  X  ">  ±  6  X  "  wilt  represent  all  the  periods  that  can  be 
employed  for  Venus. 
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441.  Yenus  is  sometimes  so  bright,  that  it  becomes  irisible  to 
the  naked  eye  in  open  day.  This  remarkable  phenomeDOi 
takes  place  in  the  positions,  in  which  this  planet  reflects  tk 
most  Ught.  Now,  we  have  remarked,  that  the  phases  of  Venn 
are  on  the  increase,  as  this  planet  recedes  ironi  the  entL 
This  increase,  proportional  to  the  sine  of  the  elongation,  tendi 
to  increase  its  brightness ;  but  the  increase  of  distance  tends  to 
liiminifth  it,  for  the  intensity  of  light  decreases  in  propoitun  (o 
the  square  of  the  distance.  There  is,  thereforei  an  intmns- 
diate  position  in  which  these  causes,  taken  together,  prodnce 
the  most  favorable  effect,  and  it  is  then  that  Yenus  sends  v 
the  greatest  quantity  of  light.  The  interval  between  tbe 
returns  of  Yenus  to  this  position  is  about  eight  years,  du 
being  the  period  of  its  return  to  the  same  position  with  respect 
to  the  sun  and  the  earth ;  but  there  are  several  other  positioni 
in  which  Yeuus  may  be  seen  at  midday,  so  that  this  phenomfr' 
non  is  not  frequent. 

442.  The  process  described  in  this  section  will  serve  also  to 
determine  the  epochs  at  which  the  several  planets  will  le- 
turn,  at  the  same  time,  to  determinate  positions,  such  as  oppo- 
sition or  conjunction.  We  have  only  to  find  the  period  when 
these  planets  and  the  sun,  by  their  mean  motions,  shall  have 
each  completed  an  exact  number  of  revolutions. 
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443.  We  have  delayed  the  consideration  of  the  physical 
peculiarities  of  the  planets  till  now,  that  we  might  not  inte^ 
nipt  the  course  of  reasoning  respecting  their  motions. 

We  have  already  proved  that  these  bodies  are  nearly  spheri- 
cal. Yery  careful  observations  have  been  made  to  discover 
spots  on  their  discs,  in  order  to  determine  whether,  like  the 
sun,  they  have  a  motion  of  rotation ;  and  such  a  motion  has 
been  found  to  take  place  with  respect  to  all  those,  upon  which 
spots  have  been  discovered ;  these  are  Venus,  Mars,  Jupiter, 
Saturn.  The  method  is  the  same  as  that  for  the  sun  and 
moon.  It  is  also  proved  that  Mercury  turns  on  its  axis,  but 
by  another  process,  as  we  shall  see  hereafter. 
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f  The  period  of  rotation  of  Venus  is  estimated  at  33''  21'. 
HRie  axis  of  rotation  remains  constantly  parallel  to  itself,  and 
^Ae  equator,  which  is  perpendicular  to  it,  makes  with  the 
^Hiptic  a  considerable  angle.  On  the  Eurface  of  Venus  very 
^^kh  mountains  have  been  discovered. 

^m  The  period  of  rotation  of  Mars  is  ad""  39' ;  the  axis  is  in- 
^Kned  to  the  ecUptic  59°  42'. 

^m  The  period  of  rotation  of  Jupiter  is  9''  66',  about  an  axis 
HMuly  perpendicular  to  the  plane  of  the  ecliptic ;  its  motion  is 
pbierefore  much  more  rapid  than  that  of  the  preceding.  It 
■Will  appear  still  more  so,  when  it  is  considered  that  Jupiter  is 
BIiDch  larger  than  the  other  planets.  The  circumference  of  its 
Hqiiator  is  about  11  times  larger  than  that  of  the  earth,  as  will 
^fc  shown  hereafter.  Attributing  to  the  rotation  of  the  earth 
^pa  appearances  of  the  diurnal  motion,  the  period  of  this  rota- 
^Pbsi  will  be  to  that  of  Jupiter  as  2i''  to  9'"  66' ;  and  while  a 
HDint  of  the  terrestrial  equator  describes  one  degree  of  its  cir- 

■nimference,  that  of  Jupiter  will  describe   -■  ,or  2°  25'. 

r  Now  these  degrees  are  longer  than  those  on  the  earth,  in  the 

'  ratio  of  the  circumferences,  that  is,  of  11  to  1.     Accordingly, 

in  the  same  interval  of  time  each  point  of  Jupiter's  equator 

passes   through  26  times  as  much  space,  as  a  point  on  the 

earth's  equator. 

444.  If  it  be  true  that  the  flattening  of  the  earth  at  the 
poles  is  a  consequence  and  an  indication  of  its  motion  of 
rotation,  we  should  expect  to  find  Jupiter  flattened  at  its 
poles  in  a  similar  manner,  but  to  a  much  greater  degree ;  and 
this  conjecture  is  confirmed  by  observation.  The  smallest 
diameter  of  this  planet  is  to  the  greatest  as  167  to  177.  The 
first  is  in  the  direction  of  the  poles,  the  second  in  that  of  the 
equator.  The  corresponding  diameters  of  the  earth  have  been 
shown  to  be  to  each  other  in  the  ratio  of  309  to  310,  the 
difference  being  much  less  than  in  the  former  case.  This  is 
a  new  analogy,  which  conspires  with  every  thing  else  to  indi- 
cate the  reality  of  the  earth's  rotation. 

445.  Lastly,  the  period  of  Saturn's  rotation  is  lO*"  16'.  Be- 
fore observing  this  phenomenon,  it  might  have  been  inferred 
from  the  flattening  of  the  planet  at  the  poles ;  which  is  so 
considerable,  that  the  polar  diameter  is  tV  shorter  than   the 
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equatorial.  Indeed  this  consideration  led  the  author  of  the 
Micanique  Celeste  to  predict  beforehand  the  rotation  of  this 
planet. 

446.  The  rotation  of  the  other  planets  has  not  yet  been  di- 
rectly observed  in  this  manner.  Mercury  is  too  ^ar  the  son 
to  admit  of  any  observation  of  its  spots ;  it  is  so  enveloped  in 
the  solar  rays,  that  nothing  is  to  be  seen  but  a  sparkling  disc  of 
light.  But  its  rotation  is  ascertained  by  continued  obserradon 
of  the  variations  in  the  horns  of  its  phases.  In  this  maimer 
Schroeter  found  its  period  to  be  24**  &.  In  the  same  way  he 
determined  the  period  of  the  rotation  of  Venus,  the  fact  only 
of  its  rotation  being  indicated  by  its  spots. 

The  new  planets,  Ceres,  Pallas,  Juno,  Yesta,  are  too  small 
for  such  delicate  observations.  The  shortness  of  the  time, 
moreover,  since  their  discovery,  has  hardly  allowed  a  suffi- 
cient opportunity.  Uranus,  situated  at  the  confines  of  the 
solar  system,  is  too  far  from  us  to  admit  of  our  observing  these 
motions ;  but  the  rotations  of  Mercury,  Venus,  Mars,  Jupiter, 
Saturn,  the  Sun,  and  even  the  Earth,  being  established  with 
so  much  certainty,  it  is  in  the  highest  degree  probable,  that 
the  other  planets  have  analogous  motions. 

447.  A  general  law  of  these  motions  of  rotation  is,  that  they 
are  all  directed  from  west  to  east,  like  the  progressive  moiious. 
And  this  agreement,  owing  without  doubt  to  the  first  cause 
which  determined  the  planetary  motions,  is  one  of  the  most 
remarkable  phenomena  of  our  system. 

Another  remarkable  coincidence  is,  that  the  four  first  plan- 
ets. Mercury,  Venus,  the  Eaith,  and  Mars,  perform  their  rota- 
tions in  nearly  the  same  interval  of  time,  namely,  24  hours; 
whil(»  in  the  case  of  Jupiter  and  Saturn,  the  period  of  rotation, 
nearly  the  same  in  both,  does  not  differ  much  from  ^V  of  a 
day.  In  this  respeet  thn  j)lanetary  system  seems  to  be  dis- 
tributed into  two  classes ;  hut  wo  do  not  know  to  what  this 
singular  circumstance  is  owing. 

448.  There  is  reason  to  believe,  that  most  of  the  planets  are 
surrounded  by  an  atmosphere  analogous  to  our  own,  at  least  as 
to  its  aeriform  stale.  This  atmosphere  is  indicated  in  Venus, 
by  the  pro<jrrrssive  maimer  in  which  the  light  diffuses  itself 
about  that  planet.  In  .hipiler  it  is  indicated  by  the  irresiilar 
variations  of  some  of  its  spots,  which  seem  to  resemble  so 
many  clouds  driven  about  by  the  winds. 
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449.  Very  great  variations  are  also  observed  m  some  of  the 
spots  of  Mars ;  two  especially,  which  form  a  sort  of  zone 
about  its  poles,  increase  or  diminish  according  as  they  are 
exposed  more  or  less  obliquely  to  the  sun.  Hence  it  is 
thought  thai  they  may  be  masses  of  ice,  such  as  exist  in  our 
polar  regions. 

450.  All  the  spots  of  Jupiter  are  not  subject  to  the  varia- 
tions of  which  we  have  spoken,  Many  of  them  have  in 
general  the  form  of  zones  or  dark  belts,  parallel  to  each  other 
and  to  the  ecliptic.  They  are  situated  at  a  little  distance  from 
the  equator  of  the  planet.  Similar  belts  are  observed  also 
near  the  equator  of  Satiun. 
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451.  When  wo  look  at  Jupiter  with  a  telescope,  we  find  it 
accompanied  with  three  or  four  luminous  points  greatly  re- 
sembling small  stars.  We  might  at  lirst  take  them  for  real 
stars,  that  Jupiter  had  come  up  with  in  its  coiurse  through  the 
heavaia ;  but  if  wc  repeat  the  observation  for  severol  days  in 
succession,  we  find  that  they  change  place  about  the  planet. 
They  appear  at  ditieront  distances  from  its  disc,  sometimes  on 
the  right  and  sometimes  on  Uie  led ;  and,  as  they  always 
attend  it,  they  are  called  saleUiles. 

Wo  sometimes  see  these  small  bodies  pass  over  the  disc  of 
Jupiter,  and  project  on  it  a  shadow  which  describes  a  chord  on 
its  disc  ;  these  are  true  eclipses  of  Jupiter,  analogous  to  those 
which  are  caused  by  the  moon  upon  the  eiulh.  We  hcnco 
infer  that  Jupiter  and  its  satellites  are  not  self-himinous,  but 
opaque  bodies,  shuiing  by  the  light  of  the  sun. 

This  explains  another  very  singular  phenomenon.  Jupiter 
being  an  opaque  body,  it  must  project  behind  it  in  space  a 
conical  shadow  opposite  to  the  sun  ;  and  when  the  satellites 
enter  this  shadow  they  must  become  eclipsed ;  accordingly, 
they  often  disappear  when  at  a  considerable  lUstanco  from  the 
planet,  and  too  far  to  be  concealed  by  its  disc.  This  phe- 
nomenon takes  place  on  the  west,  if  the  sun  is  on  the  cast  of 
Jupiter,  and  vice  versa.     It  happens  near  the  disc  of  the  planet, 
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vhen  tlie  conical  shadow  is  presented  to  us  obliquely  and 
under  a  small  angle,  as  near  the  opposition  ;  and  farther  from 
the  disc,  when  we  see  the  cone  transversely  and  under  a 
greater  angle,  as  at  the  quadratures.  The  reappearance  of 
the  satellites  presents  analogous  phenomena,  that  is,  it  some- 
times takes  place  at  a  considerable  distance  from  the  disc; 
which  seemed  a  matter  of  surprise  when  they  ■were  fint 
observed.  The  two  satellites  which  depart  the  farthest  from 
the  planet,  may,  under  certain  circumstances,  emerge  fram 
the  shadow  and  reappear  on  the  side  of  the  disc  where  the^ 
were  eclipsed.  These  phenomena  leave  no  doubt  that 
satellites  are  so  many  small  moons,  which  revolve  about 
planet  in  orbits  returning  into  themselves.  The  sa 
whose  departure  from  the  planet  is  least,  is  called  the 
and  the  others  are  named  second,  third,  and  fourth,  i 
order  of  their  distances. 

452.  Jupiter  is  not  the  only  planet  which  presents  th( 
phenomena.  Seven  satellites  are  observed  about  Saturn, 
six  about  Uranus ;  but  it  requires  very  good  telescopes  to  pepj 
ceive  them.  The  moon  may  also  be  considered  as  a  satell 
to  the  earth ;  and  this  furnishes  another  instance  of  the  aoal^J 
ogy  existing  between  our  earth  and  the  other  bodies  which 
compose  the  system. 

453.  The  first  question  which  arises,  with  respect  to  the 
satellites  and  planets,  relates  to  the  direction  of  their  motions. 

If  we  observe  them  with  care,  we  perceive,  in  the  first 
place,  that  the  satellites  are  never  eclipsed,  except  when  they 
pass  from  the  west  to  the  east  of  the  planet.  When  they  foU  j 
low  this  direction  we  never  see  them  on  the  disc ;  on  the  con" 
trary,  when  they  appear  on  the  disc,  it  is  on  their  return  fro!« 
their  eastern  elongation  to  the  west  of  the  planet.  Hence  il 
appears  that  the  satelites  revolve  about  their  primaries  frtifll 
west  to  east ;  that  is,  in  the  same  direction  in  which  the  pii» 
maries  move  about  the  sun  ;  a  coincidence  which  forms  onfe 
of  the  most  remarkable  features  of  the  planetary  system. 

Moreover,  when  a  satellite  moves  from  the  west  to  the 
of  its  primary,  it  is  not  always  eclipsed  j  it  sometimes  pa 
above  and  sometimes  below  the  shadow  ;  also,  when  il  re- 
turns from  the  east  to  the  west  of  the  primary,  it  does  not 
always  traverse   the  disc  ;  but  sometimes  passes  above 
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oietimes  below.     It  is  evident  from  these  phenomena,  that 
E  satellites  have  their  orbits  inclined  to  the  orbits  of  the 
jies  ;  since,  if  they  moved  in  the  same  plane,  they  would 
10  eclipsed  each  revolution. 

454.  The  eclipses  of  the  satellites  make  known  the  instant 
t  their  oppositions  to  the  sun ;  the  interval  between  two 
Hipses  gives  the  synodic  revolution  of  the  satellite ;  hence 
re  ascertain  its  angidar  motion  with  respect  to  the  axis  of  the 
idow,  which  joins  the  centres  of  the  plajict  and  the  smi. 
Tien,  knowing  the  motion  of  the  planet  about  the  sun,  we 
leduce  from  this  result  the  period  of  the  sidereal  revolution. 
?or  the  sake  of  greater  accuracy,  we  employ  the  eclipses 
hich  take  place  when  the  planet  is  near  its  opposition,  at 
rhich  time  it  is  nearly  in  the  same  straight  line  with  the 
rth  and  sun.  Especially  we  take  the  precaution  to  compare 
ogether  several  eclipses  distant  from  each  other,  in  order  ta 
Dmpensate,  as  far  as  possible,  for  the  periodic  inequalities 
Irbich  may  exist  in  the  motions  of  the  satelUtes  and  primary. 
\.  table  of  these  revolutions  will  be  found  at  the  end  of  the 
Action. 

With  respect  to  the  form  of  the  orbits,  the  simplest  method 
B  to  suppose  them  circular ;  this  may  always  be  regarded  as 
a  first  approximation,  since  the  orbits  of  the  satellites  return 
into  themselves;    it  is,  moreover,  indicated  by  the  analogy 
which  exists  between  the  planets  and  satellites ;  lastly,  it  is  , 
eonfirmed  by  the  phenomena;  since  the  supposition  exactly  I 
latisfies  the  observed  eclipses.     The  orbits  of  the  satellites  ami 
ftien  very  nearly  circular  ;  and,  in  order  to  ascertain  their  dis^l 
inces  from   the   centre   of  the   primary,  we  have   only  to 
kieasiire    them    with   the    micrometer  at   the   time   of  their 
peatest  elongations.     The  values  are  given  at  the  end  of  the 
lection. 

'  466.  By  comparing  these  distances  with  the  duration  of  a 
idereal  revolution,  we  find  them  to  conform  to  the  laws  dis- 
ivered  by  Kepler  in  the  case  of  the  planets.  In  each 
system  of  satellites,  the  squares  of  the  times  of  revolution  are 
as  the  cubes  of  the  mean  distances.  This  law  has  enabled  us 
to  calculate  the  sidereal  revolutions  of  the  satellites  of  Uranus, 
by  means  of  their  observed  elongations ;  for  the  second  and 
fourth  satellites  of  this  planet  are  as  yet  the  only  ones,  whose 
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sidereal  revolutions  have  been  directly  observed.  Butastli 
durations,  compared  with  the  elongations  of  these  same  sulci- 
lites,  satisfy  the  law  of  the  squares  of  the  times,  we  can  havi 
no  doubt  that  this  law  extends  also  to  the  other  satellites. 

456.  The  frequent  eclipses  of  Jupiter's  satellites  hflvi  fiff- 
Dished  astronomers  with  the  means  of  following  their  notini' 
willi  an  exactness  much  greater,  than  would  have  been  posii- 
hle  from  the  mere  observation  of  their  distances  from  Jupiter; 
for  these  distances  being  always  extremely  small,  thoir  vaiin- 
tions  are  very  difficult  to  be  perceived. 

The  greater  or  less  duration  of  the  successive  (jclipees  nf 
the  same  satellite,  and  the  series  of  positions  in  which  the^e 
happen,  make  known  the  iuchnation  of  its  orbit,  and  tht 
position  of  its  nodes  in  the  plane  of  the  orbit  of  the  plaoet 
These  first  results  arc  only  approximaUons  ;  but  we  gradn- 
ally  correct  them  by  comparing  them  with  a  variety  o! 
observations.  This  comparison,  moreover,  shows  whether  ii 
is  necessary  to  modify  the  laws  of  iha  circiJar  motion,  ui 
order  to  represent  those  phenomena ;  and  it  is  in  this  inj 
that  we  determine  whether  the  orbit  in  question  has  a  sensible 
eccentricity. 

It  has  thus  been  ascertained  that  the  orbit  of  the  third  satel- 
lite of  Jupiter  has  a  small  eccentricity,  and  that  the  orbit  i^l 
the  fourth  has  an  eccentricity  much  greater ;  but  none  has 
been  discovered  in  the  other  two. 

Another  very  simple  and  exact  method  might  be  pursued  in 
determining  all  the  elements  of  the  orbits  of  the  satellites; 
namely,  hy  considering  them  as  spots  moving  about  the  pn- 
mary,  and  applying  to  them  the  formulas  mvestigated  for  the 
spots  on  the  sun.  The  radius  of  each  orbit  being  already 
known  from  the  greatest  elongation,  we  observe  the  dilfereiice 
of  declination  and  right  ascension  between  these  small  bodies 
and  the  centre  of  the  primary,  as  in  the  case  of  the  spots  on 
the  sun  and  moon.  Two  observations  of  this  kind  are  suffi- 
cient, on  the  supposition  that  the  orbit  is  circular,  to  dete^ 
mine  its  inclination  and  its  node.  The  reason  why  three 
observations  are  not  necessary,  as  in  the  case  of  ihe  suD,  is 
that  here  the  distance  of  the  plane  of  the  orbit  from  the  centre 
of  the  planet  is  nothing,  whereas  in  the  other  case  thisdi^ 
tance  was  one  of  the  unknown  quantities  to  be  deteimined. 
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r  The  arcs,  described  in  a  given  time,  would  thea  show 
whether  the  motion  might  be  regarded  as  uniform,  or  whether 
it  is  ailccted  by  a  sensible  elhpticity  in  the  orbit. 

457.  The  incUnation  of  these  orbits  to  that  of  Jupiter  are 
variable ;  their  nodes  and  their  perijoves  are  in  motion ;  by 
perijoves,  wo  understand  their  points  of  least  distance  from 
Jupiter.  These  satellites  form,  therefore,  about  the  primary, 
a  sort  of  separate  system  or  world,  aflbrding  a  representation 
in  miniature  of  the  changes  which  take  place,  or  which  are  to 
take  place  in  the  course  of  ages,  in  the  motion  of  the  planets 
about  the  sim. 

45S.  Independently  of  these  Tariations,  the  satelUtes  of 
Jupiter  are  subject  to  very  sensible  inequalities,  which  disturb 
their  elliptical  motions,  and  render  their  theory  very  compli- 
cated ;  but  the  theory  of  attraction,  with  the  aid  of  a  profotmd 
analysis,  has  disclosed  the  secret  of  all  these  irregulturities. 

The  three  first  satellites  especially,  being  more  in  the  neigh- 
bourhood of  each  other,  are  connected  by  relations  which  ore 
very  remarkable. 

The  mean  sidereal  motion  of  tlic  first,  plus  twice  that  of  the 
third,  is  altcays  equal  to  three  times  that  of  the  second.  This 
may  be  easily  verified  by  insi>ecting  the  table  at  the  end  of 
tiie  section. 

The  same  relation  exists  between  their  mean  synodic  mo- 
tions, which  are  for  each  equal  to  their  sidereal  motion 
diminished  by  that  of  Jupiter.  U  we  substitute  these  synodic 
motions  in  the  preceding  ratios,  the  motion  of  Jupiter  disap- 
pears, and  the  condition  is  fulfilled. 

The  preceding  law  relative  to  the  mean  motions  affects 
only  the  variations  of  mean  longitude,  reckoned  from  a  given 
instant.  But  the  absolute  mean  longitudes  are  themselves 
subjected  to  another  law,  not  less  remarkable ;  namely,  thai 
the  mean  longitude  of  the  first  sateUite,  minus  three  times 
that  of  the  second,  plus  twice  that  of  the  tliird,  is  always  equa] 
to  IW^.  This  relation  extends  equally  to  the  mean  synodic 
and  sidereal  longitudes.  It  is  demonstrated  by  theory,  that 
this  relation  will  always  exist,  and  that  consequently  the 
three  satellites  can  never  bo  eclipsed  at  the  same  time,  for 
then  their  longitudes  would  be  eqnal,  and  the  above  sum 
would  l>c  notliing.  These  discoveries,  which  are  among  the 
most  striking  ever  made  in  tlieoreticid  astronomy,  are  due  to 
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Laplace ;  but  it  would  be  impossible  to  explain  in  this  plaoi 
the  method  by  which  he  was  guided. 

459.  The  vast  distance  of  the  satelhtes  of  Saturn,  and  th( 
difficulty  of  observing  their  positions,  have  prevented  ibe 
determination  of  the  ellipticity  of  then  orbits,  emd  still  more 
the  inequalities  to  which  they  may  be  subject.  The  same 
may  be  said  of  the  satellites  of  Uranus.  The  ellipticity  of  ifie 
orbit  of  Saturn's  sixth  satellite,  however,  is  evident  fiom 
observation. 

The  apparent  diameter  of  these  bodies  is  so  small,  that  we 
have  not  hitherto  been  able  to  determine  with  precision  theii 
magnitude.  Attempts  have  been  made  to  ascertain  them, 
from  the  time  employed  in  passing  Into  the  shadow  of  the 
planet ;  but,  from  what  we  have  already  said  on  the  subject  of 
lunar  ecUpses,  it  will  be  seen  how  little  this  method  is  to  be 
reUed  on. 

460.  By  observing  with  care  the  periodical  variations,  which 
lake  place  in  the  intensity  of  the  light  of  Jupiter's  satelhtes, 
Sir  W.  Herschel  remarked  that  they  were  alternately  brightet 
and  fainter.     It  is  natural  to  conclude  that  certain   parts  of 
theii  surface  reflect  more  light  and  others  less,  and  then  the 
epochs  of  their  greatest  and  least  brightness  must  take  place, 
when  these  same   parts  of  the  surface  of  the  satellites  are 
turned  towards  us.     By  comparing  these  periods  with  the  posi- 
tions of  the  satellites  with  respect  to  Jupiter.  Sir  W.  Herschel 
found  that  they  always  present  the  same  face  to  the  primary  j 
whence  it  follows  that  they  tiirn  about  their  axes  in  the  same 
time  in  which   they   complete   a  revolution.      Maraldi  had 
already   adopted  this  conclusion  with  respect  to  the  foiuth 
satellite,  from  observing  the  returns  of  the  same  spot  on  its 
disc.     Tliis  law  exists  also  with  respect  to  Satum's 
satellite.     When  it  is  on  the  east  of  Saturn,  its  light  is  w< 
ened  to  such  a  degree,  that  it  is  hardly  perceptible  ;  this 
arise  only  from  the  spots  belonging  to  the  hemisphere  vrXaA 
it  presents  to  us  when  in  this  position.     But  in  order  that 
hemisphere  may  be  always  the  same  at  this  point  of  the  orl 
the  motion  of  rotation   must  be  exactly  equal  to  the  iB 
motion  of  revolution.     We  have  already   observed  that 
moon  conforms  to  the  same  law  with  respect  to  the  ei 
From  this  analogy  it  would  seem  that  the  equality  of 
motions  of  rotation  and  revolution  of  the  satellites,  is  a  g( 
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Liral  law  of  aatur^  ;  and  in  consequence  of  it  they  always  pra- 
nt  the  same  face  lo  their  primary.  A  great  number  of 
refill  observations  recently  made  by  Schroeter,  place  this 
it  beyond  n  doubt. 
fr461.  By  observing  the  eclipses  of  Jupiter's  satelhtes,  we 
ore  been  led  to  the  discovery  of  a  very  remarkable  phenome- 
;,  namely,  the  successive  transmission  of  light. 
tif  we  compare  the  returns  of  these  eclipses,  we  find  that 
ihen  Jupiter  is  in  opposition  they  take  place  sooner  than 
ley  ought,  according  to  the  duration  of  the  sidereal  revolu- 
s  of  the  satellites.  On  the  contrary,  when  Jupiter  is  in 
mjunction,  that  is,  beyond  the  sun,  they  take  place  too  late, 
variations  are  exactly  the  same  for  all  the  satelhtes. 
%ey  cannot  be  ascribed  to  inequalities  in  their  motion ;  for, 
n  account  of  the  motion  of  Jupiter,  the  oppositions  and  con- 
ictions  correspond  successively  to  different  points  of  the 
nvens  ;  the  same  is  true  of  the  eclipses  of  the  satellites  in 
■  orbits.  The  most  simple  explanation  which  suggests 
self,  is  to  suppose  that  the  Ught  of  the  sun,  reflected  by 
Fthese  small  bodies,  is  not  transmitted  instantaneously  to  the 
'  earth,  but  that  it  occupies  a  sensible  interval  of  time  in  travers- 
ing the  earth's  orbit.  Indeed,  if  the  orbit  of  Jupiter  is  con- 
centric with  the  sun,  as  the  phenomena  of  its  motion  evidently 
indicate,  it  is  obvious  that  this  planet  is  much  nearer  to  us 
when  in  opposition,  than  it  is  at  the  time  of  conjunction.  If, 
for  the  sake  of  simplicity,  we  suppose  the  orbit  of  Jupiter  circu- 
lar, the  difference  is  equal  to  the  diameter  of  the  solar  orbit ; 
ych  is  sufficient  to  account  for  the  retardations  observed. 
he  eclipses  which  take  place  at  the  time  of  conjunction 
he  planet  are  about  16'  26"  later  than  those  which  take 
e  in  opposition  ;  whence  it  follows  that  light  employs 
i6"  in  traversing  the  diameter  of  the  solar  orbit,  or  8'  13" 
oming  from  the  sun  to  us.  This  hypothesis  is  so  exactly 
conformable  to  the  results  of  observation,  that  no  doubt  can 
remain  of  its  correctness. 

462.  Observations  of  Jupiter's  satellites  are  of  great  impor- 
tance in  determining  the  longitude  of  places  on  the  earth. 
The  very  rapid  motion  of  these  bodies  gives  rise  to  frequent 
eclipses,  the  epochs  of  which  are  calculated  beforehand,  and 
put  down  in  Almattam.  The  tables  of  Jupiter's  satellites, 
Aslron.  39 
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comtnieted  by  H.'  Delambiey  accofding  to  the  theory  of  Ijh 
plaoe,  and  firom  a  great  number  of  observations;  leave  nothing 
to  be 'desired  in  respect  to  the  motions  of  these  bodies.  Bf 
comparing  these  epochs,  calculated  for  the  meridian  of  Bebii, 
with  the  results  of  direct  obserration,  made  in  another  plaoe^ 
at  a  given  instant,  the  difference  of  longitude  between  the  tvo 
places  may  be  deduced  from  the  difference  of  the  tixoBL 
The  method  is  the  same  as  for  eclipses  of  the  moon.  Un- 
fortunately it  cannot  be  practised  at  sea,  on  account  of  the 
motion  of  the  vessel,  which  renders  it  impossible  to  nsesodi 
tolescopes  as  are  necessary  to  enable  us  to  distingniiih  thm 
small  bodies.  But  observations  of  this  kind  may  be  vsq 
useful  to  the  iiavigator  when  not  exposed  to  agitation  by  tk 
motion  of  the  vessel. 

463.  Conformably  to  the  plan  we  pursued  with  respeet  lo 
the  idanets,  we  have  collected  together  in  the  following  tafak^ 
the  mean  distances  of  the  satellites  firom  their  primaries,  sad 
the  duration  of  their  sidereal  revolutions.  The  mean  distaaoi 
is  given  on  a  scale  in  which  the  radius  of  the  primary,  seosst 
its  mean  distance  firom  the  sun,  is  unity..  This  in  the  case  of 
Jupiter  is  18,37'',  in  that  of  Saturn  8,1'',  in  that  of  Uranus  1,9". 


Meta  Dittanee. 

Bideraal  a«^*iiaB.        f 

1st  satellite  of  Jupiter 

6,04853 

Days. 

1,769137788148 

2d 

9,62347 

3,551181017849 

3d 

15,35024 

7,154552783070 

4th 

26,99635 

16,688769707084 

1st*  satellite  of  Saturn 

3,351 

0,94271 

2d 

4,300 

1,37024 

dd 

5,284 

1,88780 

4th 

6,819 

2,73948 

5th 

9,524 

4,51749 

6th 

22,081 

15,94530 

7th 

64,359 

79,32960 

Ist  satellite  of  Uranus 

13,120 

5,8926 

2d 

17,022 

8,7068 

3d 

19,845 

10,9611 

4th 

22,752 

13,4559 

5th 

45,507 

38,0750 

6th 

91,008 

107,6944                 j 

*  The  Ist  and  2d  of  Saturn's  satellites,  being  disQovered  long  «fttf 
the  others  had  been  known  under  the  names  of  Ist,  2d,  3d,  4th,  and 
5th,  thej  are  still  often  designated  as  the  6th  and  7th. 


Saturn's  Ring. 

464,  When  we  look  at  Saturn  with  a  telescope,  we  ordina- 
see  it  accompanied  with  a  luminous  belt,  which  encircles 
ke  a  girdle,  and  extends  out  each  way  in  the  shape  of 

or   handles.     These  handles  gradually  contract   into  a  Fig.  102. 
linous  line,  and  finally  dissapear.     Saturn  then  presents 

letely  round  figure.     But  after  some  time  the  handles    ■ 
ippear.  and  open  anew,  affording  indications  that  they  are 
stached  from  the  body  of  the  planet,  for  there  is  between 
)m  a  void  space  through  which  we  can  perceive  the  sky 
any  small  stars  that  may  happen  to  pass  in  this  direction. 
These  appearances  constantly  succeed  each  other  in  a  regu- 
manner;  we  must  conclude,  therefore,  that  the  cause  which     , 
Inceg  them  is  also  constant.     They  are  ascribed  to  a  solid 
iy  surrounding  Saturn,  and  appearing  and  disappearing  alter- 
.ly. 

But,  as  it  would  not  be  natural  to  suppose  that  this  body 
successively  acquires  and  loses  the  property  of  shining,  we 
must  adopt  the  conclusion  that  it  is  an  opaque  body,  which 
reflects  to  us  the  light  of  the  sun,  and  that  the  variations 
which  it  undergoes,  result  from  its  position  and  form.  Then 
we  are  to  inquire  what  form  will  satisfy  the  phenomena  ob- 
served. 

466.  They  may  all  be  represented  with  great  exactness,  by 
•apposing  the  equator  of  Saturn  to  be  surrounded  by  a  circular 
ring,  opaque,  very  thin,  and  detached  entirely  from  the  planet. 
The  body  of  Saturn  being  in  motion  in  the  plane  of  its  orbit, 
carries  this  ring  with  it,  and  by  thus  presenting  it  under  dif- 
ferent aspects  and  inclinations,  produces  all  the  appearances 
which  are  observed. 

Thus,  it  will  be  bright  when  it  turns  towards  us  that  face 
which  is  illuminated  by  the  sun,  and  cease  to  be  visible  when 
it  presents  the  opjMJsite  face.  We  must  also  lose  sight  of  it 
when  it  is  so  situated  that  its  plane,  if  produced,  would  pass 
through  the  centre  of  the  earth,  in  which  case  it  can  reflect 
no  light  to  lis.  Again,  it  must  be  invisible  when  its  plane 
passes  through  the  sun ;  for  then  its  edge  only  is  illuminated, 
and  as  it  is  very  thin,  it  cannot  reflect  light  sufficient  to  render 
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it  perceptible.  This  is  in  fact  the  case  when  we  obeene 
Si^um  with  ordinary  telescopes ;  but  if  we  employ  telescopei 
of  a  very  high  power,  we  can  discern  the  edge  of  this  nog* 
and  it  appears  like  a  luminous  line  on  the  disc  of  the  planet 
This  line  is  so  fine  that  it  hardly  subtends  an  angle  of  a 
secondi  but  a  second  at  this  distance  answers  to  a  thickneaiof 
4000  miles. 

.  These  phenomena  afford  strong  confirmation  to  the  hypotbe- 
sis  of  an  annular  sur&ce  surrounding  Saturn  without  adhemg 
to  it.  Indeed,  it  can  be  demonstrated  that  this  ring,  as  well  is 
•the  planet  to  which  it  belongs,  axe  opaque  bodies,  illuminated 
by  the  sun,  and  not  shining  with  their  own  light ;  for  wfatt 
the  illuminated  surface  of  the  ring  is  inclined  to  the  earth,  as 
in  figure  103,  it  projects  on  the  globe  of  Saturn  a  sensihb 
shadow. 

But  in  order  to  determine  whether  this  hypothesis  satisfiei 
all  the  particular  phenomena,  we  must  consider  geometrically 
the  different  forms  under  which  the  circumference  of  a  cirek 

* 

would  appear,  according  to  the  difiiorent  points  firom  which  it 
is  observed.  For  this  purpose,  the  eye  of  the  observer  most 
.  be  considered  as  the  apex  of  a  cone  of  visual  rays,  which  has 
the  circle  for  its  base.  The  line  drawn  from  the  eye  of  the 
observer  to  the  centre  of  the  circle  forms  the  axis  of  the  cone, 
Top.  7.  which  is  generally  oblique  to  its  base.  If  we  draw  a  plane 
perpendicular  to  this  axis,  it  will  cut  the  cone  so  that  its  inter- 
section will  form  an  ellipse,  the  position  and  eccentricity  of 
which  will  depend  upon  the  greater  or  less  obliquity,  and 
consequently  on  the  position  of  the  observer.  It  is  this  ellipse 
which  forms  at  the  eye  the  apparent  outline  of  the  ring.  It  is 
consequently  necessary  to  determine  its  dimensions  and  the 
direction  of  its  axis. 

To  this  end  we  draw  through  the  axis  of  the  cone  a  plane 
perpendicular  to  the  plane  of  its  base.  This  plane  will  divide 
the  oblique  cone  into  two  symmetrical  portions,  and  will  con- 
sequently cut  the  ellipse  symmetrically.  It  will  be  readily 
seen,  that  it  will  contain  the  minor  axis,  and  that  the  major 
axis  will  be  perpendicular  to  it. 

It  appears  at  first  view,  that  the  centre  of  the  ellipse  must 
be  in  the  axis  of  the  cone,  and  that  its  major  axis,  parallel  to 
the  plane  of  its  circular  base,  must  be  equal  to  the  diameter  of 
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lis  base;  but  tliis  supposition  is  uot  rigorously  true.  The 
mtre  of  the  elJipsc  is  depressed  a  little  below  the  plane  of  the 
I5e,  and  its  major  axis  is  consequently  somewhat  greater 
an  the  diameter  of  this  base.  These  differences  arise  from 
e  fact,  that  the  half  of  the  base  nearest  the  observer  appears 
eater  than  the  other  half.  But  the  inequality  diminishes  as 
o  observer  recedes,  and  becomes  entirely  insensible  when 
e  distance  can  be  considered  as  infinite  compared  with  the 
dius  of  the  base ;  which  is  the  case  with  Saturn's  ring,  as 
bserved  from  the  earth.  Then  the  centre  of  the  ellipse  coin- 
des  with  the  centre  of  the  base,  its  major  axis  is  equal  lo  the 
meter  of  this  base,  and  perpendicular  to  the  axis  of  the 
l>ne ;  and,  lastly,  the  minor  axis  is  to  the  major  as  the  sine  of  Top.  t. 
le  inclination  of  the  axis  is  to  unity. 

It  will  be  perceived  from  these  results,  that  if  we  measure 
rith  a  micrometer  the  ratio  of  the  two  axes  of  the  ellipse  at 
py  instant,  we  shall  have,  for  the  same  instant,  the  inclination 
t  the  axis  to  the  plane  of  the  base.  By  making  this  observa- 
loD  at  the  time  when  the  earth  is  90'^  from  the  nodes  of  the 
ring,  we  can  deduce  directly  the  inchnation  of  the  ring  to  the 
^  echptic. 

'  When  the  earth  is  90°  from  the  nodes  of  the  ring,  the  plane 
drawn  through  the  earth  and  Saturn,  perpendicular  to  the 
ecliptic,  is  at  the  same  time  perpendicular  to  the  plane  of  the 
ring  ;  and  consequently  the  straight  line,  according  to  which  it 
cuts  this  plane,  measures  the  inclination  of  the  ring  to  the 
ecliptic.  Let  AA'E  represent  this  line,  77"  the  intersection  of  Fig.i04. 
the  cuttuig  plane  with  the  ecliptic,  T  the  earth,  C  the  centre 
of  Saturn,  and  AA'  the  real  extent  of  the  ring.  Observation 
makes  known  the  visual  angles  ATC,  A'TC,  which  are  sen* 
sibly  equal  to  each  other,  on  account  of  the  great  distance  of 
Saturn ;  and  each  of  them  measures  half  the  minor  axis  of  the 
ellipse.  Now,  according  to  observation,  this  minor  axis  is 
equal  to  half  the  major  axis,  parallel  to  the  ecliptic ;  that  is, 
a'a  is  equal  to  half  of  A' A ;  for  the  major  axis  of  llie  ellipse  is 
the  diameter  of  the  ring  itself.     Accordmgly,  the  sine  of  the 

angle  CA  a,  which  is  represented  by  ^^j,  is  equal  to  ^,  and  con- 
sequently the  angle  CA  a  or  CAT  is  equal  to  30°.     If  to  this  Trig,  is, 
angle  we  add   CTE  +  CTA,  or  the  geocentric  latitude  of 
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SatOTDy  plus  half  the  minor  axis  of  the  ellipie,  the  mm  wiB 
gire  the  angle  lEA^  since  this  is  the  exterior  angle  of  th» 
triangle  EAT.  This  apgle  JEA  is  the  inclination  of  ths 
plane  of  the  ring  to  the  ecliptic,  and  is  found  by  the  shove 
process  to  be  equal  to  3P  W. 

When  we  have  obtained  an  approximate  value  ef  thii 
angle,  and  know  the  longitude  of  the  nodes  of  the  ring,  it  is 
easy  to  calculate,  from  the  motiim  of  Satuniy  the  VMriatisBi,  as 
to  eccentricity,  which  the  ellipse  must  undergo  in  the  inloEfil 
of  a  few  days,  before  and  after  the  epoch  of  greateet  iadisa 
tion.  We  thus  reduce  to  this  epoch  the  measorea  of  the 
ellipse,  made  several  days  before  and  after.  The  mean  rsadi 
of  all  these  measures  gives,  with  greater  exaetnessy  the  ratios 
or  the  two  axes  of  the  ellipse  for  the  instant  of  greatest  indlf' 
nation. 

But,  in  making  these  observations,  the  earth  moat  be  VP 
firom  the  nodes  of  the  ring,  in  order  that  the  prqjectioo  of  the 
axis  of  the  cone  upon  the  ecliptic,  may  be  perpendicular  t» 
the  intersection  of  the  ring  with  the  same  ptaae.  Sow  then  is 
this  position  to  be  ascertained,  as  the  longitude  of  the  nodes  of  ^ 
the  ring  is  not  yet  known  ?  We  obtain  it  by  another  circum- 
stance, which  is  peculiar  to  this  position  of  the  ring,  namely, 
that  the  opening  of  the  ellipse  is  then  the  greatest  possible; 
for  this  opeidng  is  proportional  to  the  sine  of  the  inclination 
of  the  axis  of  the  cone  to  the  plane  of  the  ring.  Now,  there  is 
no  position  where  this  inclination  is  greater  than  when  the 
earth  is  the  farthest  possible  firom  the  intersection  of  the  ring, 
that  is,  when  it  is  90^  firom  the  nodes  of  the  ring. 

In  order  to  determine  completely  the  position  of  the  ring,  it 
only  remains  to  ascertain  the  direction  of  its  intersection  with 
the  plane  of  the  ecliptic,  or  the  situation  of  its  nodes.  This 
is  easily  done  if  we  know  the  instant  when  its  plane  disap- 
pears by  passing  through  the  centre  of  the  earth,  for  then 
Saturn  and  the  earth  are  at  the  same  time  in  this  plane ;  and 
as  the  inclination  of  the  ring  to  the  ecliptic  is  already  known, 
these  two  points  are  sufficient  for  determining  its  Aodes.  fiat 
how  is  this  instant  to  be  distinguished  when  the  passing  of 
the  plane  of  the  ring  through  the  sun,  may  equally  occasion  its 
disappearance. 


Utng. 

466.  The  difficulty  is  removed  by  attending  to  the  periods 
in  which  these  phenomena  take  place ;  for  they  camiot  be  the 
same  in  the  two  cases.  The  passing.of  the  plane  through  the 
sun  depends  simply  on  the  motions  of  the  ring  and  Saturn, 
the  other  depends,  besides,  on  the  motion  of  the  sun  about 
the  earth. 

Now  it  is  observed  that  the  phenomena  of  the  appearing 
und  disappearing  of  the  ring  succeed  each  other,  with  great 
jirccisiou,  and  in  the  same  order,  each  sidereal  revolution  of 
S;iturn.  It  is,  therefore,  natural  to  suppose  that  they  result 
from  the  passing  of  the  plane  of  the  ring  through  the  sun, 
To  place  this  fact  in  the  clearest  light,  we  have  collected  a 
series  of  these  phenomena,  as  they  have  been  observed.* 


1715 

5th  Feb. 

R 

1730 

lOlh  Nov. 

D 

1744 

.         23J    July 

D 

1760 

26th  April 

K 

1774 

9th  Jan. 

S. 

1789 

1st  Oct. 

0 

1803 

ISth  Jime 

D 

The  letter  D  denotes  disappearance,  and  the  letter  R  reap- 
pearance. If  to  the  epoch  of  1715,  we  add  a  sidereal  revolution 
of  SattUTi,  or  29  Julian  years  and  1(56,82^213  days,  we  shall 
have  precisely  the  epoch  of  1744 ;  and  In  the  same  manner  we 
obtain  those  of  1774  and  1803. 

The  epoch  of  1730  will  give,  in  like  manner,  those  of  1760 
and  1789. 

467.  This  agreement  is  too  exact  to  be  ascribed  to  chance. 
It  evidently  indicates  the  law  according  to  which  these  phe- 
nomena take  place ;  and  their  returns  being  independent  of 
the  revolution  of  the  sim  about  the  earth,  must  of  necessity  be 

"  Theae  epochs  are  taken  rrom  a  work  of  Dionis  du  Scjour  Sur 
FAptuau  dt  ftatume.  They  arc  to  be  regarded  only  bb  approxima- 
tiona;  for  the  ring  does  not  disappear  instantaneously,  but  very 
gradually,  nnd  m  the  longer  visible  the  more  perfect  the  indtTumcnts 
ate  with  which  it  is  observed.  It  is  impossible,  therGfore,  to  fix  with 
precision  the  instant  of  the  paesiog  of  the  ring  through  the  earth  or- 
the  BUD. 
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lefened  to  the  passmg  of  the  ring  through  the  centre  of  die 

* 

San. 

We  perceive,  then,  that  these  phenomena  form  two  distrnd 
series,  which  proceed  according  to  the  same  periods,  bat  bin 
di£foreut  epochs.  These  two  series  are  evidently  to  be  re- 
ferred to  the  two  opposite  situations,  in  which  the  ring  moit 
have  passed  through  the  sun  each  revolution. 

468.  But  as  in  each  series  the  phenomenon  alwa]^  rBtans 
after  a  complete  revolution  of  Saturn,  it  follows  that  these  tvo 
situations  of  the  ring  always  correspond  to  the  same  points  of 
the  orbit  of  the  planet ;  that  is,  the  plane  of  the  ring  remmm 
eonstaniljf  parallel  to  itself  in  the  orbit  of  Saium^  and  etam' 
quently,  its  intersection  with  the  plane  of  the  edyMe  mumt 
alwajfs  make  with  the  intersection  of  the  orbit  a  owulaitf 
angle. 

These  results  are  perfectly  conformable  to  observation.  If 
we  calculate  the  heliocentric  longitude  •  of  the  nodes  of  the  { 
ring,  from  the  passing  of  the  plane  through  the  centre  of  the 
earth,  which  is  distinguished  from  that  througii  the  sun,  sinee 
it  is  not  comprehended  in  the  series  of  arficle  466,  we  find 
this  longitude  to  be  constantly  the  same.  The  process  is 
very  simple.  The  intersection  of  the  plane  of  the  ring  with 
the  ecliptic  makes  with  that  of  the  orbit  of  Saturn  an  angle 
of  59°. 

469.  By  inspecting  the  table  above  given,  we  shall  perceive 
that  the  intervals  of  the  passing  of  the  ring  through  the  sun 
from  one  node  to  the  other  are  not  of  equal  duration.  Be- 
tween the  epoch  of  1716  and  that  of  1730,  the  interval  is  15 
years  and  9  months,  while  it  is  only  13  years  and  8  months 
between  the  epochs  of  1730  and  1744,  and  so  of  the  rest 
The  difference  is  owing  to  the  eccentricity  of  Saturn's  orbit 
If  we  suppose  a  plane  drawn  through  the  centre  of  the  sun 
parallel  to  that  of  the  ring,  this  plane  will  determine  the  in- 
stant of  passing  the  sun.  If  the  orbit  is  circular,  it  will  be 
divided  into  two  equal  portions,  and  the  intervals  of  time 
employed  by  Satiun  in  passing  from  one  node  to  the  other  will 
be  of  equal  duration  ;  but  if  the  orbit  is  elliptical,  the  plane 
parallel  to  the  ring  will  divide  it  into  two  unequal  portions,  and 
that  which  contains  the  aphelion,  where  the  motion  is  the 
slowest,  will  require  the  longest  time  to  be  described.    The 
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intervals  then  will  be  unequal ;  and  this  is  actually  the  case 
in  the  present  position  of  Saturn's  orbit.  This  planet  passed 
its  aphelion  between  1715  and  1730,  and  its  perihelion  be- 
tween 1730  and  1744. 

470.  All  the  different  aspects  of  Saturn's  ring  might  be 
easily  predicted,  if  we  knew  the  period  of  its  passing  through 
the  centre  of  the  earth,  as  we  do  the  intervals  of  its  passing 
through  the  centre  of  the  sun  ;  but  the  annual  motion  of  the 
Biui  about  the  earth  renders  the  determination  of  these  inter- 
vals rather  more  difficult.  In  order  to  ascertain  them,  it  is 
necessary  to  find  a  number  of  sidereal  revolutions  of  Saturn, 
which  corresponds  exactly,  or  very  nearly,  to  an  exact  num- 
ber of  sidereal  years.     If  we  take  the  ratio  of  these  periods, 

10758  219817 
which  is  "ofiet^Fiiqaj  ■  ^n*i  proceed  as  in  article  ^7,  we  ob- 
tain for  the  first  approximate  values  y  and  =^*.  We  say 
nothing  of  the  remaining  values  in  the  series,  because  they 
would  give  periods  too  long  to  admit  of  our  employing 
them. 

The  fraction  y  indicates  that  in  59  sidereal  years  there 
are  nearly  two  revolutions  of  Saturn.  If  we  calculate  with 
precision  the  duration  of  these  two  periods,  we  find  that  the 
first  exceeds  the  second  by  32,1857^6  days ;  accordingly,  after 
59  sidereal  years,  Saturn  is  so  much  in  advance  of  the  sun. 
Its  velocity  being  known,  it  is  easy  to  deduce  from  this  the 
epoch  at  which  the  two  bodies  will  return  to  the  same  relative 
position,  or  the  number  of  days  to  be  added  to  59  years. 

I    The  period  given  by  the  fraction   ^*  is  much  more  exact. 

I  It  shows  that  324  sidereal  years  are  very  nearly  equal  to  11 
revolutions  of  Saturn.  The  difference  is  only  5,606304  days; 
and  Saturn  is  so  much  behind  the  sun.  From  this  it  is  easy 
to  determine  the  epoch  at  which  it  must  have  been  in  the 
same  position  with  respect  to  the  sun,  prior  to  the  completion 
of  324  years. 

These  periods  agree  sufficiently  well  with  the  observed 
returns.  But  they  can  only  be  applied  to  the  passing  of  the 
ring  through  the  centre  of  the  earth  ;  they  would  neces- 
sarily be  erroneous  if  we  were  to  apply  ihem  to  its  passing 
through  the  sun.  The  period  in  the  latter  case,  as  we  have 
already  seen,  is  equal  to  a  sidereal  revolution  of  Saturn.  But 
Astroji.  40 
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even  with  tliis  restriction  the  preceding  results  may  some- 
times be  faulty,  on  accoiuit  of  the  great  inequalities  of  Sat- 
urn's motion,  occasioned  by  the  attraction  of  Jupiter. 

471.  To  complete  this  subject,  it  only  remains  to  speak 
of  the  physical  constitution  of  the  ring,  so  far  as  it  has  been 
made  known  by  observation. 

If  we  take  its  dimensions  with  a  micrometer,  wc  find  tbat 
its  apparent  breadth  is  equal  to  the  distance  of  its  interior 
border  from  the  surface  of  Saturn.  This  distance  is  a  tUid 
of  the  diameter  of  the  planet,  and  its  mean  value  is  5,4". 
The  actual  dimensions  are  probably  somewhat  smaller,  since 
they  would  naturally  appear  magnified,  on  account  of  irradi- 
ation. If  we  employ  the  best  telescopes,  we  discover  on  the 
surface  of  the  rmg  concentric  lines,  extremely  fine  and  daric, 
which  appear  to  separate  it  into  as  many  parallel  circum- 
ferences. There  may,  then,  be  several  distinct  and  separate 
rings.  But  the  telescope  must  be  of  the  very  first  order,  to 
enable  us  to  perceive  the  separation.  Otherwise  the  whole 
appears  to  form  one  continued  ring,  the  space  occupied  by 
each  being  somewhat  extended  by  irradiation. 

From  certain  spots  observed  on  the  surface  of  the  ring,  ii 
appears  that  it  turns  upon  its  axis  in  10*"  29' ;  its  axis  of  rota- 
tion is  perpendicular  to  its  })lane,  and  coincides  with  the  axis 
of  Saturn. 

The  duration  of  this  rotation  presents  a  very  remarkable 
relation.  If  we  suppose  a  satellite  to  move  about  Saturn, 
having  the  mean  circumference  of  the  ring  for  its  orbit,  and 
calculate,  according  to  the  tliird  law  of  Kepler,  its  sidereal 
revolution,  it  is  found  to  be  precisely  equal  to  that  of  the 
ring. 

478.  This  relation  solves  the  question  as  to  the  manner  in 
which  the  ring  is  sustained  about  the  planet  without  touching 
it,  or,  at  least,  it  refers  the  phenomenon  to  the  general  cause 
by  which  all  the  satellites  are  preserved  in  their  orbits.  We 
may  consider  each  particle  of  the  ring  as  a  small  satellite, 
and  the  ring  itself  as  a  mass  of  satellites,  connected  together 
in  an  invariable  manner.  If  theses  small  bodies  were  free 
and  independent  of  each  other,  their  velocities  would  vary 
with  their  distances  from  the  centre  of  the  planet  ;  those 
nearest  to  the  centre  would  move  the  fastest,  and  the  most 
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istEint  ones  slowest]  according  to  Kepler's  third  law  ;  ajid,  ji" 

Bfve  take  for  the  mean  term  the  velocity  which  belongs  to  the 

neiui  circumference  of  the  ring,   the  velocities  of  the  other 

larticlcs  would  deviate  from  it  each  way  by  equal  quantities, 

the  greater  counterbalancing  the  smaller.     Now,  if  these  par- 

icles  were  united  and  attached  to  each  other  so  as  to  form 

I  Bolid  body,  a  sort  of  compensation  would  take  place  in  their 

Riolions ;  the  most  rapid  would  communicate  to  the  slowest 

I  portion  of  their  velocity ;  and  the  latter  would  exert  a  re- 

Voiprocal  induence  upon  the  former,  rendering  them  slower ; 

r  and  as  these  opposite  efforts  would  counterbalance  each  other, 

there  would  remain  only  the  mean  motion  common  to  all  the 

particles,  which  would  be  that  of  the  mean  circumference ; 

and  the  rings  would  be  sustained  about  Saturn,  in  the  same 

manner  as  the  moon  is  sustained  about  the  earth,  or  like  the 

!u-ches  of  a  bridge,  when  the  centre  of  gravity  is  at  the  centre 

of  the  voussoirs. 

This  theory  would  hold  even  in  the  case  where,  the  riijg  Mech. 
might  be  composed,  as  that  of  Saturn  appears  to  be,  of  sev-      "" 
oral  detached  and  concentric  tings,  only  it  must  be  applied 
separately  to  each  one.    The  duration  of  their  rotations  would 
then  be  sensibly  different.     It  must  lie  left  to  time  and  obsei^ 
ration  to  complete  these  results. 


Comets.'^ 

473.  The  extraordinary  aspect  of  comets,  their  rapid  and 
seemingly  irregular  motions,  the  unexpected  manner  in  which 
they  often  burst  upon  us,  and  the  imposing  magnitudes  which 
tbey  occasionally  assume,  have  in  all  ages  rendered  them 
objects  of  astonishment,  not  unmixed  with  superstitious  dread 
to  the  miinstructed,  and  an  enigma  to  those  most  conversant 
with  the  wonders  of  creation  and  the  operations  of  natural 
causes.  Even  now,  that  we  have  ceased  to  regard  their 
movements  as  irregular,  or  as  governed  by  other  laws  than 
those  which  retain  the  planets  in  theb  orbits,  their  intimate 
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nature,  and  the  offices  they  perfonn  in  the  economy  of  our 
system,  are  as  much  unknown  as  ever.  No  rational  or  even 
plausihle  account  has  yet  been  rendered  of  those  immensely 
voluminous  appendages,  which  they  bear  about  with  them, 
and  which  are  known  by  the  name  of  their  tails,  (though 
improperly,  since  they  often  precede  them  in  their  motions,) 
any  more  than  of  several  other  singularities  which  they  pre- 
sent. 

474.  The  number  of  comets  which  have  been  astronomi- 
cally observed,  or  of  which  notices  have  been   recorded  in 
history,  is  very  great,  amounting  to  several  hundreds;  and 
when  we  consider  that  in  the  earlier  ages  of  astronomy,  and 
indeed  in  more  recent  times,  before  the  invention  of  the  tele- 
scope, only  large  and  conspicuous  ones  were  noticed;  and 
that,  since  due  attention  has  been  paid  to  the  subject,  scarcely 
a  year  has  passed  without  the  observation  of  one  or  two  of 
these  bodies,  and  that  sometimes  two  and  even  three  ha?e 
appeared  at  once  ;  it  will  be  easily  supposed  that  their  actual 
number  must  be  at  least  many  thousands.      Multitudes,  in- 
deed, must  escape  all  observation,  by  reason  of  their  paths 
traversing  only  that  part  of  the  heavens  which  is  above  the 
horizon  in  the  daytime.     Comets  so  circumstanced  can  only 
become  visible  by  the  rare  coincidence  of  a  total  eclipse  o{  the 
Sim,  a  coincidence  which  happened,  as  related  by  Seneca,  60 
years  before  Christ,  when  a  large  comet  was  actually  observed 
very  near  the  sun.     Several,  however,  stand   on   record  as 
having  been  bright  enough  to  be  seen  in  the  daytime,  even  at 
noon  and  in  bright  sunshine.     Such  were  the  comets  of  1402 
and  1532,  and  that  which  appeared  a  little  before  the  assassi- 
nation  of  CsBsar,  and  was    {afterwards)   supposed    to   have 
predicted  his  death. 

475.  That  feelings  of  awe  and  astonishment  should  be 
excited  by  the  sudden  and  unexpected  appearance  of  a  great 
comet,  is  no  way  surprising ;  being,  in  fact,  according  to  the 
accounts  we  have  of  such  events,  one  of  the  most  brilliant  and 
imposing  of  all  natural  phenomena.  Comets  consist  for  the 
most  part  of  a  large  and  splendid,  but  ill  defined  nebulous  mass 
of  light,  called  the  head,  which  is  usually  much  brighter 
towards  the  centre,  and  offers  the  appearance  of  a  vivid 
nucleus,  like  a  star  or  planet.     From  the  head,  and  in  a  direc- 
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tion  opposite  to  that  in  which  the  sun  is  situated  from  the 
comet,  appear  to  diverge  two  streams  of  light,  which  grow 
broader  and  more  diilused  at  a  distance  from  llie  head,  and 
which  sometimes  close  in  and  unite  at  a  little  distance  behind 
it,  sometimes  continue  distinct  for  a  great  part  of  their  course ; 
producing  an  effect  like  that  of  the  trains  left  by  some  bright 
meteors,  or  like  the  diverging  fire  of  a  skyrocket,  only  without 
sparks  or  perceptible  motion.  This  is  the  tail.  This  mag- 
nificent appendage  attains  occasionally  an  immense  apparent 
length.  Aristotle  relates  of  the  tail  of  the  comet  of  371  A.  C, 
that  it  occupied  a  third  of  the  hemisphere,  or  60°  ;  that  of  A,  D. 
1618  is  stated  to  have  been  attended  by  a  train  no  less  than 
104°  in  length.  The  comet  of  1660,  the  most  celebrated  of 
modem  times,  and  on  many  accounts  the  most  remarkable  of 
all,  with  a  head  not  exceeding  in  brightness  a  star  of  the 
second  magnitude,  covered  with  its  tail  an  extent  of  more  than 
70^  of  the  heavens,  or,  as  some  accounts  state,  90°.  Figure 
106  is  a  very  correct  representation  of  the  comet  of  1819, 
by  no  means  one  of  the  most  considerable,  but  the  latest 
which  bas  been  conspicuous  to  the  naked  eye. 

476.  The  tail  is,  however,  by  no  means  an  invariable  ap- 
pendage of  comets.  Many  of  the  brightest  have  been  observ- 
ed to  have  short  and  feeble  tails,  and  not  a  few  have  been 
entirely  without  them.  Those  of  1585  and  1763  offered  no 
vestige  of  a  tail ;  and  Cassini  describes  the  comet  of  1682  as 
being  as  round  and  as  bright  as  Jupiter.  On  the  other  band, 
instances  are  not  wanting  of  comets  furnished  with  many 
tails  or  streams  of  diverging  light.  That  of  1744  had  no  less 
than  six,  spread  out  like  an  immense  fan,  extending  to  a 
distance  of  nearly  30°  in  length.  The  tails  of  comets,  too,  are 
often  curved,  bending,  in  general,  towards  the  region  which 
the  comet  has  left,  as  if  moving  somewhat  more  slowly,  or  as 
if  resisted  in  their  coarse.     {See  figure  107.) 

477.  The  smaller  comets,  such  as  are  visible  only  in  tele- 
scopes, or  with  difficulty  by  the  naked  eye,  and  which  are  by 
far  the  most  numerous,  offer  very  frequently  no  appearance  of 
a  tail,  and  appear  only  as  round  or  somewhat  oval  vaporous 
masses,  more  dense  towards  the  centre,  where,  however,  they 
appear  to  have  no  distinct  nucleus,  or  any  thing  which  seems 
entitled  to  be  considered  as  a  solid  body.     Stars  of  the  small- 


est  roagDitude  remain  distinctly  visible,  though  covered  lij 
what  appears  to  be  the  densest  portion  of  their  substflnoej 
although  the  same  stars  would  be  completely  obliterated  \yft 
moderate  log,  extending  only  a  few  yards  from  Uie  surfaec 
the  earth.  And  since  it  is  an  observed  fact,  that  even  thost 
larger  comets,  which  have  presented  the  appearance  of  a  bu- 
cleus,  have  yet  exhibited  no  phases,  though  we  cannot  doubt 
that  they  shine  by  the  reflected  solar  light,  It  follows  ttial 
even  these  can  only  be  regarded  as  great  masses  of  thin  nfor, 
susceptible  of  being  penetrated  through  their  whole  substamt 
by  the  sunbeams,  and  reflecting  ihein  alike  from  their  intenar 
parts  and  from  their  surfaces.  Nor  will  any  one  regard  tlw 
explanation  as  forced,  or  feel  disposed  to  resort  to  a  phosfdio- 
pescent  quality  in  the  comet  itself,  to  accoimt  for  the  pheooifr 
ena  in  question,  when  we  consider,  what  will  be  bereanei 
shown,  the  enormous  magnitude  of  the  space  thus  il}uiiiinal«di 
and  the  extremely  small  mass  which  there  is  ground  to 
attribute  to  these  bodies.  It  will  then  be  evident  that  tie 
most  unsubstantial  clouds  which  float  in  the  highest  region! 
of  our  atmosphere,  and  seem  at  sunset  to  be  drenched  in  light 
and  to  glow  throughout  their  whole  depth  as  if  in  acWil 
ignition,  without  any  shadow  or  dark  side,  must  be  looked 
upon  as  dense  and  massive  bodies,  compared  with  the  £Jniy 
and  all  but  spiritual  texture  of  a  comet.  Accordingly,  wiien- 
evcr  powerful  telescopes  have  been  turned  on  these  bodies, 
they  have  not  failed  to  dispel  the  illusion  which  atttibuie^ 
solidity  to  that  more  condensed  part  of  the  head,  which  ap- 
pears to  tlie  naked  eye  as  a  nucleus ;  though  it  is  true,  that  iii 
some  a  very  minute  stellar  point  has  been  seen,  iodicaiinc 
the  existence  of  a  soUd  body. 

478.  It  is  in  all  probability  to  the  feeble  coerciou  of  the 
elastic  power  of  their  gaseous  parts,  by  the  gravitation  of » 
small  a  central  mass,  that  we  must  attribute  this  extraordinary 
developement  of  the  atmospheres  of  comets.  If  the  earlb, 
retaining  its  present  size,  were  reduced  by  any  internal  chai^ 
as  by  hollowing  out  its  centra!  parts,  to  one  thousandth  part 
of  its  actual  mass,  its  coercive  power  over  the  atmosptore 
would  be  diminished  in  the  same  proportion,  and  in  conse- 
quence the  latter  would  expand  to  a  thousand  times  its  aclual 
bulk ;  and  indeed  much  more,  owing  (o  the  still  fiuther  dimi- 
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Diition  of  gravity,  by  the  recess  of  the  iipiKr  pnrts  from  the 
centre. 

479.  That  the  luminous  part  of  a  comet  is  something  in  the 
nutiiro  of  a  smoke,  fog,  or  cloud,  suspended  in  a  transparent 
nimosphere,  is  evident  from  a  fact  which  has  been  often 
noticed,  namely,  that  the  portion  of  the  tail  where  it  comes  np 
III,  and  surrounds  the  head,  is  yet  separated  from  it  by  an 
niterval  less  luminous,  as  if  sustained  and  kept  off  from  con- 
lact  by  a  transparent  stratum,  as  we  often  sec  one  layer  of 
ilriuda  laid  over  another  with  a  considerable  clear  space  be- 

■     uveen.     These,  and  most  of  the  other  facts  observed  in  the 

I     liistory  of  comets,  appear  to  indicate  that  the  stmctiue  of  a 

;     comet,  as  seen  in  section  in  the  direction  of  its  length,  must 

I     be  that  nf  a  hollow  envelope,  of  a  parabolic  form,  enclosing 

I     n(?ar  its  vertex  the  nucleus  and  head,  something  as  represented 

k    in  figure  106.     This  would  account  for  the  apparent  division 

k    of  the  tail  into  two  principal  lateral  branches,  the  envelope 

being  oblique  to  the  line  of  sight  at  its  borders,  and  therefore  a 

arealer  depth  of  illuminated  matter  being  there  exposed  to  the 

eye.     In  all  probability,  however,  they  admit  great  varieties 

of  structure,  and  among  them  may  very  possibly  be  bodies  of 

widely  different  physical  constitution. 

480.  We  come  now  to  speak  of  the  motions  of  comets. 
Those  are  apparently  most  irregular  and  capricious.     Some- 

'-     times  they  remain  in  sight  for  only  a  few  days,  at  others  for 
I   many   months ;    some   move  with  extreme  slowness,  others 
h  with  extraordinary  velocity  ;  while,  not  unfrequently,  the  two 
Hbxtremes  of  apparent  speed  are  exhibited  by  the  same  comet 
^■d  different  parts  of  its  course.     The  comet  of  1472  described 
Hftn  arc  of  the  heavens  of  120°  in  extent  in  a  single  day.     Some 
pursue  a  direct,  some  a  retrograde,  and  others  a  tortuous  and 
very  irregular  course ;  nor  do  they  confine  themselves,  like 
the  planets,  within  any  certain  region  of  the  heavens,  but  trav- 
erse  indifferently  every  part.     Their  variations   in  apparent 
size,  during  the  time  they  continue  visible,  are  no  less  rt^mark- 
able  than  those  of  their  velocity;  sometimes  they  make  their 
first  appearance  as  faint  and  slow-moving  objects,  witli  Httle 
or  no  tail ;  but  by  degrees  accelerate,  enlarge,  and  throw  out 
from  them  this  appendage,    which  increases  in   length   and 
brightness,   till,   as  always  happens  in  such  cases,   lh6y  ap- 
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proach  the  tun,  and  are  lost  in  bis  beams.  AAer  a  time  thsf 
again  emerge,  on  the  other  side,  receding  fiom  the  son  with  i 
Telocity  at  first  rapid,  but  gradually  decaying.  It  is  ate 
thus  passing  the  sun,  and  not  till  then,  that  they  shine  foitk 
in  all  their  splendor,  and  that  their  tails  acquire  their  grsalHt 
length  and  developement ;  thus  indicating  plainly  the  aeCini 
of  the  sun's  rays  as  the  exciting  cause  of  that  eztraoidiDiry 
emanation.  As  they  continue  to  recede  from  the  sna,  their 
motion  diminishes  and  the  tail  dies  away,  or  is  absorbed  into 
the  head,  which  itself  grows  continually  feebler,  and  is  it 
length  altogether  lost  sight  of,  in  by  far  the  greater  number  of 
cases,  never  to  be  seen  more. 

i81.  Without  the  clue  furnished  by  the  theory  of  gimviti- 
tion,  the  enigma  of  these  seemingly  irregiilar  and  capncioai 
movements  might  have  remained  for  ever  unresolved.    But 
Newton,  having  demonstrated  the  possibility  of  any  conic 
section  whatever  being  described  about  the  sun,  by  a  body 
revolving  under  the  dominion  of  that  law,  immediately  per- 
ceived the  applicability  of  the  general  proposition  to  the  casB 
of  cometary  orbits,  and  the  great  comet  of  1680,  one  of  the 
most  remarkable  on  record,  both  for  the  immense  length  of 
its  tail  and  for  the  excessive  closeness  of  its  approach  to  the 
sun  (within  one  sixth  of  the   diameter  of  that   luminary), 
afforded  him   an  excellent  opportunity  for  the  trial  of  his 
theory.      The  success   of  the   attempt   was  complete.     He 
ascertained  that  this  comet  described  about  the  sun,  as  its 
focus,  an  elliptic  orbit  of  so  great  an  eccentricity,  as  to  be 
undistinguishable  from  a  parabola  (which  is  the  extreme,  or 
limiting  form  of  the  ellipse  when  the  axis  becomes  infinite), 
and  that  in  this  orbit  the  areas  described  about  the  sun  were, 
as  in  the  planetary  ellipses,  proportional  to  the  times.     The 
representation  of  the  apparent  motions  of  this  comet  by  such 
an  orbit,  throughout  its  whole  observed  course,  was  found  to 
be  as  complete  as  those  of  the  motions  of  the  planets  in  their 
nearly  circular  paths.     From  that  time  it  became  a  received 
truth,  that  the  motions  of  comets  are  regulated  by  the  ssine 
general  laws  as  those  of  the  planets  —  the  difference  of  the 
cases  consisting  only  in  the  extravagant  elongation  of  their 
ellipses,  and  in  the  absence  of  any  limit  to  the  inclinations 
of  their  planes  to  that  of  the  ecliptic  —  or  any  general  coin- 


idence  in  the  direction  of  the  motions  from  west  to  east, 
*^ rather  than  from  east  to  west,  like  what  is  observed  among 


482.  It  is  a  problem  of  pure  geometry,  from  the  general 
laws  of  elliptic  or  parabolic  motion,  to  find  the  situation  and 
tiimensjons  of  the  ellipse  or  parabola,  which  shall  represent 
the  motion  of  any  given  comet.  In  general,  three  complete 
observations  of  its  right  ascension  and  declination,  with  the 
times  at  which  they  were  made,  suffice  for  the  solution  of 
this  problem,  which  is,  however,  a  very  dilGcnlt  one,  and  for 
the  determination  of  the  elements  of  the  orbit.  These  con- 
sist, mulalis  mutandis,  of  the  same  data  as  are  required  for 
the  computation  of  the  motion  of  a  planet ;  and,  once  deter- 
mined, it  becomes  very  easy  to  compare  them  with  the  whole 
observed  course  of  the  comet,  and  thus  at  once  to  ascertain 
their  correctness,  and  to  put  to  the  severest  trial  the  truth 
of  those  general  laws  on  which  all  such  calculations  are 
founded. 

4S3.  For  the  most  part,  it  is  found  that  the  motions  of 
I  comets  may  be  sufficiently  well  represented  by  parabolic 
orbits ;  that  is  to  say,  elUpses  whose  axes  are  of  infinite 
length,  or,  at  least,  so  very  long  that  no  appreciable  error  in 
the  calculation  of  their  motions,  during  all  the  time  they 
continue  visible,  would  be  incurred  by  supposing  them  actu- 
ally infinite.  The  parabola  is  that  conic  section  which  is  the 
hniit  between  the  ellipse,  on  the  one  hand,  which  retiuns  into 
itself,  and  the  hyperbola,  on  the  other,  which  runs  out  to 
infmity.  A  comet,  therefore,  which  should  describe  an  ellip- 
tic  path,  however  long  its  axis,  must  have  visited  the  sun 
before,  and  must  again  return,  unless  disturbed,  in  some 
determinate  period ;  but  should  its  orbit  be  of  the  hyper- 
bolic character,  when  once  it  has  passed  its  perihelion,  it 
could  never  more  return  within  the  sphere  of  our  observation, 
but  must  run  off  to  visit  other  systems,  or  be  lost  in  the 
immensity  of  space.  A  very  few  comets  have  been  ascer- 
tained to  move  in  hyperbolas,  but  many  more  in  ellipses. 
These,  then,  in  so  far  as  their  orbits  can  remain  unaltered  by 
the  attractions  of  the  planets,  must  he  regarded  as  permanent 
members  of  our  system. 

Aatron.  4 1 
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484.  The  most  remarkable  of  these  is  the  comet  of  HoUrr, 
so  called  from  the  celebrated  Kdmuod  UoUcy,  who,  on  cal- 
culating its   elements   from    its  perihelion  passage   in    16S- 
when  it  appeared  in  great  splendor,  with  a  tail  30'^  in  length 
was  led  to  conclude  its  identity  with  the  great  comets  of  1531 
and   1607,  whose   elements  he  had   also   aacertaiued.     The 
intervals  of  tliese   successive   apparitions   being  75   and  "6 
years,   Halley  was  encouraged   to    predict   its    reappeamue 
about  the  year  1759.     So  remarkable  a  prediction  could 
fail  to  attract  the  attention  of  all  astronomers,   and, 
time  approached,  it  became  extremely  interesting   to  kn 
whether  the  attractions  of  the  larger  planets  might  not 
lerially  interfere  with  its  orbitual  motion.     The    compul 
of  their  influence  from  the  Newtonian  law  of  gravity,  a 
difficult  and  intricate  piece  of  calculation,  was  undertaken 
accompUshed  by  Clairaut,  who  found  that  the  action  of 
lUTi  would  retard  its  ret'urn  by  100  days,  and  that  of  Jupil 
by  no  less  than  518,  making  in  all  61S  days,  by  which 
oxjiccted  return  would  happen  later  than  on  the  supposition 
of  its  retaining  an  unaltered  period ;  and  ihnt,  in  short,  the 
time  of  the  expected  perilieUon  passage  would    take   jilace 
within  a  month,  one  way  or  other,  of  the  middle  of  April, 
1759.     it  actually  happened  on  the  I2th  of  March  iii  ihat 
year.     Its  next  return  to  the  perihelion  has  been  calcuJale<I 
by   Messrs.  Damoiseau  and  Pontecoulant,  aiid  lixed  by  ihe 
former  on  the  fourth,  and  by  the  latter  on  the  seventh  of 
Kovember,  1835,  about  a  month  or  six  weeks  before  which 
lime  it  may  be  expected  to  become  visible  in  onr  henusphere ; 
and,  as  it  will    approach   pretty  near   the   earth,   will  very 
probably  exhibit  a  brilliant  appearance,  though  to  judge  from 
the  successive  degradations  of  its  apparent  size  and  the  leugtb 
of  its  tail  in  its  several  returns,  since  its  first  appearances 
record  (in  1305,  1456,  &.c.),  we  are  not  now  to  expect  any' 
of  those  vast  and  awful  phenomena  which  threw  oiu'  remoW 
ancestors  of    Ihe   middle  ages  into  agonies  of  superstitious 
terror,  and  caused  public  prayers  to  be  put  up  in  the  churches 
against  the  comet  and  its  malignant  agencies. 

485.  More  recently,  two  comets  have  been  especially  iden- 
tified, as  having  performed  several  revolutions  about  the  sun, 
and  as  having  been  not  only  observed  and  recorded  in  pi 
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ing    revolutions,  without  knowledge  of  this   remarkable 
V peculiarity,  but  have  had  already  several  times  their  returns 
predicted,  and  have  scrupulously  kept  to  their  appointments. 
The  first  of  these  is  the  comet  of  Encke,  so  called  from  Pro- 
'    fessor  Encke,  of  Berlin,  who  first  ascertained  its  periodical 
'    retiuii.     It  revolves  in  an  ellipse  of  great  eccentricity,  inclined 
Bt  an  angle  of  al>out  13°  22'  to  the  plane  of  the  ecliptic,  and 
in  tile  short  period  of  1207  days,  or  about  3^  years.     This 
remarkable  discovery  was  made  on  the  occasion  of  its  fourth 
recorded  appearance,  in  1819.     From   the   ellipse  then  cal- 
culated by  Encke,  its  return  in  1S22  was  predicted  by  him, 
and  observed  at  Paramatta,  in  New  South  Wales,  by  M.  Riim- 
'  ker,  being  invisible  in  Europe ;  since  which  it  has  been  re- 
predicted,  and  rcobserved  in  all  the  principal  observatories, 
both  in  the  northern  and  southern  hemispheres,  in  1826, 1828, 
and  1832.     Its  next  return  will  be  in  1835. 

486.  On  comparing  the  intervals  between  the  successive 
perihelion  passages  of  this  comet,  after  allowing  in  the  most 
careful  and  exact  manner  for  all  the  disturbances  due  to  the 
actions  of  the  planets,  a  very  singular  fact  has  come  to  light, 
namely,  that  the  periods  are  continually  diminishing,  or,  in 
other  words,  the  mean  distance  from  the  sun,  or  the  major 
axis  of  the  ellipse,  dwindUng  by  slow  but  regular  degrees. 
This  is  evidently  the  effect  which  would  be  produced  by  a 
resistance  experienced  by  the  comet  from  a  very  rare  ethereal 
medium  pervading  the  regions  in  which  it  moves ;  for  such 
resistance,  by  diminishing  its  actual  velocity,  would  dimmish 
also  its  centrifugal  force,  and  thus  give  the  sim  more  power 
over  it  to  draw  it  nearer.  Accordingly,  no  other  mode  of  ac- 
counting for  the  phenomenon  in  question  appearing,  this  is 
the  solution  proposed  by  Elncke,  and  generally  received.  It 
will,  therefore,  probably  fall  ultimately  into  the  siin,  should  it 
not  first  be  dissipated  altogether,  a  thing  no  way  improbable, 
when  the  lightness  of  its  materials  is  considered,  and  which 
seems  authorized  by  the  observed  fact  of  its  having  been  less 
and  less  conspicuous  at  each  reappearance. 

487.  The  other  comet  of  short  period,  which  has  lately  been 
discovered,  is  that  of  Biela,  so  called  from  M.  Biola  of  Joseph- 
stadt,  who  first  arrived  at  this  interesting  conclusion.  It  is 
identical  with  comets  which  appeared  in  1789,  1795,  Sec,  and 
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describes  its  moderately  eccentric  ellipsp  about  the  sun  in  fj 
years ;  and  tlic  last  apparition  having  taken  place  according  ts 
the  prediction  in  1832,  the  next  will  be  in  1838.  It  L^  , 
small,  insignificant  comet,  without  a  tail,  or  any  appearan'.!; 
of  a  solid  nucleus  whatever.  Its  orbit,  by  a  remarkable  coin- 
dence,  very  nearly  intersects  that  of  the  earth  ;  and  had  the 
latter,  at  the  time  of  its  passage  in  1832,  been  a  month  in 
advance  of  its  actual  place,  it  would  have  passed  through  tlie 
comet — a  singular  rencontre,  perhaps  not  unattended  viA 
danger,* 

488.  Comets  in  passing  among  and  near  the  planets  are 
materially  drawn  aside  from  their  courses,  and  in  some  cast- 
have  their  orbits  entirety  changed,  Tliis  is  remarkably  ids 
case  with  Jupiter,  which  seems  by  some  strange  fatality  to  be 
constantly  in  their  way,  and  to  serve  as  a  perpetual  stumbline 
block  to  them.  In  the  case  of  the  remarkable  comet  of  17Tl>, 
which  was  found  by  Lexell  to  revolve  in  a  moderate  ellips'' 
in  the  period  of  about  5  years,  and  whose  return  was  predicted 
by  him  accordingly,  the  prediction  was  disappointed  by  the 
comet  actually  getting  entangled  among  the  satellites  of  Ju- 
piter, and  being  completely  thrown  out  of  its  orbit  by  th.' 
attraction  of  that  planet,  and  forced  into  a  much  larger  ellipse. 
By  this  extraordinary  rencontre,  the  motions  of  the  salelUles 
suffered  not  the  least  perceptible  derangement, — a  sufficient 
proof  of  the  smallness  of  the  comet's  mass, 

"  Should  calculation  establish  the  fact  of  a  resistance  eipeiienc 
also  by  this  comet,  the  subject  of  periodical  comets  will  assui 
extraordinary  degree  of  interest.  It  cannot  be  doubled  thai 
more  will  be  discovered,  and  by  their  resistance  questions  will  come 
to  be  decided,  such  as  the  following  :  —  What  is  the  law  of  dcnsiij 
of  the  resisting  medium  which  surrounds  the  sun  1  Is  it  at  rest  or 
in  motion  1  Ifthe  latter,  in  what  directioD  does  it  move  T  Circnlnrly 
roimd  the  sun,  or  traversing  space  ?  If  circularly,  in  what  piano  t 
it  is  obvious  that  a  circular  or  vorticose  motion  of  the  ctber  wonlif 
acctitrate  some  eomr.fs  and  retard  others,  according  as  their  revoluiK'n 
was,  relative  to  such  motion,  direct  or  retrograde.  Supposing  the 
neighbourhood  of  the  sua  to  lie  tilled  with  a  material  fluid,  it  is  Dot 
conceivable  that  the  circulation  of  the  planets  in  it  for  ages  should 
not  have  impressed  upon  it  some  degree  of  rotation  in  theit  own 
direction.  And  this  may  preserve  tliem  from  the  e.\treme  effects  of 
accumulated 
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'  489.  It  remains  to  say  a  few  words  on  the  actual  dimen- 
lons  of  comets.  The  calculation  of  the  diameters  of  their 
I,  and  the  lengths  and  breadths  of  their  tails,  offers  not 
B  slightest  difficulty,  when  once  the  elements  of  their  orbits 
ITiire  known ;  for  by  these  we  know  their  real  distances  from 
the  earth  at  any  time,  and  the  true  direction  of  the  tail,  which 
we  sec  only  foreshortened.  Now,  calculations  instituted  on 
these  principles  lead  to  the  surprising  fact,  that  the  comets 
are  by  far  the  most  voluminous  bodies  in  our  system.  The 
following  are  the  dimensions  of  some  of  those  which  have 
>)oen  made  the  subjects  of  such  inquiry. 

490.  The  tail  of  the  great  comet  of  1680,  immediately  after 
lis  perihelion  passage,  was  found  by  Newton  to  have  been  no 
less  than  20000000  of  leagues  in  length,  and  to  have  occupied 
only  two  days  in  its  emission  from  the  comet's  body  !  A  de- 
cisive proof  this  of  its  being  darted  forth  by  some  active 
force,  the  origin  of  which,  to  judge  from  the  direction  of  the 
tail,  must  be  sought  in  the  san  itself.  Its  greatest  length 
amounted  to  41000000  leagues,  a  length  much  exceeding  the 

f  whole  interva]  between  the  sun  and  earth.  The  tail  of  the 
comet  of  1769  extended  16000000  leagues,  and  that  of  the 
great  comet  of  1811,  36000000.  The  portion  of  the  head  of 
tfiis  last,  comprised  within  the  transparent  atmospheric  en- 
velope, which  separated  it  from  the  tail,  was  180000  leagues 
in  diameter.  It  is  hardly  conceivable  that  matter  once  pro- 
jected to  such  enormous  distances,  should  ever  be  collected 
again  by  the  feeble  attraction  of  such  a  body  as  a  comet ;  a 
consideration  which  accounts  for  the  rapid  progressive  dimi- 
nution of  the  tails  of  such  as  have  been  frequently  observed. 

491.  A  singular  ciraumstancc  has  been  remarked  respect- 
ing the  change  of  dimensions  of  the  comet  of  Encke  in  its 
progress  to  and  retreat  from  the  sun ;  namely,  that  the  real 
diameter  of  the  visible  nehidosity  undergoes  a  rapid  contrac- 
tion as  it  approaches,  and  an  equally  rapid  dilatation  as  it 
recedes  from  the  sun.  M.  Valz,  who,  among  others,  had 
noticed  this  fact,  has  accounted  for  it  by  supposing  a  real 
compression  or  condensation  of  volume,  owing  to  the  pressure 
of  an  ethereal  medium  growing  more  dense  in  the  sim's 
neighbourhood.  It  is  very  possible,  however,  that  the  change 
may  consist  in  no  real  expaDsion  or  condensation  of  volume, 


326  Theory  of  the  Planets. 

further  than  is  duo  to  the  convergence  or  divergence  of  tlu  I 
different  jwrabolas,  described  by  each  of  its  molecules  to  a  1 
Irom  a  common  vertex,  but  may  rather  indicate  the  alteniais 
conversion  of  evaporable  materials,  in  the  upper  regions  of  i 
transparent  atmosphere,  into  the  states  of  visible  cloud  and 
invisible  gas,  by  the  mere  effects  of  heat  and  cold.  But  it  u 
time  to  quit  a  subject  so  mysterious,  and  open  to  such  eudlesi 
speculation. 


Meteoric  Stones. 


492.  Sobro  masses,  composed  of  various  mineral  substances, 
are  often  seen  to  descend  from  the  higher  regions  of  the  ai 

•  sphere.  The  fall  of  such  bodies  was  for  a  long  time  doubU 
and  the  prevailing  opinion,  as  to  their  reaUty,  regarded  i 
popular  superstition.  But  all  the  particulars  of  the  pheiu 
non  have  been  established  in  such  a  manner,  that  tlie  iact  a 
no  longer  be  questioned. 

493.  The  most  remarkable  circumstance  respecting  tbew 
substances  is,  that  they  so  exactly  resemble  each  other ;  bein; 
all  of  them  pyriteous  masses,  glittering  with  metallic  graiith  ■ 
The  exterior  surface  is  black,  as  if  it  had  been  burned,  vbi 
the  interior  is  of  a  yellowish  white.  They  all  have  nearly  tbom 
same  specific  gravity,  which  may  be  fixed  at  3,691,  water 
being  miity.  On  being  analyzed,  they  always  present  the 
same  ingredients,  and  in  nearly  the  same  proportions.  They 
arc  composed  of  silex,  magnesia,  sulphur,  iron  in  a  tnetaUk 
slate,  nickel,  and  some  particles  of  chrome. 

These  common  characteristics  strongly  indicate  a  common 
origin.    It  is,  moreover,  to  be  remarked,  that  iron  is  hardlyei 
met  with  in  a  metallic  state  in  terrestrial  bodies.     Vole 
substances  do  not  contain  any  which  is  not  oxydated. 
is  also  very  rare,  and  never  foimd  at  the  surface  of  the  eai 
Chrome  is  still  more  rare.    These  considerations  make  it  p 
able  that  the  substances  in  question  have  an  origin  f 
our  globe,  or,  at  least,  that  they  are  not  brought  together  fc 
any  phenomena  hitherto  observed. 

494.  These  solid  masses  seem  to  proceed  from  a  mcteor4i 
appearance  in  the  air.     They  are  in  fact  ignited  or  tnflai 


t  bodies,  which  suddenly  present  themselves  in  the  atmosphere, 
and  move  with  a  velocity  equal,  in  some  instances,  to  that  of 
(he  sun  in  its  orbit,  or  twenty  miles  in  a  second.  Their  direc- 
tum is  generally  inclined  to  the  horizon.     After  emitting  an 

.  intense  light  for  a  few  moments,  they  explode  with  a  loud 
noise,  at  a  height  from  18  to  100  miles  above  the  surface  of 

[  the  earth.  This  is  ascertained  by  their  parallaxes,  as  deduced 
from  several  simultaneous  observations,  made  at  different 
places  where  they  were  visible  at  the  moment  of  explosion. 
Thoy  do  not  appear  to  follow  any  determinate  direction  with 
respect  to  the  earth's  motions,  but  are  seen  moving  towards  all 
points  of  the  compass. 

I  496.  As  yet  we  are  ignorant  of  the  true  origin  of  these 
masses,  and  various  hypotheses  have  been  invented  to  explain 
them.  ■  Laplace  thinks  they  may  be  thrown  upon  the  earth  by 
lunar  volcanoes.  It  is  found  by  calculation  that  this  would 
only  require  a  projectile  force  about  four  times  that  of  a  cannon 
hall.  This  force,  meeting  witli  little  resistaiice  from  the  very 
rare  atmosphere  of  the  moon,  would  be  sufficient  to  send  a 
body  without  the  sphere  of  the  moon's  attraction,  and  then  it 
would  be  brought  to  the  earth's  surface  by  gravity.  Now  it  is 
by  no  means  improbable  that  lunar  volcanoes  may  give  such 
an  impulse  to  a  body,  since  those  on  the  earth  are  capable  of  a 
much  greater  force,  although  the  greater  intensity  of  gravity 
at  the  earth's  surface,  and  especially  the  enormous  resistance 
of  our  atmosphere,  are  such  as  to  prevent  a  corresponding 
etfect.  By  thus  ascribing  to  meteoric  stones  a  common  origin, 
we  accoimt  in  some  degree  for  the  sameness  of  their  compo- 
sition. 

Some  philosophers  maintain  the  opinion,  that  the  substances 
under  consideration  are  small  planets,  or  fragments  of  planets, 
carried  along  in  space,  like  the  other  heavenly  bodies,  which, 
upon  entering  the  earth's  atmosphere,  become  inllanicd  by 
friction,  gradually  lose  their  velocity,  and  then  fall  to  the 
earth  by  the  influence  of  gravity.  According  to  this  hypo- 
thesis, the  meteors  called  shooting  stars  are  revolving  botlies, 
or  terrestrial  comets,  which  enter  our  atmosphere  at  great 
heights,  but  with  a  velocity  sufficient  to  traverse  it,  so  tliat 
they  are  only  inflitmed  on'  their  passage.  Time  will  probably 
throw  some  light  upon  this  subject,  esjiecially  since  there  is 
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now  no  prejrtdice  among  scientific  men  to  prevent  the  mniL- 
plication  of  observations.  It  seemed  proper  to  introduce  i: 
here  ;  for,  according  to  some  distinguished  philosophers,  thes 
bodies  would  seem  to  have  an  origin  belonging  to  astronontj- 


Proofa  of  the  Real  Motion  of  the  Earth. 

496.  We  have  at  length  nearly  completed  our  conrw  of  '!'?■ 
nervations ;  we  have  studied  the  properties  of  the  atmosphere, 
calculated  its  height,  and  allowed  for  the  etfects  it  produeti 
upon  the  phenomena  of  vision.  Having  thtis  disengaged  our- 
selves from  the  illusions  of  the  senses,  wo  passed,  in  imagi- 
nation, the  bounds  of  our  habilatiou  into  the  inimeDsiiy  of  the 
celestial  regions.  We  found  the  fixed  stars  removed  to  ac 
immeasurable  distance,  and  our  planetary  world  reduced  to  a 
point  in  the  great  scale  of  the  universe.  Shut  up  and  confiued, 
as  it  were,  in  a  small  corner  of  this  vast  theatre,  w^e  have  suc- 
ceeded in  inventing  instruments  by  which  we  liave  been  abl^ 
to  follow  and  measure  with  exactness  the  motions  of  ili>' 
celestial  luminaries.  We  have  traced  out  their  paths,  deteclcJ 
their  deviations  and  inequahtJes,  and  predicted  their  returns. 
By  a  series  of  observations  and  reasonings,  carefully  conduct- 
ed, we  have  attained  to  a  precise  knowledge  of  the  fonns  of 
these  bodies  and  their  physical  constitution,  so  analogous  to 
that  of  our  earth.  Thus  furnished  with  a  multitude  of  results, 
it  only  remains  for  us  to  compare  them  together,  in  order  to 
develope  their  relations ;  we  have  studied  the  solar  system  in 
detached  parts,  we  are  now  to  contemplate  it  as  a  whole  j 
guided  by  the  analogies  made  known  by  observation,  we  pass 
from  appearances  to  the  real  and  absolute  state  of  things. 

497.  The  first  question  to  be  decided  relates  to  the  motion 
of  the  earth,  whether  the  sun  and  the  celestial  sphere  actually 
turn  about  the  earth,  or  whether  the  earth  revolve  on  its  own 
axis  and  about  the  sun. 

That  out  ideas  may  be  dcfimte,  let  figure  1 19  represent  the 
solar  system,  comprehending  the  sun,  planets,  and  satellites, 
distributed  according  to  the  results  of  observation. 
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Suice  there  can  be  no  doubt  that  our  earth  makes  a  part  of 
lliis  system,  let  us  designate  it  by  the  sign  @,  placed  at  pleasure. 
And  since  it  is  equally  evident  that  the  earth  is  at  a  certain 
distance  from  the  sun,  let  us  represent  this  luminary  by  the 
character  ©. 

As  to  Mercury,  we  have  seen  that  its  orbit  embraces  the  sun, 
but  not  the  earth  ;  we  must  therefore  represent  it  by  a  small 
ellipse,  passing  between  the  earth  and  the  sun,  and  having  the 
sun  in  one  of  its  foci.  Let  it  be  denoted  by  g .  And  since 
Venus  presents  similar  appearances,  let  us  place  it  in  a  similar 
manner,  referring  it  however  to  a  larger  ellipse,  and  desig- 
nating it  by  9. 

The  orbit  of  Mars  embraces  the  earth  and  sun,  and  must 
consequently  be  represented  by  an  ellipse  comprehending  the 
earth,  and  having  its  focus  at  the  centre  of  the  sun.  In  speak- 
ing of  it  we  make  use  of  the  sign  g . 

We  place,  in  a  similar  manner,  the  other  superior  planets, 
Ceres,  Pallas,  Juno,  Vesta,  Jupiter,  Saturn,  and  Uranus,  each 
at  its  proper  distance  from  the  sun.  As  to  the  satellites,  a 
small  circle  described  about  the  earth  will  represent  the  orbit 
of  the  moon,  and  similar  circles  about  Jupiter,  Saturn,  and 
Uranns  will  serve  to  indicate  those  belonging  to  the  other 
planets  respectively.  Lastly,  parabolas,  very  elongated  and 
having  their  foci  at  the  centre  of  the  sun,  will  give  a  represen- 
tation of  the  orbits  of  comets. 

Beyond  these  bodies  are  the  fixed  stars,  separated  by  an 
immense  interval,  and  arranged  in  an  order  to  us  wholly 
unknown. 

Such  is  the  stale  of  the  universe  as  at  present  understood. 
It  is  proved  incontestibiy  from  observation,  that  the  moon  re- 
volves about  the  earth,  and  that  all  the  planets  with  their 
satellites,  and  the  comets,  revolve  about  the,sim. 

Three  phenomena  now  remain  to  be  disposed  of  between 
the  smi,  the  earth,  and  the  celestial  sphere.  1.  The  state  of 
rest  which  seems  to  belong  to  the  earth.  2.  The  armual 
motion,  which,  according  to  the  evidence  of  the  senses,  we 
refer  to  the  sun.  3.  The  diurnal  motion,  which  appears  to  be 
common  to  the  celestial  sphere,  and  all  those  bodies  which 
have  a  proper  motion.  Let  us  now  bring  together  the  consid- 
erations which  may  enable  us  to  decide  these  three  points. 

Aslran.  42 
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498.  In  the  first  place,  since  the  sun  and  all  the  planeli, 
tr)iioh  admit  of  nice  observations,  are  found  to  have  a  motin 
of  rotation  about  ah  axis  passing  through  their  centrei  analogy 
leads  us  ta  suppose  that  the  earth  also  turns  upon  its  axis. 

This  ilu^;uttient  is  strengthened  by  the  circumstance  of  the 
oblateness  of  the  earth,  so  exactly  similar  to  what  we  iAnsem 
in  ^fars,  Jupiter,  and  Saturn,  and  which  appears  to  be  asecer- 
saqr  eflfect  otfSB^  centrifugal  force. 

ICho  fotatioii  of  the  earth  is  also  indicated  by  the  progresan 
'angmeptation  of  gravity  from  the  equator  to  the  pole,  auAa 
effect  of  the  centrifugal  force. 

Again,  the  motion  in  question  is  manifest  from  the  deyiatioB 
which  bodies  undergo,  in  falling  from  a  great  height  For 
they  are  found,  as  already  remarked,  to  be  carried  a  littk 
tOfWBxAB  the  east,  a  necessary  consequence,  if  the  earth  txmi 
on  its  axis,  since,  being  elevated  above  its  surface,  their  dis- 
tance from  the  axis  of  rotation,  and  hence  their  velocity,  is 
increased.  If  we  suppose  the  earth  immovable,  these  phe- 
nomena admit  of  no  explanation. 

To  these  very  strong  indications  may  be  added  other  con- 
siderations. If  we  suppose  the  earth  to  move,  the  phenomena 
of  the  diurnal  motion,  and  those  of  the  precession  of  the  equi- 
noxes and  nutation,  become  extremely  simple ;  on  the  contrary 
supposition  they  become  in  the  highest  degree  complicated. 

The  earth  is  a  globe  of  less  than  4000  miles  radius ;  the  sim 
is  incomparably  larger.  If  the  centre  of  this  luminary  coin- 
cided with  that  of  the  earth,  its  radius  would  reach  to  twice 
the  distance  of  the  moon,  and  its  volume  would  fill  a  space  of 
this  vast  extent. 

Is  it  not  then  infinitely  more  simple  to  suppose,  in  our 
globe,  a  motion  of  rotation  already  indicated  by  so  many 
striking  analogies,  than  to  consider  the  immense  mass  of  the 
sun  as  describing  each  day,  about  us,  a  circuit  of  nearly  600 
millions  of  miles  ?  What  force  can  we  imagine  sufficient  to 
retain  it  in  its  orbit,  and  counterbalance  its  centrifugal  force  ? 
But  this  is  the  least  of  the  difficulties.  We  must  suppose 
similar  motions  in  the  planets,  comets,  and  satellites,  each  in 
exact  proportion  to  its  distance,  and  all  perfectly  agreeing 
with  each  other,  as  if  previously  concerted.  Nay  more,  we 
must  extend  these  motions  to  the  immense  multitude  of  fixed 
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irs,  with  which  the  heavens  are  crowded ;  aud  all  these 
:,  wliose  distauccs  are  too  great  even  for  the  iniaginotioa 
9  coQceive,  must  revolve  together  each  day  about  an  imper- 
^tible  point,  with  the  most  perfect  regularity,  and  with  a 
Bfilocity  truly  appalling. 

I  If,  in  studying  the  phenomena  of  nature,  the  simplest  laws 
s  always  to  be  preferred ;  if  we  are  to  follow  analogy  and  to 
p  guided  by  it,  in  tracing  a  series  of  phenomena  to  their  true 
if,  in  fine,  we  are  to  be  convinced  of  the  truth  of  a 
reposition,  when  all  the  arguments  point  to  it,  centre  in  it, 
tnd  conspire  to  give  it  an  extreme  simplicity ;  then  we  must 
(gard  the  rotation  of  the  earth,  as  one  of  the  best  established 
hysical  truths,  We  shall  in  future  consider  -this  doctrine  as 
■tablished,  and  shall  refer  to  it  all  the  appearances  presented 
T  the  diurnal  motion  of  the  heavens. 
•  499.  The  annual  motion  of  the  earth  is  indicated  by  proofs 

s  numerous  and  powerful. 
,  In  the  first  place,  since  all  the  planets  with  their  satellites 
Old  the  comets  revolve  about  the  sun,  analogy  leads  to  the 
pconctusion  that  this  is  the  case  with  the  earth  also. 

This  reasoning  derives  additional  weight  from  the  circum- 
stance of  the  motions  of  the  satellites,  by  which  it  appears 
that  the  smaller  bodies  of  the  solar  system  revolve  about  the 
larger. 

The  conclusion  is  rendered  still  more  probable  by  a  refei^ 
ence  to  the  third  law  of  Kepler,  that  the  squares  of  the  times 
of  the  revolutions  of  the  planets  about  the  sun,  are  propor- 
tional to  the  cubes  of  their  mean  distances.  The  earth,  on 
the  supposition  that  it  is  in  motion  about  the  sun,  is  included 
in  this  law. 

It  is  ui  vain  to  urge  the  difficulty  of  moving  a  mass  like  the 
earth,  and  impressing  upon  it  a  velocity  of  20  miles  in  a 
second,  without  our  being  able  to  perceive  it;  since  Jupiter, 
which  is  1001)  times  larger  than  the  earth,  revolves  also  about 
the  sun ;  and,  by  considering  the  earth  at  rest,  we  must  neces- 
sarily suppose  Jupiter  to  revolve  about  it,  which  would  be  a 
still  greater  difficulty. 

But  the  forces  of  nature  are  not  to  be  measured  by  our 
feeble  standard ;  the  greater  ot  less  velocity  in  the  heavenly 
bodies  would  not  be  a  decisive  argument,  if  these  results 
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were  not  accompanied  by  another  more  powerful  conade- 
ration,  that  of  extreme  simplicity. 

Indeed,  if  the  earth  levolves  about  the  sun,  the  laws  of  its 
motion  are  not  distinguished  by  any  peculiarity  ;  they  are  tJw 
same  as  in  the  case  of  the  other  planets  ;  but,  if  we  suppose 
the  earth  at  rest,  we  must  admit  that  the  sun,  in  its  annnal 
revolution,  carries  with  it  through  the  ecliptic  the  orbits  ol 
all  the  planets ;  accordingly  all  the  analogies  are  destroyed, 
and  the  motions  of  these  bodies  become  extremely  compli- 
cated. 

Lastly,  the  aberration  of  light  affords  a  sensible  proof  of  the 
annual  motion  of  the  earth,  as  the  deviation  of  falling  bodies 
does  of  its  rotation.     This  we  now  proceed  to  explain. 
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500.  Vision  appears  to  be  produced  by  the  impulse  of  lumi- 
nous particles  upon  the  nervous  membrane,  situated  in  the 
back  part  of  the  eye,  called  the  retina.  The  direction,  in 
which  these  particles  strike  the  globe  of  the  eye,  determines 
the  straight  line,  to  which  we  refer  the  situation  of  the  object 
from  which  they  emanate  ;  and  if  the  series  of  particles,  which 
compose  the  luminous  ray,  has  been  bent  in  its  course  by 
any  cause  whatever,  wc  suppose  the  objects  placed  in  the 
prolongation  of  their  last  direction,  as  is  the  case  in  atmo- 
spherical refraction. 

Let  us  now  suppose  an  observer,  at  rest,  to  receive  luminous 
rays,  which  proceed  from  the  object  to  the  eye  in  straight 
lines ;  this  observer  will  see  the  object  in  the  prolongation  of 
these  rays  and  in  their  true  place.  But  if  the  observer  him- 
self be  in  motion,  and  his  velocity  sufficiently  great  to  be 
compared  with  that  of  light,  the  eye,  by  the  effect  of  this 
motion,  would  itself  impinge  upon  the  luminous  particles ;  it 
would,  therefore,  receive  in  its  turn,  and  in  the  opposite  direc- 
tion, an  impulse  or  impression,  compounded  of  the  velocity  of 
light  and  its  own  velocity.  Accordingly,  the  luminous  parti- 
cles would  appear  to  this  observer  to  arrive  at  his  eye  in  a 
direction  different  from  their  true  coiuise. 


H    Thus,  if  a  person  on  board  a  steady  boat,  under  sail  or  pro- 
shelled  by  steam,  should  endeavour  to  bold  a  tube  so  as  to  catch 
Krops  of  rain  or  snow,  that  may  be  supposed  to  fall  perpen- 
Hiculaily,  he  would  be  obliged  to-  incline   the  tube  in   the 
airection  of  his  motion  in  order  that  the  drops  might  describe 
lines  parallel  to   the  axis,  that  is,  the   tube  must  form  the 
diagonal  of  a  parallelogram,  the  sides  of  which  would  be  the 
velocity  of  the  boat,  and  that  of  the  falling  drops. 

If  the  earth  have  really  a  progressive  motion  round  the  sun,  " 

it  must  produce  a  similar  eilect  upon  the  light  coming  from 
the  heavenly  bodies,  and  the  impression  of  this  light  upon  the 
eye  cannot  take  place  in  the  actual  direction  of  the  rays.  This 
is  what  actually  happens,  and  it  constitutes  what  is  called 
the  aberration  of  light.     Lei  us  endeavour  to  determine  the  i 

circumstances  of  the  phenomenon. 

The  problem,   considered  under   its  most  general   aspect,  ' 

resolves  itself  into  this  ;  the  body  from  which  the  light  comes    ^M| 
and  the  observer  being  both  in  motion,  according  to  any  given   p|^| 
laws,  it  is  required  to  determine,  at  each  instant,  the  angle     *-^ 
comprehended  between  a  visual  ray  drawn  to  the  apparent 
place  of  the  body,  and  one  drawn  to  its  true  place.  ' 

To  begin  with  the  most  simple  case,  let  us  first  suppose  the 
body  from  which  the  Ught  comes,  at  rest,  and  the  earth  only 
in  motion.  Then,  at  any  given  instant,  let  S  represent  the  Fig.ios. 
body,  and  T  the  earth,  both  being  considered  as  points.  The 
visual  ray  ST  represents  the  direction,  in  which  the  Ught 
actually  comes  from  the  body  to  the  earth.  But  the  observer 
will  not  see  the  body  in  this  direction  ;  for,  being  himself  in 
motion,  according  to  the  line  TT',  he  impinges  against  the 
luminous  particle  with  all  his  velocity ;  and,  as  he  believes 
himself  at  rest,  he  attributes  this  effect  to  a  proper  motion  in 
the  Ught  in  a  contrary  direction.  Hence  a  sensation  is  pro- 
duced compounded  of  the  real  velocity  of  the  particle,  in  the 
direction  ST,  and  the  supposed  velocity  in  the  direction  Tt, 
opposite  to  the  motion  of  the  earth.  This  composition  of 
motions  produces  in  the  eye  of  the  observer  an  impression, 
exactly  similar  to  that  which  would  have  taken  place,  if  he 
had  been  actually  at  rest,  and  the  luminous  particle  had  im- 
pinged upon  the  eye,  in  the  direction  of  the  resultant  of  the 
two  velocities.    Accordingly,  to  obtain  the  apparent  direction 
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of  the  visual  ray  TS',  we  proceed  upon  the  principle  of  A 
composilioti  ot'  forces,  and  lake,  in  tlie  prolongalion  of  tl 
true  ray  ST  begiiiniug  al  the  point  T,  a  line  Ts,  vhi 
represents  the  proper  velocity  of  liglit ;  then  in  Tt,  whi 
represents  the  earth's  motion,  and  in  a  direction  opposite 
this  motion,  we  take  a  line  7"  I,  rt-presenting  the  < 
velocity ;  and  lastly,  with  the  iiues  T  s  and  T  t,  we  c 
the  parallelogram  Rt  Ts.  The  diagonal  RTS'  of  this p 
allelogram.  being  indefinitely  produced,  will  be  tlie  appuc 
direction  of  the  visual  ray,  al  the  instant  the  observer  recem 
it ;  and  the  angle  STS',  formed  by  this  diagonal  and  thett 
visual  ray,  will  bs  the  aberration  wliich  light  undergoes] 
consequence  of  the  earth's  motion. 

We  pass  now  to  the  general  case,  in  which  the  observers 
Fig.i09.  the  body  are  both  in  motion.  At  the  instant  the  obsenr 
receives  the  impression  of  the  luminous  ray,  let  T"  represo 
the  earth,  and  iS  the  true  place  of  the  body.  Then  TS  i 
be  the  true  visual  ray.  But  the  himinous  particle,  wh 
reaches  the  earth  at  tills  instant,  will  not  have  emanated  iie 
the  body  in  this  direction;  for,  on  account  of  tlie  successil 
transmission  of  light,  when  the  body  is  in  5^,  the  light  whi 
it  emits  at  this  point  will  not  reach  the  earth  till  id"ler  a  a 
tain  interval.  To  determine  the  point  S",  whence  the  lumi- 
nous ray  emanated  which  arrives  at  the  cartli  in  7*,  ai  ihe 
instant  when  the  body  is  in  S,  it  is  necessary  to  go  back  :t 
little  in  the  orbit,  and  take  the  arc  SS',  equal  to  the  path 
described  by  the  body  during  thij  time  light  employs  in  pass- 
ing from  .S  to  7",  in  virtue  merely  of  its  motion  of  emission. 
Indeed,  when  the  body  is  in  S',  the  Ught  wliich  it  emits  in 
the  direction  iS' T'',  parallel  to  ST,  is  acted  upon  by  two  veloci- 
ties ;  one  is  the  motion  of  the  body  in  the  direction  S'S,  and 
the  oilier  the  motion  of  transmission,  in  the  direction  S'V, 
equal  and  parallel  to  ST.  These  two  velocities  may  be  re- 
presented by  the  straight  lines  S'S  and  iS"  V,  since  these  li 
express  the  effects  produced  in  the  same  uiterval  of  t 
Consequently,  if  we  construct,  on  those  lines,  the  paraJla 
gram  S'STV,  the  true  absolute  motion  of  the  particle  n 
lake  place  in  the  direction  S'T,  and  the  particle  will  r 
the  eartii  in  T,  at  the  instant  the  body  arrives  at  ; 
orbit. 
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This  construction  supposes  tha  arc  S'S  to  be  so  small,  that 
t  may  be  considered  as  rectilinear ;  and,  in  the  caaes  which 
►ccur  in  the  solar  system,  the  motion  of  bodies  ia  so  slow, 
tnpared  with  that  of  light,  that  the  supposition  involves  no 
^ptible  error, 

'  WQ  would  obtain  tliis  composition  at  velocities  about  the 
;  7",  as  in  the  case  first  considered,  it  wotild  be  necessary 
'Sraw  through  this  point  a  line  7*s'  parallel  to  iS5",  the  path 
I  the  body,  or  to  its  tangent  at  S",  and  in  the  direction  of  its 
wper  motion.  In  this  line  we  take  T  s'  to  represent  the 
slocity  of  the  body  in  S'.  In  the  same  manner  we  prolong 
be  direction  ST  of  the  true  visual  ray,  and  take  the  line  T a 
)  represent  the  velocity  of  transmission.  We  then  construct 
the  parallelogram  rsT^,  and  its  diagonal  r  T  will  be  the 
true  direction  of  the  luminous  ray,  wliich  reaches  the  earth  in 
T,  at  the  instant  the  body  is  in  S. 

Now  the  luminous  particle,  upon  arriving  at  T,  in  the  direc- 
tion S'T,  is  met  by  the  observer  with  all  the  velocity  of  the 
earth's  motion,  and  the  compound  sensation,  thus  produced,  is 
such  that  the  observer  does  not  see  the  body  in  S',  in  the  true 
direction  of  the  lummous  ray,  but  in  advance  of  this  direction, 
for  instance,  in  jS".  This  case  is  evidently  comprehended  in 
tliat  first  considered.  To  find  the  direction  of  the  apparent 
ray  TS",  a  composition  is  necessary  between  the  resultant 
Tr,  which  indicates  the  true  direction  of  the  luminous  ray, 
and  the  velocity  tT  oi  tlie  earth,  taken  in  a  contrary  direction 
to  its  actual  motion ;  in  other  words,  we  must  obtaui  the 
resultant  at  the  point  T  of  the  three  velocities  T  s,  Ts",  Tt^ 
of  light,  the  body,  and  the  earth  ;  the  two  first  being  taken  in 
their  actual  directions,  and  the  last  in  a  direction  opposite  to 
its  actual  motion.  This  resultant  will  express  the  direction 
TR  of  the  apparent  ray  ;  and  the  angle  STS",  formed  be- 
tween this  ray  and  the  line  TS,  drawU;  at  the  same  instant, 
from  the  eye  of  the  observer  to  the  true  place  of  the  body, 
will  express  the  aberration  sought. 

Let  us  now  endeavour  to  unite  all  the  elements  of  this 
calculation,  and  then  compare  the  resntts  with  the  aberra- 
tion. 

It  is  proved  by  the  eclipses  of  Jupiter's  satellites,  that  light 
employs  8'  13"  in  passing  through  the   mean  radius  of  the 
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earth's  orbit.  For  the  sake  of  simplicity,  we  shall  first  en- 
aider  the  orbit  as  circular,  and  neglect  the  inequalities  "; 
the  annual  motion.  This  motion,  upon  the  hypothesis  unde 
consideration,  is  to  be  attributed  to  the  earth  ;  which  l)^ 
scribes  in  its  orbit,  in  the  space  of  8'  13",  a  small  arc  equal  to 

3^6^11^"'  or  20,2^'.     The  velocity  of  the  earth,  Iher^ 
Top.  148  fore,  is  to  the  velocity  of  light,  as  20,23"  is  to  206264,80",  the 
value  of  the  radius  expressed  in  seconds. 

Accordingly,  by  supposing  the  primitive  direction  of  to 
perpendicular  to  the  earth's  radius,  as  it  would  be,  if,  iiii 
example,  the  body  from  which  it  comes  be  situated  in  the  pol« 
of  the  ecliptic,  and  at  an  infinite  distance,  the  apparent  direc- 
tion of  the  ray  will  be  the  hypothenuse  of  a  right-angled  tri- 
angle, of  which  one  side,  perpendicular  to  the  ecliptic,  would fae 
206264,80",  and  the  other,  situated  in  the  plane  of  the  ecliptie, 
20,23"  ;  so  that  the  angle  of  aberration  will  have  for  its  trigo- 
nometrical tangent  '  ;  and  as  the  denominator  is  lU 

radius  reduced  to  seconds,  it  is  evident  that  the  value  of  the 
angle  itself  will  be  20,26".  This  is  the  greatest  possible  dcvi 
Btion.  A  similar  calculation  will  give  the  quantity  of  aberr*- 
lion  in  any  other  case.  As  the  earth  passes  through  its  01 
about  the  sun,  and  continually  changes  its  direction,  it  tt' 
evident  that  the  luminous  ray,  moving  constantly  before  it, 
must  also  change  its  direction  with  it.  Hence  it  follows,  thai 
we  never  see  the  heavenly  bodies  in  their  true  places;  that, 
in  consequence  of  this  aberration,  the  apparent  place  must 
oscillate  about  the  true  one,  and  that  the  period  of  these  osdi- 
lations  must  be  exactly  a  year. 

The  earth's  motion  of  rotation  must  produce  analogous 
effects ;  but  this  motion  being,  even  at  the  equator,  only  ^  of 
the  amiual  motion  about  the  sun,  the  effect  must  be  less  in 
the  same  proportion,  and  may,  therefore,  be  neglected  in  the 
first  approximation.  • 

501,  These  very  remarkable  phenomena  are  necessary  con- 
sequences of  the  earth's  annual  motion ;  let  us  see  whether 
they  are  confirmed  by  observation. 

We  find  in  fact  that  they  are  so  very  exactly.  All  the 
stars  appear  to  describe  annually  in  the  heavens  small  ellipses, 
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llic  dimensions  qI"  which  are  precisely  those  which  result  Jrom 
the  preceding  llieory. 

To  verify  this  fact,  we  observe,  each  month,  the  declination 
and  riglit  ascension  of  a  star,  and  make  allowance  for  the 
changes  which  result  from  precession  and  nutation.  If  the 
star  has  no  other  motion,  real  or  apparent,  it  must  be  found, 
after  thiese  corrections,  always  in  the  same  place ;  but  this  is 
ncYcr  the  case. 

Take,  for  example,  the  variations  in  declination  and  right 
ascension  of  the  three  very  bright  sttus,  Regulus,  Capella,  and 
l>yra,  observed  at  Paris,  each  month  during  a  year.  The  sign 
-|-  indicates  increase  :  and  —  diminution. 


l-,nsil.doorU 

tSat. 

C),.r«., 

Chuin  >.  DecLinilion.              | 

KcguluB. 

Capell.. 

n.jm.  J 
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C.p«ll.. 

J,,™. 

•Veraaloq.    I 

0,00 

0,00 

6,00 

6,00 

6,00 

6,00 

Illl 

—16,94 

-13,99 

.13,09! 

-  2,0£ 

-2,7S 

-  1,59 

m 

-17,17 

-20,70 

■23,491 

-  6,1£ 

-6,71 

-7,39 

SltRI.  sol. 

w 

— 26,0S 

-20,99 

.28,19 

-  9,.5l 

-10,7! 

.15,88 

l-JU 

—33,37 

-14,0« 

.26,41 

.11,« 

— 13,8« 

-24,88 

m\ 

—35,51 

-  I,3« 

-  -18,21 

-I2,lil 

— 15,1C 

431,83 

Am.  eq. 

ISO 

-32,40 

-  -13,51 

-  -  5,91 

-11, 4C 

-14,1( 

-31,99 

210 

-24,88 

-  -26,2* 

—  7,1( 

-  8,68 

-ll,4C 

.33,37 

240 1—15,20 

--34,06 

— 11,5( 

-  ft  If 

-7,4E 

.27,60 

Wint.  aol. 

270  —  5,70 

--34,41 

— 22,lt 

-  1,8J 

-3,41 

L19,I2 

300 1+  1,00 

--27,28 

—20,^ 

—  0,47 

—  0,3S 

rl0,08 

330-1-  3,11 

--14,71 

—12,18—  1,2( 

-f  0.91 

r  8,01 

360 1      0,00 

0,00 

0,00l      0,001      0,00 

0,00  1 

Each  observation,  represented  by  the  numbers  of  this  table, 
is  a  moan  between  those  of  several  consecutive  days.  We 
hnve  chosen  tliose  stars  which,  like  Capella  and  Lyra,  pass  the 
meridian  near  the  zenith  of  Paris,  in  order  that  the  irregularity 
of  refraction  inight  not  be  resorted  to,  as  a  possible  cause  of  the 
variations  in  declination.  As  to  the  variations  in  right  ascen- 
sion, they  are  determined  by  the  transits  of  the  stars  over  the 
meridian ;  and,  that  the  changes  might  not  be  attributable  to 
errors  of  obs^vation,  we  have  selected  those  stars  whose  vari- 
ations arc  in  opposite  directions,  so  that  it  is  absolutely  Impos- 
sible to  cntertahi  any  doubt  as  to  the  result. 

*  This  eiiuinox  is  taken  ns  the  point  of  departure,  arid  the  mcresse 
in  right  ascension  and  declination  of  ihc  star  is  reckoned  from  the 
values  whicii  they  then  had. 

Astrmi.  43 
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To  lender  the  progress  af  the  raziations  more  intelligibk, 
let  us  construct  the  curve  which  they  represent.  The  yaryh 
tions  being  themselves  very  small|  the  curve  must  also  be 
very  small ;  and  we  may  therefore  project  it  on  the  con- 
cavity of  the  heavens,  as  on  a  plane  surface.  Then  escb 
position  of  the  star  will  be  referred  to  two  rectangular  ooocdi* 
natesi  having  for  their  origin  the  appar^it  position  of  tbs  itar 
at  the  instant  of  the  equinox,  which  we  have  taken  n  the 
point  of  departure.  One  will  be  the  change  of  declinaliDQ 
from  this  instant ;  the  other  will  be  the  difference  of  n|^ 
ascension  reduced  to  the  origin  of  the  coordinates,  that  is, 
multiplied  by  the  cosine  of  the  declination.  The  method  is 
the  same  as  that  we  pursued  in  calculating  the  small  ellipse 
of  nutation. 

This  construction  gives  figures  110,  111,  112.  These  are 
ellipses  piore  or  less  flattened,  and  having  different  indiur 
tions.  Tbat  of  Lyra  approaches  very  nearly  to  a  circle ;  that 
of  Gapella  is  sensibly  flattened,  and  that  of  Regulus  is  almost 
a  straight  line.  But  the  length  of  their  nugor  axes  is  always 
the  same,  and  equal  to  40, 6''. 

By  comparing  these  results  with  the  latitudes  of  the  stars, 
we  find  that  the  flattening  of  the  ellipse  increases  according 
as  the  star  is  nearer  to  the  plane  of  the  ecliptic. 

o      /      // 
The  latitude  of  Lyra  in  1800  was  61  44  44 

"  Capella      "  22  51  44 

"  Regulus     "  0  27  30 

The  first,  therefore,  is  very  distant  from  the  plane  of  the 
ecliptic,  and  the  last  nearly  in  this  plane. 

602.  TPhese  results  agree  perfectly  with  the  theory  deduced 
from  the  motion  of  the  earth.  According  to  this  hypothesis, 
Fig.iis.  let  T"  T^'  T*"  represent  the  ellipse  annually  described  by  the 
earth  about  the  sun,  designated  by  ^.  Let  E  fbpresent  the 
true  place  of  a  star,  situated  at  any  altitude  whatever  above 
the  plane  of  the  ecliptic,  which  is  here  that  of  the  figure. 
The  luminous  rays  ET,E  T',  E  T",  coming  from  this  star 
to  the  difierent  points  T,  T",  T"  of  the  earth's  orbit,  may 
be  regarded  as  parallel  to  each  other ;  for  this  orbit,  seen  from 
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one  of  iho  stars,  would  subtend  so  small  an  angle,  that  it  may 
be  considered  as  a  point.  This  being  premised,  let  us  deter- 
mino  the  position  of  the  apparent  ray,  when  the  earth  is  at  7". 
For  this  purpose  we  take,  in  the  true  direction  of  the  ray,  a 
straight  Une  7"  e,  which  represents  the  proper  velocity  of 
hght ;  then  from  the  poml  e,  we  draw,  parallel  to  7*  (',  which 
represents  the  direction  of  the  earth's  motion,  a  line  ee'  to  re- 
proseut  its  velocity ;  and  the  diagonal  Te'  will  be  the  apparent 
direction  of  the  luminous  ray.  If  we  repeat  the  same  con- 
struction, when  the  earth  is  at  7*'  and  3""',  the  length  and 
direction  of  the  lines  T"  e,  T"'  e,  which  represent  the  velocity 
of  light,  will  be  the  same  as  before ;  but  the  direction  and 
length  of  the  lines  e  e*,  e  e",  which  represent  the  velocities  of 
the  earth,  will  change,  because  the  direction  and  velocity  of 
the  earth's  motion  are  different  in  different  points  of  its  orbit. 
These  lines,  however,  will  always  remain  parallel  to  the  eclip- 
tic, since  the  direction  of  the  earlh's  motion  is  always  in  this 
plane.  The  apparent  rays  will  thus  form  about  the  true  ray, 
'T'E^  T"E,  T"'E,  a  conical  surface,  having  this  ray  for  its 
axis,  and  having  its  base  parallel  to  the  ecliptic,  and  termi- 
nated by  a  plane,  oval  curve,  the  radius  vectors  of  which  will 
he  the' velocities  of  the  earth  in  its  orbit.  K  we  confine  our- 
selves to  the  first  power  of  the  eccentricity  of  the  earth's  orbit, 
which  is  always  sufficient  for  calculating  the  aberration,  the 
curve  of  the  velocities,  constructed  in  this  manner,  will  be  an 
ellipfec,  similar  to  that  described  by  the  earth,  but  situated  at 
right  angles  to  it.  It  has  for  its  focus  the  mean  place  of  the 
star  ;  and  the  point  nearest  the  focus,  or  what  may  be  called 
its  periaster,  being  seen  from  the  mean  place  of  the  star,  has 
its  longitude  equal  to  that  of  the  aphelion  of  the  earth's  orbit, 
plus  a  right  angle.  This  same  ellipse  evidently  serves  as  a 
base  to  all  the  cones  of  the  apparent  visual  rays,  whatever  be 
the  position  of  the  star  to  which  they  belong  ;  but  the  section 
of  these  cones,  perpendicular  to  their  axes,  and  representing 
the  apparent  orbit  of  the  star,  seen  from  the  earth,  varies  with 
their  obliquity  to  (he  ecliptic.  If  we  confine  ourselves  to  the 
first  power  of  the  eccentricity  of  the  earth's  orbit,  this  inter- 
section is  still  an  ellipse,  having  its  major  axis  parallel  to  the 
plane  of  the  ecliptic,  and  constant  for  all  the  stars.  The 
visaat  angle,  which  it  subtends  on  the  celestial  sphere,  ie  equal 
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to  40,5",  that  is,  double  the  ^eatesl  value  of  the  aberraiion. 
The  minor  axis  is  to  tlie  mnjor,  as  the  Bine  of  the  latitude  M 
mdius.     The  star  appears  in  the  major  axis,  when  the  axis  of 
the  cone  becomes  perpendicular  to  the  direction  of  the  eaithi 
velocity.     It  appears  in  the  minor  axis,  when  the  ajds  of  the 
cone   makes  the  smallest  possible   angle  with   this  velocitv, 
which  takes  place,  when  the  direction  of  the   earth's  miydon 
becomes  parallel  to  the  circle  of  latitude  drawn   through  the 
star.     If  we  neglect  the  eccentricity  of  the  earth's  orbit,  the 
direction  of  the  earth's  velocity  is  always  perpendicular  to  tbs 
radius  vector,  drawn  from  the  earth  to  the  sun.     Then 
star  appears  in  the  major  axis  of  its  ellipse,  when  it  is  in  op] 
sition  or  conjunction  with  respect  to  the  sun ;  and  it 
in  the  minor  axis  at  the  quadratures,  when  its  longitude  dilfe 
from  the  sun's  by  90°.     In  general,  its  apparent  position 
any  given  instant  may  be  easily  assigned  by  the  foregoi 
theory,  and  the  result  is  always  found  to  agree  with  ol 
vation. 

We  have  several  times  observed,  that  when  a  simple 
ELud  one  which  is  capable  of  a  mathematical  enunciation, 
isfies  a  great  number  of  independent  observations,  with  the- 
exception  of  some  slight  irregularities  and  variations,  this  law 
may  be  regarded  as  more  exact  tbaji  the  observations  ihcm- 
selves,  and  may  be  employed  to  correct  them.  This  is  tJie 
case  with  the  phenomenon  of  aberration.  Since  it  agrees  so 
well  with  all  the  observatioua  of  the  stars,  we  cannot  doubt 
its  reality.  If  then  we  consider  its  existence  as  demonstmted, 
its  exact  measure  is  to  be  determined,  not  from  a  single  obsei- 
vatiou,  but  by  a  variety,  in  order  that  the  errors,  if  there 
any,  may  be  compensated  and  destroyed  in  the  mean  result. 

For  this  pm'pose  we  must  begin  with  admitting  the  fact 
and  the  cause  of  the  abereation,  as  now  explained  ;  and  then, 
with  these  data,  proceed  to  constmct  formulas  which  shall 
express  the  apparent  motions  of  any  star,  whose  position 
known.  The  whole  process  is  founded  on  the  single  princi] 
of  the  composition  of  forces. 

But  this  only   fixes  the   law  of  these  variations ;   it  still 
remains  to  determine  their  absolute  numerical   value.    For, 
although  we  might  deduce  it  from  the  velocity  of  the 
compared  with  that  of  light,  as  ascertained  by  the  eclipses 
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bpiter's  satellites,  yet,  since  this  supposes  the  motions  of  the 

IBtelliles  perfectly   knoivii,   some  doubt  might  remain  with 

sspect   to  the  accuracy  of  the  results  thus  obtained.     We 

JCeed  then  to  determine  it  simply  from  observations  of  the 


r  this  purpose  we  reverse  the  problem.  We  suppose  the 
inges  of  the  apparent  places  of  several  of  the  stars,  in  decli- 
lion  and  right  ascension,  to  have  been  accurately  observed. 
Wa  make  these  results  equal  to  the  algebraic  expressions, 
rbich  represent  them  according  to  the  theory ;  then  the  abso- 
nte  quantity  of  the  aberration  is  the  only  imknown  quantity ; 
nd  each  equation  of  this  kind  will  enable  us  to  determine  it. 
tat  to  avoid  the  small  errors  to  which  observations  are  liable, 
form  a  great  niunbei  of  equations  of  this  kind,  several 
kpusand,  for  example,  and  take  the  mean  of  the  whole.  It 
0  evident,  that  to  obtain  the  utmost  accuracy,  the  changes 
Krved  must  be  the  greatest  of  those  to  which  the  star  is 
ttbject. 

Such  was  the  course  pursued  by  the  celebrated  astronomer, 
h,  Bradley,  to  whom  we  are  indebted  for  the  discovery  of 
be  phenomena  of  nutation  and  aberration.  In  the  memoir,  in 
wliich  he  gave  an  account  of  this  last,  he  relates  that  he  ob- 
served for  a  long  time  the  zenith  distances  of  a  great  number 
of  stars,  with  a  mural  quadrant  of  12  feet ;  and  that  he  after- 
ward corrected  these  distances  for  the  precession  of  the  equi- 
noxes. Nutation  was  not  then  known,  but  the  variations  on 
this  account  are  very  small  in  the  interval  of  a  year.  The 
corrections  being  made,  he  fotmd  that  the  greatest  annual 
variations  in  declination  were  as  follows ; 

For 
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of    Draco 

39' 

1 

"     Ursa  Major 

36 

a 

"     Cassiopeia 

34 

a 

"     Perseus 

23 

J 

"     Perseus 

25 

(» 

"     Draco 

39 

35 

"     Camelopardalis 

19 

Capella 

16 
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By  making  these  results  equal  to  iheit  algebmic  t 
dons,  he  obtained,  for  the  major  axis  of  the  ellipse  of  si 
ration,  the  following  values; 


of    Ilraco 

40,1 

"     Ursa  Major 

40,1 

"     Cassiopeia 

10,8 

"     Perseus 

10,2 

"     Perseus 

41,0 

"     Draco 

10,2 

"     Uanielopardalis 

10,2 

Capella 

10,0 

Mean  40,4 

By  combining,  in  tliis  manner,  several  thousand  obs 
tiofts  of  Dr.  Maskelyne,  and  correcting  for  the  annual  cha 
of  nutation,  M.  Deloinbre  obtained  for  the  result  40,492"; 
also  obtained  one  precisely  similar  by  a  profound  exi 
tion  of  a  great  number  of  Jupiter's  satellites. 

Hitherto  we  have  considered  only  the  aberration  of  ligd 
arising  from  the  progressive  motion  of  the  earth  in  its  or 
If  it  be  true,  as  numerous  considerations  seem  to  indicate,  I 
the  diurnal  motion  of  the  heavens,  is,  in  like  manner,  only  fl 
appearance  caused  by  the  actual  rotation  of  the  earth  on  f 
axis,  in  a  contrary  direction,  this  motion  must  also  produce  an 
aberration  in  proportion  fo  its  velocity,  much  less  consequently 
than  the  former,  but  yet  worthy  of  being  subjected  to  calcu- 
lation, if  it  were  only  for  the  purpose  of  being  assured  tli.i; 
it  is  insensible.  We  proceed  in  this  case  also  upon  the  ssnn 
principle  of  the  composition  of  forces,  and  we  thus  obtain  m 
expression  for  the  effect  in  question  upon  the  right  ascensiou 
and  declination  of  the  heavenly  bodies.  But  this  effect  is  so 
minute,  that  it  has  hitherto  been  confounded  Avith  the  errors  of 
observation. 

If  from  the  earth  we  pass  to  the  other  bodies  which  com- 
pose our  system,  it  is  obvious  that  the  proper  motions  of  these 
must  also  be  impressed  upon  the  hght  which  they  send  to  us, 
and  hence  must  result  another  species  of  aberration.  These 
effects,  and  all  others  of  a  like  nature,  are  calculated  upo|L  the 
same  principles.    We  consider  all  the  motions  of  the  observer 


and  of  the  body,  from  which  the  light  comes,  as  so  many- 
forces  acting  upon  the  luminous  panicles  j  and,  upon  the  prin- 
ciijle  of  the  composition  of  forces,  wc  deterniino  the  direction 
of  llio  resuUant,  to  wliich  the  observer  always  refers  the  lumi- 
nous particles  which  enter  the  eye. 

Finally,  if  the  solar  system  be  also  in  motion  in  space,  by 
virtue  of  a  primitive  impulse,  common  to  all  the  bodies  of  the 
system,  as  the  rotation  of  most  of  these  bodies  would  lead  us 
to  believe,  the  velocity  of  this  motion  of  translation,  combined 
with  the  preceding,  and  with  the  proper  velocity  of  light,  will 
produce  still  another  species  of  aberration.  But  the  displace- 
ment of  the  planetary  system,  although  very  probable,  is  not 
yet  rendered  sensible  by  modem  observations,  the  only  ones 
which  arc  sufficiently  exact  to  enable  us  to  calcutaie  its  direc- 
tion and  velocity.  Accordingly,  until  we  are  able  to  deter- 
mine these  two  elements,  the  unequal  aberration,  which  this 
motion  must  produce  with  respect  to  the  different  stars,  in 
consequence  of  their  different  positions,  will  be  confounded 
with  their  proper  motions,  without  our  being  able  to  BCparate 
them. 

603.  As  yet  we  have  only  considered  the  velocity  which 
light  receives  from  the  motion  of  the  heavenly  bodies,  of 
which  it  partakes.  But  we  know  by  experiment  that  all 
transparent  bodies,  through  which  hght  passes,  modify  its 
velocity  by  their  action.  Thus  the  atmosphere  which  sur- 
rounds us  increases  the  velocity  of  the  luminous  particles, 
which  enter  it  from  void  space.  This  velocity  is  also  very 
sensibly  changed  by  passing  through  the  glasses  of  our  tele- 
scopes and  the  humors  of  the  eye.  Among  all  these  veloci- 
ties, which  shall  we  select  to  be  compounded  with  the 
motion  of  the  earth  f  Is  astronomical  aberration  liable  to  bo 
affected  by  all  such  causes,  or  is  it  independent  of  them? 
These  are  questions,  which,  on  account  of  the  frequency  of 
their  occurence  and  the  consequences  they  involve,  deserve  to 
lie  seriously  discussed. 

Thai  the  problem  may  not  be  too  complicated,  let  na 
neglect  for  the  present  the  action  of  the  atmosphere,  as  it  ta 
very  inconsiderable.  It  will  be  shown  hereafter  that  this  ac- 
tion, whatever  be  its  intensity,  can  have  no  influence  upon  the 
phenomena  of  aberration. 
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Almost  all  astronomical  obscnrations  consist  in  detennini 
the  instant,  when  the  centre  of  a  heavenly  body  is  conceali 
by  a  wire  which  moves  with  the  earth,  but  whose  position 
its  surface  is  known.     Such  are  the  wires  of  our  microme 
Let  us  first  consider  how  these  occultations  take  place,  regaid| 
being  had  to  the  simultaneous  motions  of  light  and  the  earth; 
and,  to  simplify  the  problem,  let  us  leave  the  glasses  of  tfai 
telescope  out  of  the  question,  and  consider  the  observatiaa  as 
made -with  the  naked  eye. 

Supposing  the  observer  to  look  through  a  tube,  the  am  of 
which  is  determined  by  fine  wires  crossing  each  other  at  its 
extremities ;  our  object  is  to  find  the  real  direction  of  this  axis 
in  space,  when  the  centre  of  the  heavenly  body  is  concealed 
behind  the  intersection  of  the  wires. 

We  have  said,  that  this  direction  is  precisely  that  of  the 
Fig.114.  resultant  of  the  two  velocities  of  light  and  the  earth  in  space. 
For  instance,  let  <S  be  the  body  from  which  the  light  comes ; 
ST,  ST,  the  real  direction  of  the  luminous  rays,  and  TP 
the  length  of  the  tube  employed.  If  the  observer  at  T  directs 
the  tube  according  to  the  resultant  of  the  two  velocities,  the 
lines  TT,  TF,  will  be  proportional  to  these  velocities. 
Consequently,  if  there  is  no  obstacle  in  the  interior  of  the  tube, 
the  luminous  particle,  entering  it  at  F,  in  the  direction  SF,  ! 
will  pass  freely  tlirough  it,  as  it  moves  parallel  to  itself;  and 
this  particle  will  arrive  at  T,  at  the  instant  the  earth  arrives 
there.  Reciprocally,  if  the  luminous  particle  passes  freely 
along  the  axis  of  the  tube,  we  must  conclude  that  this  axis 
is  directed  parallel  to  the  resultant  of  the  two  velocities, 
for  this  position  is  the  only  one,  in  which  the  particle  could 
pass  through  the  tube  without  encountering  its  sides.  Now 
this  case  is  always  that  which  takes  place,  when  we  see  the 
body  at  the  intersection  of  the  wires.  The  luminous  par- 
ticle intercepted  is  then  the  same,  which  would  have  come 
to  the  observer  at  T,  in  the  direction  ST;  and,  as  all 
those  which  precede  it  come  to  the  eye,  it  is  at  the  point  T 
only,  that  the  eye  perceives  the  interruption  of  the  luminous 
ray. 

If  we  compare,  under  these  circumstances,  the  apparent 
motion  of  the  luminous  particle,  coming  from  the  body,  with 
that  of  the  luminous  particles,  coming  from  the  wires,' which 
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Btermine  the  axis  of  the  tube,  we  shall  find  that  these  two 
^cnotions  are  absohitely  the  same.     For,  at  the  moment  the 
liijht  from  the  body  arrives  at  F,  the  entrance  of  the  tube,  in 
"tthe  direction  SF  aiid  with  the  velocity  F'P,  if  we  suppose 
*he  wire,  placed  at  F,  at  this  same  momont  to  emit  a  lunii- 
a^ous  particle  with  the  same  velocity  in  the  same  direction, 
Chese  two  particles  will  necessarily  accompany  each  other  from 
-J"^  to  7",  and  will  arrive  at  the  eye  at  the  same  time  and  in 
"•he  same  direction. 
^B    If  we  would  consider  simply  the  relative  motion  of  these 
^^■Vo  particles,  with  respect  to  the  observer,  we  have  only  to 
^Becomposc  theh  proper  velocity  .VF  iuto  two  others,  (  F  and 
^^Vi^,  the  first  being  equal  and  parallel  to  the  motion  of  the 
^^brth ;  then  the  other,  S'F,  will  express  their  apparent  direc- 
^^Hm  and  velocity  ;  for  the  observer  always  leaves  out  of  con- 
^HUeralion  the  motion  which  is  common  to  himself  and  the 
^^bject  observed.     Thus  the  two  particles  would  still  pass  the 
^^Hk  together  as  before. 

^^Blf  now  we  suppose  any  cause  to  act  upon  the  two  rays,  in 
^^Be  direction  of  the  comjiouent  S'F,  so  as  to  increase  their 
^^pelocity,  it  is  evident  that  this  would  produce  no  chEinge  in 
^Hbeir  direction,  with  respect  to  the  movable  axis  of  the  tube ; 
^^kily  they  would  arrive  at  the  eye  a  little  sooner  than  be- 
^^Bre.  Thus,  when  a  musket  is  properly  aimed  by  a  skilfid 
^^■■rksman,  the  ball  always  reaches  its  destination,  whatever 
^^Be  force  of  the  charge  ;  only  this  is  effected  sooner  or  later, 
^^■bcording  as  the  force  is  greater  or  less. 

^^^  Such  precisely  is  the  effect  produced  by  the  object-glasses 
^Hf  our  telescopes  upon  the  apparent  rays,  and  such  is,  in  gen- 
^Hpd,  the  effect  of  all  the  refracting  media  employed  in  the 
^Hbnstruction  of  these  instruments.  The  extreme  surfaces  of 
^Hhe  media  being  perpendicidar  to  the  optic  axis  of  the  tube, 
^^fcd  consequently  to  the  direction  of  the  apparent  ray,  they 
^^Krve  only  to  accelerate  its  velocity,  but  do  not  change  its 
^^Hative  direction  with  respect  to  the  observer.  For  example, 
^^fc  our  common  astronomical  telescopes,  where  the  wires  of 
^Hbfi  micrometer  aro  placed  at  the  focus  of  the  object-glass,  the 
^Hburse  of  the  lumuioiis  particle,  coming  from  the  object,  is 
^H|nt  accelerated  m  traversing  the  object-glass;  then,  at  its 
^HBDei^ence,  it  receives  the  velocity  which  it  liad  before.  It 
^B    Astron.  44 
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experiences  a  similar  increase  in  traversing  the  eye-glass,  a^| 
resumes  ils  primitive  velocity  at  its  emergence  ;  but,  diini^| 
this  whole  passage,  and  notwithstanding  all  these  vaiiatio^H 
of  Telocity,  its  apparent  direction  does  not  change  ;  it  remo^H 
constantly  the  same  as  that  of  the  luminous  particles,  wiii(^| 
emanate  from  llie  wire  of  the  micrometer,  with  the  saa^| 
velocity,  whether  absolnie  or  relative,  and  the  same  diree^| 
tion.  In  a  word,  the  moment  we  decompose  the  properT 
velocity  of  light  into  two  directions,  of  which  one  is  eqnil  I 
and  parallel  to  the  velocity  of  the  earth,  the  luminous  panicle  | 
becomes  a  terrestrial  object ;  only  its  apparent  velocity  is  O^M 
Tig.ui.  that  of  ordinary  light ;  it  is  represented  by  .S'/"^.  ^M 

We  see,  then,  that  the  increase  of  velocity,  produced  m  Im^H 
nous  particles  by  optical  instruments,  parallel  to  their  appamH 
direction,  has  no  edect,  except  to  hasten  the  instant  of  tbi^| 
arrival.  But,  as  the  velocity  of  Hght  is  extremely  great,  t^H 
absolute  time  employed  in  traversing  our  longest  tnstnunfll^H 
is  insensible  to  our  organs,  and  consequently  the  acceleratie^| 
produced  between  the  object-glass  and  the  eye,  is  ]ikevi^| 
insensibU.  If  we  were  to  form  object-lenses  of  5ubstane^| 
having  the  greatest  refracting  power;  if  we  were  to  fill  dl^| 
tube  with  water,  as  Boscovich  proposed ;  or  even  if  we  wi^| 
to  make  this  tube  of  diamond,  which  accelerates  the  reJoci^| 
of  light  more  than  any  other  known  substance,  still  the  accc^| 
eration,  thus  produced,  would  not  make  the  luminous  particleM 
visible  a  hundred  thousandth  part  of  a  second  sooner ;  andfl 
consequently,  would  not  vary  by  the  himdred  thousandfifl 
part  of  a  second  the  instant  when  the  object  would  be  acls-^ 
ally  found  in  the  apparent  direction  above  determined.  I 

But  if  we  observe   the  luminous  particle  coming  from  itoj 
object  through  a  medium,  whose  refracting  action  is  not  ejj 
I  e'rted  parallel  to  the  apparent  direction  of  the  ray,  for  exanpl^l 

through  prisms,  which  cause  a  deviation  in  the  luminous  rsfM 
we  must  perceive  this  small  difference  of  velocity,  which  dis- 
tinguishes the  apparent  direction,  from  that  which  the  light 
would  have  taken,  in  virtue  simply  of  its  motion  of  emissioa ; 
for  the  deviation,  which  these  bodies  produce,  differs  from  that 
which  they  would  produce  upon  a  ray  of  light,  emitted  natu- 
rally through  a  terrestrial  body  in  this  same  direction.  By 
accurately  observing  this  difference  of  deviation,  we  can  de- 
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duce  from  it,  by  calculation,  the  difiereuce  of  the  velocities 
and  their  ratio.  Then,  in  the  parallelogram  S  t  FS',  we  know 
the  ratio  of  the  side  Fii,  which  expresses  the  proper  velocity 
of  light,  to  ihe  side  ti'P,  which  expresses  its  apparent  velocity. 
We  know  also  the  angle  S'SF,  comprehended  between  the 
direction  of  the  earth's  motion  and  the  real  luminous  ray  at 
Ihe  instant  of  observation.  With  these  data  we  caii  calculate 
the  ani^le  of  aberration  SFS',  and  the  ratio  of  the  sides  SF 
mid  &'.S",  which  represent  the  proper  velocity  of  light,  and 
that  of  the  earth.  By  repeating  the  process  for  different  stars, 
■we  can  determine  whether  the  proper  velocity' of  hght  is  the 
same  for  each.  We  may  even  hope  lo  render  sensible  the 
small  difference  of  velocity,  which  takes  place  in  the  motion 
of  the  earth  at  different  seasons  of  the  year,  in  consequence  of 
the  cllipticity  of  its  orbit.  This  method,  which  determines 
the  aberration  by  observations  made  with  the  prism,  would 
seem  to  be  the  more  exact,  since,  by  increasing  the  re&acling 
angle  of  the  prism,  we  increase  the  deviation  which  it  pro- 
duces, so  as  to  render  il  much  greater  than  the  natural  value 
of  the  angle  of  aberration  observed  directly.  At  the  suggestion 
of  Laplace,  this  method  was  employed  by  M.  Arago ;  but  he 
found,  very  differently  from  what  we  should  expect,  that  all 
light,  whether  terrestrial  or  celestial,  direct  or  reflected,  un- 
dergoes exactly  the  same  deviation,  whatever  be  the  direction 
in  which  it  is  emitted.*  It  might  be  thought  that  this  anomaly 

"  The  prism,  which  M,  Arago  u»ed  in  his  experiments,  waa  placed 
befure  the  object-glasa  of  a  repeating  circle,  in  such  a  manner  as  to 
cover  only  a  part  of  it,  so  that  he  could  observe  successively  the 
direct  liuBinous  lay  through  the  telescope  simply,  and  the  same  ray 
deflected  by  the  priam.  In  taking  an  account  of  the  time  at  which 
the  two  observations  were  made,  the  heavenly  body  was  reduced,  by 
calculation,  to  the  same  height  above  the  horizon.  The  ditTerence  of 
die  angles,  observed  directly  and  through  the  prism,  would  give  the 
deviation  experienced  by  the  luminous  ray.  By  observing  thus  the 
stars  of  the  ecliptic,  which  pass  the  meridian  at  six  o'clock  in  the 
evening,  the  earth,  which  turns  upon  its  own  axis,  as  well  as  about 
ihe  sun  from  west  to  east,  would  proceed  in  its  orbit  in  the  same 
direction  with  the  liglit  of  tHbse  stars,  and  consequenUy  this  light 
would  have,  upon  'arriving  at  the  prism,  only  the  di&rence  of  the 
two  velocities.     The  contrary  would  take  place  with  reapect  to  stare. 
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was  owing  to  the  difficulty  of  observing  exactly  ihe  centre 
the  refracted  ima^e,  since,  in  these  experiments,  the  action 
the  prisms  always  decomposes  the  light,  and  dilates  the  ii 
of  the  luminous  point,  in  the  form  of  nn  oblong  colored  s] 
trum.     But  no  such  cause  of  error  existed  in  the  experitna 
of  M.  Arago ;  he  made  use  of  an  achromatic  prism,  < 
of  flint  and  crown  glass,  adapted  to  each  other  in  suchanu 
ner  as  to  recompose  the  light  with  great  exactness ;  w  ll 
the  image  of  the  heavenly  body,  seen  through  this  prism,  i 
almost  as  much  concentrated  as  if  it  had  been  observed  ihraaj 
media  with  parallel  faces. 

This  equality  of  deviation,  which  appears  at  first  TievJ 
rectly  contrary  to  Newton's  theory,  admits,  noverthelesf, ) 
being  referred  to  it,  as  M.  Arago  has  shown,  by  supposinf  ti 
luminous  bodies  send  out,  in  all  directions,  particles  of  Ugfc 
endued  with  an  infmity  of  different  velocities,  among  wla 
there  is  only  one  which  is  suited  to  oiu  organs,  and  which  a 
produce  in  us  the  sensation  of  light-  This  idea  agrees  wi 
a  discovery  made  some  years  since  by  Sir  W,  Herscbli 
namely,  that  when  wo  decompose  light  by  a  prism,  there  a 
without  the  colored  spectrum,  invisible  rays,  which  cause 
higher  temperature  than  the  luminous  rays  themselves,  aot^ 
which  are  even  capable  of  producing  chemical  effects,  as  Dr. 
WoUaston  and  M.  Ritter  have  since  observed.  But,  o 
other  hand,  if  we  admit,  that  each  point  of  a  body  sends  an 
infinite  number  of  particles  of  different  velocities  in  the  same 
direction,  it  would  seem  that  many  of  these  particles  must 
impinge  against  each  other,  in  their  passage  from  the  body  to 
us ;  and  it  is  diliicult  to  comprehend  how  there  should  always 
remain  some,  which  preserve  the  same  velocity.  These  con- 
siderations, and  many  others,  prove  that  our  knowledge  of  the 
nature  of  light  is  yet  very  imperfect.  We  remark,  neverthe- 
less, that  the  experiments  of  M.  Arago  only  evince  still  more 
strongly  the  lu^oessity  of  calculating  the  aberrations  of  a 
bodies,  with  the  same  value  for  the  velocity  of  light,  whatevc 

which  passed  the  meridiaa  at  six  in  the  morning,  and  the  earth  w 
be  moring  in  a  contrary  directioa  to  that  of  the  light  from  the  b 
But  this  opposition,  which  must  have  caused  a  difference  of  S 
the  observed  deviation,  did  not  produce  any  appreciable  change- 
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I  be  the  direclion  in  which  their  light  arrives,  and  whatever  be 
B  nature  of  the  iustrumeiits  employed. 

what  precedes  we  have  neglected  the  action  of  the 
rth's  atmosphere  upon  hght ;  but  by  applying  to  it  the  gen- 
ii considerations  above  stated,  it  is  equally  easy  to  ciilculate 
B  influence  upon  aberration.  In  the  first  place,  suppose  the 
situated  at  the  zenith,  in  order  to  avoid  the  effects  of  re- 
iction ;  in  this  case,  if  we  decompose  the  proper  velocity  of 
inous  particle,  at  the  instant  it  cntors  the  atmosphere, 
nd  resolve  it  into  two  others,  one  of  wliich  is  equal  and 
wallel  to  the  motioa  of  the  observer ;  the  other,  which  is 
laf  of  the  apparent  dinction,  will  be  parallel  to  the  earth's 
IS,  and  consequently  per|)endicular  to  the  atmospheric 
strata.  The  action  of  the  air  will  have  no  other  efl'ect,  except 
Blightly  to  accelerate  the  motion  of  the  Inrainous  particle, 
without  changing  its  apparent  direction.  But  the  atmosphere 
is  so  rare,  and  light  employs  so  Utile  time  in  traversing  it, 
that  the  effect  of  this  acceleration  is  altogether  insensible. 
For  the  distance  of  the  sun  from  the  earth  is  equal  to  23578 
times  the  earth's  radius.  If  we  suppose  the  height  of  the  at- 
mosphere to  be  T^ij  of  the  earth's  radius,  it  will  be  jTs+ffmr  "f 
the  distance  of  the  earth  from  the  sun.  Now,  light  passes 
through  23678  times  the  earth's  radius  in  8'  13".  Accord- 
ingly, with  this  same  velocity,  it  would  traverse  the  atmo- 
sphere in  i.,i--^m~-  If  the  atmosphere  were  diamond,  its  ac- 
tion would  double  this  velocity,  and  the  time  would  be  di- 
minished one  half,  that  is,  it  would  be  expressed  by   ■  ■  -  ■        • 

this  acceleration  would,  therefore,  be  altogether  insensible, 
and  yet  it  surpasses  several  thousand  times  that  produced  by 
the  atmosphere. 

But  if  the  luminous  particle  enter  the  atmospheric  strata  ob- 
liquely, as  is  ihe  case  when  we  observe  bodios  in  the  horizon ; 
then  the  action  of  these  strata,  becoming  oblique  to  the  ap- 
parent direction  of  the  particle,  must,  it  would  seem,  not  only 
accelerate  it,  but  cause  it  to  deviate  unequally,  according  to 
the  direction  Euid  intensity  of  its  velocity.  The  aberration 
must  then  be  unequal  for  different  stars,  according  to  their 
position  and  apparent  altitude.     But  it  is  easy  to  perceive, 
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from  the  experiments  of  M.  Arago,  that  this  effect  isabsolntd 
Dothiiig,  lor  the  action  of  the  atmosphere  in  this  case  is 
ogous  to  that  of  the  prism.  Besides,  independently  of  t 
result,  the  refracting  action  of  the  atmosphere  is  so  feeble,  i 
the  tola!  deviation  produced  so  small,  that  the  incquahties  of^ 
velocity  in  the  luminous  particles  cannot  manifest  themsclvei 
in  a  sensible  manner;  for,  under  the  most  favorable  circmn- 
stances,  supposing  the  proper  motion  of  the  particle  to  conspre 
with  the  motion  of  the  earth,  or  to  oppose  it,  we  find,  bycil- 
culation,  that  the  change  in  the  refraction  of  the  ray,  ansins 
from  this  change  of  velocity,  would  not  be  more  than  -f^  oi 
a  second,  even  at  the  distance  of  79°  or  B0°  from  the  zenilh, 
which  is  about  the  limit  at  which  we  can  make  accurate  ob- 
servations, the  atmospherical  refraction  near  the  horizon  beirs 
irregular.  Hence  the  star  would  vary  only  about  ySaof  a 
second,  on  one  side  and  the  other  of  its  mean  place,  in  virtui- 
of  the  changes  produced  in  the  apparent  velocity  of  its  liehi; 
and,  as  the  effect  would  be  still  less  sensible,  when  the  zenilh 
distance  is  less,  we  might  neglect  it  altogether.  But,  as  vt 
have  already  observed,  the  observalions  of  M.  Arago  prove,  I 
that  this  difference  is  not  only  very  smaU,  but  is  to  be  con- 
sidered as  absolutely  nothing. 

It  now  remains  to  consider  the  variations  of  apparent  di- 
rection and  velocity,  which  the  luminous  particles  undergo  in 
the  humors  of  the  eye.  As  to  the  change  of  apparent  di- 
rection, we  must  conclude  from  what  precedes,  that  it  will  be 
nothing,  when  the  strata  of  the  eye  are  perpendicular  to  the 
direclion  of  the  apparent  ray,  that  is,  when  vision  takes  place 
du-eclly  through  the  centre  of  the  pupil,  as  is  ordinarily  the 
case,  when  we  look  through  optical  instruments.  The  whole 
is  then  reduced  to  an  increase  of  velocity  in  the  luminous  par- 
ticle, while  traversing  the  eye  ;  a  distance  so  small,  thai  the 
effect  must  be  perfectly  insensible.  The  only  error,  then, 
must  take  place,  when  the  eye  is  in  an  oblique  position ; 
in  this  case,  although  the  rays  coming  from  the  object,  a 
those  from  the  micrometer,  with  which  we  comp* 
fall  upon  the  globe  of  the  eye  in  the  same  direction,  j 
they  have  different  velocities,  the  refraction,  resulting  1 
their  obliiiuity,  might  be  unequal ;  and  though  the  image  c 
the  wire  and  the  image  of  the  star  coincided  at   the  i 


yet  their  directions  out  of  the  eye  might  be  really  different. 
The  error  resulting  from  this  cause  might  be  very  consider- 
able; for  the  refracting  force  of  the  aqueous  and  vitreous 
humors  of  the  eye  is  nearly  equal  to  that  of  distilled  water  ; 
and  that  of  the  crystalline  much  greater ;  so  that  the  deviation 
produced  by  these  substances  would  seem  to  be  important. 
But  the  experiments,  made  with  the  prism,  prove  that,  even 
imder  these  circumstances,  the  error  in  question  does  not 
exist ;  for  the  globe  of  the  eye,  and  the  humors  which  fill  it, 
act  upon  light  precisely  like  the  prism  in  the  experiments  of 
M.  Arago ;  and  consequently,  in  this  case,  as  in  the  other,  the 
obliquity  of  the  refracting  surfaces  will  produce  no  apparent 
deviation. 

From  these  considerations,  it  appears  that  the  aberration 
produced  by  the  motion  of  the  earth  is  always  independent 
of  the  instruments  made  use  of.  For,  when  the  action  of  the 
refracting  media  is  parallel  to  the  resultant  of  the  velocities 
of  light  and  of  the  earth,  which  is  most  commonly  the  case, 
theory  shows,  that  there  can  hence  result  no  change  in  the 
apparent  direction  of  the  luminous  particles,  because  the 
composition  of  the  two  velocities  must  take  place  at  the 
instant  the  luminous  particle  encounters  the  terrestrial  object ; 
and,  in  the  other  case,  where  the  oblique  action  of  the  refract- 
ing media  tends  to  alter  this  direction,  it  is  proved  by  experi- 
ment, made  with  a  prism,  that  the  apparent  deviation  is  still 
insensible,  for  reasons  not  yet  well  understood. 

The  theory  of  the  aberration  of  light  completes  our  knowl- 
edge of  the  general  motions,  observed  in  the  apparent  posi- 
tions of  the  stars.  By  applying  a  correction  for  this  aberr^ 
tion,  as  well  as  for  precession  aud  nutation,  all  the  apparent 
motions  disappear,  and  the  whole  system  of  stars  becomes 
immovable,  with  the  exception  of  some  slight  proper  motions, 
which  are  not  subject  to  any  kuoWn  law. 

After  this  perfect  agreement  of  theory  with  fact,  we  can- 
not but  admit  that  the  aberration  of  light  is  a  striking  proof 
of  the  earth's  firogressive  motion.  We  have  already  men- 
tioned that  the  discovery  is  due  to  the  celebrated  Dr.  Bradley, 
who  was  also  the  first  to  recognise  the  effects  of  nutation. 

604.  If  we  recollect,  that  all  the  celestial  phenomena  are 
consistent  with  the  earth's  motion,  and  are  represented  upon 
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this  hypothesis  much  more  simply  ihan  upon  any  otfaet;  If 
we  call  to  mind  all  the  analogies  which  indicate  this  motkn, 
and  which  must  be  destroyed  by  the  contrary  suppositioG: 
and,  lastly,  if  we  add  to  all  this  the  striking  proof,  fumiabed 
by  the  phenomena  of  aberration,  W6  cannot  doubt  thai  the 
earth  has  two  mulions,  one  on  its  axis,  and  tha  othei  roujiJ 
the  sun.  Accordingly,  wo  shall  henceforth  consider  this  con- 
clusion as  an  inconteslablo  truth. 
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605.  When  in  physical  inquiries  we  are  so  fortunate  as  B 
arrive  at  the  truth,  it  not  only  enables  us  to    predict  e 
phenomena,  but  serves  also  to  accoimt  for  those  whicJi  ^ 
before  inexplicable  ;  the  facts  already  ascertained  throw  li 
upon  one  another,  and  the  discovery  of  a  new  law  helps  li 
simplify  those  before  known.      This  is  the  peculiar  chane*! 
teristic    of  truth,   and   the   surest   iudJcatioa   that  wa  have 
discovered  it, 

606.  We  have  a  striking  instance  of  what  is  here  advanced, 
in  the  explanation  of  several  intricate  phenomena,  presented 
by  the  motion  of  the  planets,  as  seen  from  the   earth.     TTiis 
motion  docs  not  always  appear  to  be  directed  the  same  way, 
as  it  really  is,  when  seen  from  the  centre  of  tlie  sun.     Some- 
times it  is  from  west  to  east,  or  in  the  order  of  the  ^gns, 
sometimes  retrograde,  and  sometimes  the  planet  seems  £ 
tionary.      Thus,  when  Venus  passes  beyond   the   sun  w 
respect  to  the  earth,  its  motion  compared  with  the  stars  is  <j 
reel ;  when  it  passes  between  the  earth  and  the  sim,  it  app( 
to  be  retrograde ;  and  in  gouig  from  one  of  these  states  t 
the  other,  the  motion  becomes  insensible,  and  Venus  i 
stationary.     The   same   ia   tnie  of   Mercury.     The   suped) 
planets  present  analogous  appearances ;    they  axe    direct   \ 
their  conjunctions,  and  retrograde  in  their  oppositions. 

507.  ^Vtlh  respect  to  Mercury  and  Venus,  they  are  eaailjr  J 
exi>lauied  upon  any  hj-pothesis ;  for  their  orbits  do  not  e 
brace  the  earth  ;  and  as  they  always  revolve  about  the  sun  infl 
the  same   directiou,  from  west  to  east,  their  motion  i 
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tppcai  to  be  direct,  when  they  go  from  their  western  to  their 
■stem  elongation,  passing  beyond  the  sun  ;  and  retrograde, 
■hen  they  return  from  their  eastern  to  their  western  elonga-  . 
lOR,  passing  lliis  side  of  the  sun.  The  annual  motion  of  the 
irth,  or  that  of  the  Bun,  would  only  modify  these  appear- 

,  by  varying  the  points  of  the  stations. 
But  the  phenomena  presented  by  the  other  planets  are  not 
so  easily  explained.  It  would  seem,  indeed,  that  their  mo- 
tion must  always  appear  to  be  direct,  since  we  are  placed 
■within  their  orbits,  and  since  they  always  move  in  tjie  same 
direction  about  the  sun.  But  it  must  be  remembered  that 
the  sun  carries  with  it,  in  the  ecliptic,  the  orbits  of  these 
planets.  This  motion  may,  in  certain  cases,  be  contrary  to 
the  motion  of  the  planets,  and,  in  others,  conspire  with  it, 
according  as  it  is  in  the  same  or  in  an  opposite  direction ;  and 
as  the  combined  effect  of  these  two  motions  determines  the 
apparent  direction  of  the  planet,  this  may  evidently  be  the 
cause  of  the  stations  and  retrogradations  observed. 

.  But,  in  order  to  judge  how  far  this  explanation  agrees 
■with  the  phenomena,  and  determine  whether  the  supposition 
of  the  earth's  motion  represents  them  with  the  greatest  sim- 
plicity, we  shall  give  them  a  more  particular  consideration. 
As  the  same  explanation  will  apply  to  all  the  superior  planets, 
we  shall  consider  only  one,  namely.  Mars. 

There  are  times  when  Mars,  after  being  lost  in  the  solar 

rays,  appears  in  the  horizon  a  few  minutes  before  the  sun  in 

rthe  morning.      Accordingly,  it  is  now  departing  from  con- 

inction.     Let  us  follow  its  motions  from  this  epoch. 

If  we  observe  each   day  its   meridian  altitude   and   right 

Kension,  we  find  that  its  motion  is  direct,  that  is,  from  west 

i  east.     This  is  known  by  its  daily  increase  in  right  aacen- 

Mars,  being  therefore  west  of  the  sun,  moves  in  the 

me  direction,  but  its  proper  motion  is  exceeded  by  that  of 

E  sun.     Hence  it  happens  thai  the  two  bodies  recede  from 

ich  other,  instead  of  approaching  nearer.     At  the  same  time 

motion    of    Mars   diminishes,   and   becomes    altogether 

lensible,   after   an  interval   of  about  one    year.      Mars   is 

1  about   137°  distant  from  the  »ua  :   and  for  some  days, 

<rhen  referred  to  the  stars,  appears  stationary.     After  this  its 

motion  is  retrograde,  that  is,  from  east   to  west :   and  as  th6 
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sun,  on  the  contrary,  always  moves  from  west  to  east, 
two  bodies  recede  more  rapidly  from  one  another.  In  t 
way  Mars  arrives  at  a  distance  of  180'^  from  the  sun. 
now  sets  when  the  sun  rises,  and  is  in  opposition  with  r 
to  the  earth.  At  this  point  its  retrograde  velocity  is  grealest^ 
Continuing  its  course  in  this  direction,  Mars  approaches  nearer 
and  nearer  the  sun,  and  the  opposite  motions  of  the  two 
conspire  to  diminish  the  angular  distance  which  separates 
them.  But,  at  the  same  time,  the  retrograde  velocity  of  Mars 
diminishes,  and  becomes  nothing  when  the  angular  disiaiu:e 
is  again  137°.  Then  Mars,  compared  with  the  stars,  appevi 
stationary.  The  arc  of  retrogradatlon  wliich  it  describes  la 
the  heavens  is  about  IG'^',  and  the  time  employed  73  dsj-s. 
From  this  point  Mars  resumes  its  direct  motion,  which  tends 
to  make  it  recede  from  the  sun  over  the  part  of  the  heavens 
already  traversed  ;  but  the  sim,  having  a  more  rapid  motion, 
gradually  approaches  it,  and  overtakes  it  in  the  interval  of 
about  a  year.  Mars,  having  now  returned  to  its  conjunction, 
is  again  enveloped  in  the  sun's  rays,  and  becomes  invisible. 

609.  These  irregularities  are  common  to  all  the  superior 
planets,  with  the  modifications  which  belong  to  the  difference 
of  their  motions.  There  is  even  a  sensible  difference  in  the 
extent  and  duration  of  the  retrogradations  of  the  same  planet, 
on  account  of  the  elliptical  form  of  its  orbit.  The  following 
are  the  mean  values  for  the  principal  planets. 


Jupiter 
Saturn 
Uranus 


16  00 
28  48 
i:J6  48 
115  12 
108  54 
103  30 


13  30 

16  12 
16  12 


3  36 


151 


370 


510.  We  proceed  to  explain  these  phenomena  apOD  the 
supposition  of  the  earth's  motion.  Indeed  they  follov  so 
naturally  and  so  necessarily,  that  they  are  alone  stiffident  to 
confirm  the  theory. 
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Let  O  be  the  centre  of   the  planetary  motions.     Let  iheFig.iis. 

"rcie   BCDE  represent  the  earth's  orbit,  and  a  larger  one 

VC'D'E',  the  orbit  of  a  superior  planet,  Jupiter,  for  example. 

*t  BC,  CD,  BE,  represem  equal  arcs  in  the  first,  and 
,  CD',  D'E',  equal  arcs  in  the  second,  the  latter  being 

bscribed  by  Jupiter,  in  the  same  time  that  the  earlh  era- 
ttoys  in  describing  the  former.  Those  described  by  Jupiter 
"1  contain  a  less  number  of  degrees  than  the  other,  in  pro- 

»rtion  as  Jupiter  moves  slower  than  the  earth.  Suppose 
iiow  that,  when  the  earth  is  at  B,  Jupiter  is  at  B' :  it  will 
appear  lo  us  to  be  in  B"  on  the  celestial  sphere,  in  the  prolon- 
gation of  the  straight  line  BB'.  Now,  if  the  earth  passes  from 
B  to  C,  and  Jupiter  from  B'  to  C  in  the  same  time,  we  shall 
see  the  latter  pass  to  C"  on  the  celestial  sphere,  and  its  mo- 
tion will  appear  direct.  Then,  while  the  earth  moves  from 
C  to  />,  and  Jupiter  from  C  to  D',  this  motion  will  always 
appear  direct ;  but  gradually  the  earth  will  begin  to  be  inter- 
posed more  directly  between  the  sun  and  Jupiter;  when  it  is 
at  F,  Jupiter  will  appear  in  P",  and  will  appear  lo  be  return- 
ing back  on  the  celestial  sphere.  In  passing  from  one  of  these 
directions  to  the  other,  there  will  be  a  time  when  it  appears 
stationary,  namely,  while  the  earth  is  describing  EF.  When 
the  earth  arrives  at  G,  and  Jupiter  at  G'  in  opposition  with 
respect  to  the  sun,  we  shall  see  it  in  G"  on  the  celestial 
sphere,  and  it  will  now  appear  to  have  moved  backward 
through  the  whole  arc  E"G",  although  in  reality  it  has  been 
constantly  pursuing  its  direct  course.  As  Jupiter  and  the 
earth  continue  to  move  in  the  same  direction,  the  apparent 
retro  gradation  will  continue  also  in  the  same  manner ;  but  ittf 
velocity  will  diminish,  according  as  the  proper  motion  of  th© 
earth  becomes  more  oblique  to  the  visual  ray  drawn  lo  the 
planet,  and  alters  less  the  proper  motion  of  Jupiter.  Finally, 
when  the  earth  has  arrived  at  a  point  /  in  its  orbit,  such  that 
the  direction  of  its  velocity  is  the  same,  as  that  of  the  visual 
ray  drawn  to  the  planet,  the  retrogradalion  will  cease.  Then, 
if  Jupiter  is  in  /',  it  will  appear  m  /"  on  the  celestial  sphere, 
and  will  a  second  time  appear  stationary.  When  the  earth 
has  moved  to  K,  and  Jupiter  to  K',  it  will  appear  to  have 
described  the  arc  F'K"  in  the  order  of  the  signs.  Accordingly, 
it  will  have  resumed  its  direct  motion  on  the  celestial  sphere. 
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Its  whole  retrogradation  then  will  comprehend  ihe  are  E' 
and  this  will  have  taken  place,  while  Jupiter  was  dcsci 
£'/',  and  the  earth  EI.  This  illuslraiioii  will  apply  to 
Saturn,  and  all  the  superior  planets;  only  the  retrogi 
are  more  frequent  in  the  more  distant  planets,  as  Saturn,  for 
instance,  because  the  motion  is  slower  than  that  of  Jupiler.  so 
that  the  earth  rejoins  it  sooner.  In  Mars,  on  the  couuwy, 
they  are  less  frequent,  because  its  motion  is  more  npid. 
Hence  we  see  with  what  wonderfid  simplicity  the  motioQ  of 
the  earth  accoimts  for  these  perplexing  phenomena.  It  s 
to  Copernicus  that  we  are  indebted  for  the  revival  of 
hypothesis  of  the  earth's  motion,  which  had  been 
advanced  by  some  of  the  ancient  philosophers,  but  which  hfc] 
first  established  in  a  satisfactory  manner,  by  showing  how 
simply  it  accounted  for  the  various  phenomena  of  the  hea- 
vens. 

If  all  the  planets  moved,  like  the  earth,  in  the  plane  of  the 
ecliptic,  and  if,  moreover,  their  orbits  and  that  of  the  earth 
were  chcular,  which  would  render  all  their  motions  unifoim, 
the  epochs  of  retrogradation  for  eact  planet  would  be  con- 
stant ;  they  would  return  after  asynodic  revolution,  and  theii 
duration  and  extent  would  also  be  constant.  But  the  inclina- 
tion of  their  orbits  and  their  ellipticity  disturb  this  regularity, 
and  produce  variations  in  the  epoch,  as  well  as  in  the  dura- 
tion, of  the  retro  gradations.  Notwithstanding  this  complex- 
ity, it  is  evident  that,  the  optical  cause  of  these  appearances 
being  known,  their  exact  determination  is  a  purely  geomet- 
rical problem,  the  solution  of  which  is  to  be  derived  from 
formulas,  exjiressing  the  motion  of  each  planet,  regard  beinj 
had  to  the  ellipticity  and  inclination  of  its  orbit.  But  as 
the  observation  of  these  phenomena  is  of  no  real  utility, 
deem  it  nnnecessary  to  pursue  the  subject  farther. 
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611.  We  have  determined  the  relative  distances  of  the  p 
ets  from  the  sun,  half  the  major  axis  of  the  earth's  orbit  I 
unity  I  we  have  been  able,  moreover,  by  anticipating  the  s 
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'  parallax,  to  reduce  these  distances  to  known  measures.  We 
iire  now  to  explain  more  fully  the  method  of  making  this  rc- 
dut'tion. 

512.  The  process  would  be  very  simple,  if  wo  had,  for  any 
t  given  instant,  the  distance  of  a  planet  from  the  earth,  es- 
■    pressed  in  known  measures.     For  the  geocentric  positions  of 

the  planet  and  the  sun  being  determined  for  the  sanie  epoch, 
by  the  theory  of  the  motions  of  the  planet  and  the  earth,  a 
simple  trigonometrical  calculation  would  give  the  distance  of 
the  planet  from  the  sun,  expressed  likewise  in  the  same 
mciasures.  We  already  know  the  value  of  this  distance  in 
parts  of  the  major  axis  of  the  earth's  orbit ;  we  can,  therefore, 
convert  this  major  axis  into  the  same  measures;  then  the 
second  law  of  Kepler  would  give  all  the  major  axes,  and  all 
the  diuiensions  of  the  orbits  expressed  in  the  same  manner, 
merely  from  the  duration  of  their  revolutions. 

513.  The  parallax  of  any  one  planet,  if  it  were  known, 
would  give  immediately  its  absolute  distance  from  the  earth  ; 
but  these  parallaxes  are  in  general  too  small  to  be  accurately 
observed.  That  of  Maft  becomes  sensible  under  certain  cir- 
cumstances favorable  to  observatioa ;  that  is,  when  it  is  in  its 
perihelion ;  and  at  the  same  time  near  its  opposition.  Then 
its  distance  from  the  earth  is  the  smallest  possible,  and  its 
parallax  at  its  maximiuu. 

On  the  6th  of  October,  1751,  for  example.  Mars  not  being 
far  from  its  opposition,  its  parallax  became  sensible  ;  and,  from 
the  observations  of  Wargentin  and  Lacaille,  it  was  found  to 
be  24,6",  as  already  slated  ;  and  hence  it  follows  that  the  dis-  140. 
tance  of  Mars  from  the  earth,  at  this  epoch,  was  8371  terrestrial 
radii,  or  8371  X  3956  miles.  This  same  distance,  as  deduced 
from  the  theory  of  its  elliptical  motion,  would  have  for  its 
expression  0,4354,  half  the  major  axis  of  the  earth's  orbit  being 
unity.  Hence  it  will  be  readily  seen  that  the  mean  distance, 
or  half  the  major  axis  of  the  earth's  orbit,  expressed  in  terres- 

^■"'^'- 

The  parallaxes  of  the  heavenly  bodies  being  inversely  pro- 
portional to  their  distances,  that  of  the  sim  must  be  equal  to 

iM  6"  X  8371 

■-^.Atww. 1  ot  10,69",  when  at  its  mean  distance. 

1922b       '  '       ' 
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The  ratios  of  the  distances  of  the  planets  from  the  sun  bem 
known  by  the  laws  of  Kepler,  these  results  will  enable  uf  i 
determine  the  values  of  all  these  distances  in  terrestrial  rac; 
or  in  miles. 

614.  Unhappily  the  parallax  of  Mars  is  so  small,  thai 
errors  of  observation  may  have  a  very  considerable  tnflm 
upon  the  residt,  and  consequently  upon  the  values  of  tiie 
tances  determined  by  means  of  it.     If,  for  example,  in 
mining  the  horizontal  parallax,  we  commit  an  error  of  4"« 
of  its  total  value,  there  would  be  an  error  of  ^  in  the  est 
of  the  distance.     Yet  we  can  never  be  secure  against  so 
an  error,  in  observation  so  delicate  ;  for  "2"  does  not  amount 
half  the  breadth  of  the  wire  used  in  the  micrometer, 
preceding  results,  therefore,  can  only  be  regarded  as  a 
approximation  ;  they  are  sufficient,  however,  to  show  that 
sun's  parallax  is  extremely  small,  and  that  its  distance  imnt 
the  earth  is  pro  port  ionably  great. 

A  much  more  exact  method  has  been  derived  from  obserra- 
tions  of  the  transit  of  Venus, 

515.  We  have  seen  that  Venus,  when  it  passes  between  the 
earth  and  the  sun,  is  projected  on  the  sun's  disc  under  the  ap- 
pearance of  a  black  spot,  and,  by  the  effect  of  its  proper  motion 
combined  with  that  of  the  sun,  it  appears  to  describe  a  choi 
of  this  disc.  These  chords,  when  observed  from  differejit  parU 
of  the  earlh,  are  sensibly  different ;  and  the  difference  arises 
from  the  parallax  of  Venus,  in  consequence  of  which  the 
different  observers  do  not  refer  the  planet  to  the  same  poinU 
of  the  sun's  disc.  These  differences  have  a  considerate 
influence  upon  the  duration  of  the  transit,  ■which  may 
observed  with  great  precision,  and  which  gives,  with  exlrei 
accuracy,  the  difference  between  the  parallax  of  Venus  si 
that  of  the  sun. 
8.  Let  T  represent  the  earth,  V  Venus,  and  S  the  sun;  i 
observer  placed  at  the  centre  of  the  earth  would  see  Venus 
the  prolongation  of  the  radius  vector  TV ;  this  planet  will, 
appear  to  correspond  to  the  point  ■?,  on  the  disc  of  the  sun, 
and  in  its  successive  positions  it  will  describe  the  line  DS. 
But  other  observers  placed  at  O'  and  O",  on  the  surface  of 
the  earth,  wUl  see  Venus  at  V  and  V".  To  the  first  it  will 
appear  to  describe  the  chord  D'V,  and  to  the  second 
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chord  D"K".  These  eifecis  are  evidently  owiog  to  the  di^ 
ference  in  the  parallax  of  Venus  and  that  of  the  sun,  and  this 
diilerence  may  be  calculated  from  the  duration  of  the  transits, 
by  precisely  the  same  formulas,  which  are  employed  in  cal- 
culating solar  eclipses. 

Now,  by  the  theory  of  elliptic  motion,  we  know,  for  the 
same  epoch,  the  ratio  of  the  distances  of  Venus  and  the  sun 
from  the  earth.  We  know,  therefore,  the  ratio  of  the  paral- 
laxes of  these  planets,  since  they  are  inversely  as  the  dis- 
tances. Hence  it  is  extremely  easy  to  ascertain  their  separate 
values ;  for  both  quantities  are  determined,  when  we  know 
their  ratio  and  diiference. 

516.  In  this  mEinnef  the  sun's  parallax  is  ascertained  by 
Professor  Encke  to  be  8,5776",  that  is,  about  i  less  than  that 
derived  from  the  parallax  of  Mars.  This  value  was  deter- 
mined by  the  transits  of  Venus  in  1761  and  1769.  The  phe- 
nomenon was  anticipated  by  astronomers  with  the  liveliest 
interest.  They  distributed  themselves  over  the  surface  of  the 
earth,  and  undertook  long  voyages  for  the  express  purpose  of 

I  making  the  observation  Yrom  dilferent  points,  and  under  the 
most  favorable  circumstances.  Their  expectations  were  not 
disappointed ;  for  the  difference  in  the  durations  in  1769, 
observed  at  Otaheite  in  the  South  Sea,  and  at  Cajanbourg  in 
Finland,  amounted  to  more  than  15  minutes.  Such  was  the 
general  desire  and  united  exertions  of  different  nations  for  the 
discovery  of  truth. 

517.  Laplace  has  shown,  that  the  sun's  parallax  may  be 
ascertained  in  a  manner  still  different,  without  observing  it 
directly,  by  means  of  an  inequality  in  the  motions  of  the 
moon,  which  is  found  to  be  connected  with  this  parallax.  To 
understand  this  connexion,  we  must  remember  that  the  ine- 
qualities of  the  moon's  motion  have  a  close  dependence  upon 
the  positions  of  the  earth  and  sun.  The  relations  are  made 
known  by  calculation,  and  the  extent  of  the  inequalities  is 
determined  by  observation.  By  combining  these  data,  we 
can  obtain  the  value  of  the  elements,  on  which  the  inequalities 
depend,  for  we  have  the  expression  of  their  dependence,  and 
the  measure  of  their  action.  The  whole  is  reduced  to  finding 
inequalities,  in  which  this  action  is  in  some  measure  aug- 
mented, or  in  which  it  is  constantly  reproduced,  in  such  a 
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manner,  that  we  can  determine  it  with  exactness  finm  a  greit  I 
number  of  observations.  There  is  in  the  motion  of  the  mon  I 
an  inequality  of  this  kind,  which  depends  upoo  the  p&rallu  of 
the  sun,  or  its  distance  from  the  earth,  and,  by  delennininf  n 
from  observation,  Laplace  found  the  parallax  to  be  8,59S%". 
diifering  but  very  little  from  thai  obtained  above.  Il  is 
thought  by  some,  that  this  result  of  theory  is  even  more  enci, 
than  that  derived  from  observations  of  the  transit  of  Venus. 

Another  inequality  of  tlie  moou  has  made  known  the  (^ 
lateness  of  the  earth,  which  is  thus  found  to  be  equal  to  jij, 
OS.  as  already  remarked.  These  results  are  the  more  to  be  valued, 
as  they  are  independent  of  the  small  irregularities  of  ihf 
earth's  surface,  which  become  insensible  at  the  distance  of  iJie 
moon.  In  this  point  of  view  we  may  regard  them  a5  more 
exact  than  observations  themselves.  For  the  determination 
of  these  two  important  elements  we  arc  indebted  to  Lf^lace, 
who  deduced,  from  theory  alone,  results  wliich  so  many 
voyages  and  observations  had  been  tmdertaken  for  the  purpose 
of  determining. 

518.  The  parallax  8,59896"  gives  23987  terrestrial  radii  for 
the  mean  distance  of  the  smi  from  the  earth.  This  result  is 
sufficient  for  reducing  all  the  dimensions  of  the  planetary 
orbits  to  parts  of  the  same  measure. 

In  the  first  place,  since  the  apogee  and  perigee  distances 
of  the  sun  are  represented  by  1,016814.  and  0,983186,  for  ihe 
year  1760,  the  parallaxes  will  vary  inversely  as  these  quanti- 
ties ;  whence  we  have  the  following  values ; 

Parallax  of  the  sun  at  the  apogee  .         8,4549 

Mean  parallax S.59896 

Parallax  at  the  perigee  8,7460. 

.  148.  Dividing  the  value  of  the  radius  in  seconds,  or  206264,80",  hj 
the  parallax,  we  have  the  corresponding  distance  of  the  sun 
expressed  in  terrestrial  radii.  \Vc  know,  besides,  that  the 
mean  radius  of  the  earth  is  equal  to  3956  miles. 

We  can  thus  convert  these  results  into  miles,  which  will 
render  their  values  more  intelligible.     They  are  both  e 
ed  in  the  following  table  ; 
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I    Apogee   distauce   of  the   sun      24390  t 
Mean  "  "  23987        94892572 

Perigee         "  "  23584        93298304 

Eccentricity  "  403         1594268. 

n         In  the  same  manner  the  dimensions  of  all  the  planetary 
!     orbits  may  be  reduced. 

619.  These  results  enable  us  also  to  compare  tlie  bulk  of 
the  earth  with  that  of  the  sun  ;  for  the  mean  parallax,  8,599", 
is  the  angle  tmder  which  the  apparent  semidiameter  of  the 
cjirth  would  be  seen  from  the  centre  of  the  sim,  at  its  mean 
distance.  The  apparent  semidiameter  of  the  sun,  at  the  same 
distance,  is  961,34".  The  radius  of  the  sun,  therefore,  is  to 
that  of  the  earth,  as  961,34  is  to  8,599,  or  as  111,7851  to  1. 

We  have  already  seen  that  the  mean  distance  of  the  moon 
from  the  earth  is  about  60  terrestrial  radii ;  consequently,  if 
1     we  suppose  the  centre  of  the  sun  placed  at  the  point  which 
the  centre  of  the  earlh  now  occupies,  the  bulk  of  this  lumi- 
nary would  fill  a  space  of  nearly  double  the  diameter  of  the 
L  moon's  orbit. 

I       520.  On  the  supposition  that  the  sun  and  eaith  are  spheri- 
r  cal  bodies,  which  is  not  far  irom  the  truth,  their  bulks  will  be 
as  the  cubes  of  their  radii.     We  thus  find  that  the  bulk  of  the 
sun  is  about  1400000  times  as  great  as  that  of  the  earth. 

If  we  compare,  in  the  same  manner,  the  distances  of  the 
other  planets  with  the  measure  of  their  apparent  diameters, 
we  easily  obtain  the  ratio  of  their  bulks  to  that  of  the  earth. 
These  results  are  contained  in  the  table  at  the  end  of  the 
section. 

5'ii.  To  form  a  sensible  idea  of  these  ratios,  suppose  (hat 
we  construct  spheres,  having  the  proportions  of  the  different 
planets  to  ejich  other.  Then,  if  we  represent  the  diameter  of 
the  earth  by  1  inch,  the  proportions  will  he  nearly  as  follows ; 

The  Sun 112 

Mercury  .......       | 

Venus     ........         1 

Mars ^ 

Jupiter  .......       11 

Saturn 10 

Uranus 4^. 
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flSSS.  These  ratios  would  MiaUe  ns  to  detennine  the 
of  the  planetSi  if  we  could  suppose  them  all  to  be  of  a 
equal  density ;  but  the  theory  of  attraction  pioyes  that  dm  ii 
not  the  case.  We  estimate  the  masses,  thezefoiBi  by  (In 
intensities  of  their  attractions,  as  will  be  seen  hineaiker. 
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llMBDkB. 

Mmb  DiMWtew 

aoftoMartk* 

•Itnortkt 
PhattiiB 

•rthaFluM, 

iint«rth*Ewii 

WIm. 

tei^I. 

tei^L 

■H^f  !■ 

The  Son 

864444 

111,7851 

12tt6,0 

1896866,0 

Mercorj 

3036 

0.3837 

0,1478 

0,0566 

Venns 

7600 

0,0608 

0,0208' 

0/W8 

Eaith 

7013 

1,0000 

1,0000 

IjOOOO 

Mara 

4140 

0,6233 

0,8738 

0^433 

Vesu 

960 

0,034 

0,0012 

0,00004 

Juno 

1308 

0,176 

0.0810 

0,0065 

Ceres 

1682 

0,2 

0,0400 

0,008 

PaUaa 

a026 

0,266 

0,0666 

0,016B 

Jupiter 

83987 

10,8616 

117,97 

1981,3 

Saium 

70168 

0,9831 

99,66 

004,9 

UrannB 

35112 

4,2630 

18,77 

77,6 
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623.  Bt  taking  a  general  view  of  the  planetary  motions,  we 
have  discovered  certain  constant  laws,  by  which  they  are  all 
combined  together.  We  hence  conclude  that  these  motions 
are  not  independent  of  each  other,  but  the  eflfect  of  a  general 
cause  acting  upon  all  the  heavenly  bodies.  Let  us  endeavour 
to  ascend,  by  the  laws  of  analogy,  to  this  great  principle. 

524.  If  we  first  consider  the  moon,  we  perceive  that  it  con- 
stantly follows  the  earth  in  its  annual  revolution.  There  is, 
then,  a  certain  force,  which  retains  it  about  the  earth  and  pre- 
vents it  from  wandering  from  its  course.  In  this  respect  the 
force  in  question,  whatever  it  be,  is  analogous  to  gravity. 

Gravity  tends  to  bring  towards  the  earth,  in  straight  lines, 
the  bodies  which  are  detached  from  its  siu-face.  When  these 
bodies  receive,  in  a  direction  oblique  to  that  of  gravity,  an 
impulse  tending  to  carry  them  farther  irom  the  earthi  this 


J  still  exerts  its  uiBuence,  and  catises  them  to  describe 

Ted  lines,  the  concave  part  being  turned  towards  the  snr- 
The  greater  the  force  of  projection,  the  greatet  will  be 

B  space  described,  before  any  considerable  deviation  from  a 
Straight  line  takes  place.  Bodies  fall  by  the  combined  effect 
of  gravity  and  the  resistance  of  the  air,  which  gradually  de- 
stroys the  projectile  force  ;  but  if  this  resistance  were  removed, 
a  body  projected  with  sufficient  force  from  the  summit  of  a 
mountain,  might  be  made  to  describe  the  whole  circuit  of  the 
globe  without  approaching  any  nearer  to  the  surface.  In  this 
last  case,  the  velocity  of  projection  would  remain  undiminish- 
ed, ag  there  would  be  nothing  to  resist  it ;  accordingly,  when 
the  body  had  returned  to  the  point  from  which  it  set  out, 
having  still  the  same  velocity,  it  would  continue  its  course 
through  an'other  revolution,  and  so  on  indefinitely,  like  one  of 
the  satedhtes. 

Now,  this  is  exactly  the  case  with  the  moon  revolving  about 
the  earth ;  it  is  therefore  natural  to  suppose  that  the  effect  is 
to  be  ascribed  to  a  cause  of  this  kind,  since,  however  high  we 
ascend  above  the  general  siurface  of  the  earth,  by  means  of  a 
moimtain  or  a  balloon,  we  always  continue  to  experience  the 
influence  of  terrestrial  gravity ;  hence  there  is  reason  to  be- 
lieve that  it  extends  still  further,  and,  as  we  know  of  nothing 
to  limit  it,  we  conclude  that  it  embraces  the  orbit  of  the  moon. 

But,  at  the  same  time,  it  may  be  that  gravity,  at  this  dis- 
tance, is  less  intense  than  at  the  surface  of  the  earth  ;  we 
have  reason  to  suppose  this,  from  the  experiments  made  with 
the  pendulum  at  the  tops  of  mountains ;  for  it  appears  that 
even  at  so  small  a  distance  gravity  is  less  than  at  the  surface. 

525.  These  considerations  are  equally  applicable  to  all  the 
other  satellites.  The  circiunstance  of  their  orbits  being  nearly 
circular  seems  to  mdicate,  that  they  gravitate  towards  the 
centre  of  their  primaries,  as  the  moon  does  towards  the  earth, 
and  that  they  are  retained  by  this  force. 

626.  As  the  motions  of  the  planets  present  analogous  phe- 
nomena, it  is  natural  to  conclude  that  they  gravitate,  iu  like 
manner,  towards  the  centre  of  the  sun,  to  which  they  serve  as 
so  many  satellites.  We  may  presume  that  comets  also  are 
subject  to  the  same  force,  both  on  account  of  the  regularity 
with  which  they  describe  their  orbits,  and  the  relations  by 
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which  their  motions  are  connected  wilh  those  of  the  planet^ 
occortling  to  the  laws  of  Kepler. 

527.  Here,  then,  we  recognise  the  eiisience  of  a  eenoi 
cause,  which  seems  sufficient  to  maintain  the  motions  of  d 
heavenly  bodies.  To  render  this  intelligible  and  proba 
we  must  compare  the  satellites  and  planets  to  heavy  bodisl 
projected  into  space  at  a  certain  distance  from  the  cenoe,  H 
which  their  gravity  causes  them  to  tend.  We  miist  d 
pose  their  motions,  and  estimate  separately  the  effects  of  (la 
impulse  by  which  they  revolve,  and  of  the  force  whid 
retains  them  in  their  orbits.  We  shall  thtis  know  with  ca 
tainty  the  action  and  intensity  of  tliis  force,  as  exhibited  \ 
the  observed  phenomena. 

It  is  by  the  principles  of  mechanics,  that  the  motions  € 
bodies  are  thus  decomposed,  and  the  nature  of  the  force  i 
deduced  from  the  effects  which  it  produces.     It  is  analyi 
which  enables  tia  to  make  this  decomposition  for  each  point! 
the  orbit,  and  follow  exactly  the  variations  of  the  force  fit 
one  point  to  another.     It  is  necessary,  therefore,  to  combt 
these  two  principles,  in  order  to  discover  the  general  cause  of    I 
the  celestial  motions ;  and,  as  they  could  not  well  be  intro- 
duced into  an  elementary  treatise,  we  can  here  only  indicate 
the  course  to  be  pursued  in  their  application.     We  shaJ!  d 
this  the  more  readily,  since  this  course,  being  extremelj'  ri 
orous,  is  calculated  to  inspire  the  utmost  confidence  in  iheJ 
results  to  which  it  leads. 

€28.  We  suppose  a  planet  to  revolve  about  the  son,  n 
form  equations  expressing  the  laws  of  its  motion.     The  fore 
which  act  upon  it  enter  into  these  equations,  and  constitnt 
the  unknown  quantities  to  be  determined.     This  being  dona 
observation  serves  to   establish,  in  an  incontestable  i 
the  following  facts,  which  are  the  laws  oi  Kepler. 

1st.    The  areas  described  by  the  radius  vector  of  a  planet, 
in  its  motion  about  the  sun,  are  proportional  to  the  times. 

Hence  it  is  found  by  calculation,  that  the  force  which  a 
upon  the  planets  is  directed  towards  the  centre  of  the  snn. 

2d.   T/ie  orbits  of  the  planets  and  comets  are  come  sec 
of  which  the  sun  occupies  one  of  the  foci. 

It  follows  from  this  law,  that  the  force,  which  urges  one  oi 
these  bodies,  is  inversely  as  the  square  of  the  distance  betv 
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the  centre  of  this  body  and  that  of  the  sun ;  reciprocally, 
since  the  force  is  in  this  ratio,  the  curve  is  a  conic  section. 

3d.   The  squares  of  the  times  of  revolution  of  the  planets 

are  proportional  to  the  cubes  of  the  major  ases  of  their 

orbits;  or,  what  amounts  to  the  same  thing,  the  areas,  de- 

.  scribed  in  equal  times  in  different  orbits,  are  proportional  to 

the  square  roots  of  their  parameters. 

We  hence  infer  that  the  same  force  is  exerted  upon  the 
planets  and  comets;  that  it  only  varies  for  the  different 
bodies  according  to  their  distance,  and  that,  if  they  were  urged 
by  no  projectile  force,  and  were  at  equal  distances  from  the 
son,  they  would  fall  towards  it  with  the  same  velocity ; 
whence  it  is  manifest  that  the  force,  which  acts  upon  them, 
penetrates  each  particle,  and  is  proportional  to  their  mass. 

The  facts  observed  by  Kepler  lead,  therefore,  directly  to  the 
knowledge  of  the  force  which  retains  the  planets  and  comets 
in  their  orbits,  each  fact  developing  a  property.  This  force 
being  exerted  in  such  a  way  as  to  draw  bodies  toward  the 
ran,  we  shall  call  it  solar  attraction,  intending  to  express  by 
this  phrase,  not  the  nature  of  the  power,  but  only  its  effects. 

529.  The  motions  of  the  satellites  presenting  analogous 
phenomena,  and  being  in  like  manner  subject  to  the  laws  of 
Kepler,  it  follows  that  cocA  system  of  satellites  is  attracted 
towards  the  primary,  with  a  force  inversely  proportional  to 
the  S(fuare  of  the  distance. 

530.  As  the  eUipticity  of  the  orbits  is  one  of  the  data  upon 
which  we  proceed,  it  would  seem  that  the  above  results 
could  not  be  extended  to  the  satellites,  whose  orbits  have  not 
yet  been  proved  to  be  ellipses.  But,  if  we  suppose  the  eccen- 
tricity nothing,  the  proportionality  of  the  squares  of  the  times 
to  the  cubes  of  the  mean  distances  would  lead  to  the  same 
conclusions.  The  law  in  question  is  therefore  general,  and 
applicable  to  all  the  satellites. 

631.  In  the  case  of  the  moon,  in  particular,  it  can  be 
demonstrated  in  a  striking  manner.  To  obtain  the  force 
which  retains  this  body  in  its  orbit,  it  is  sufScient  to  diminish 
the  earth's  gravity  in  the  ratio  of  the  square  of  the  distance. 

632.  We  are  thus  led  to  consider  the  sun  and  those  planets 
that  have  satellites,  as  so  many  centres  to  an  attractive  force, 
which  is  exerted  upon  all  the  surrounding  bodies..    It  is 


natural  to  suppose  that  this  property  belongs  to  all  pam  of 
the  planetary  syBtem ;  and,  indeed,  the  nearly  spherical  fom, 
common  to  all  these  bodies,  seems  to  indicate  that  their  parti- 
cles are  united  nbont  their  centres  by  a  force  which  nitiacii 
them  equally  at  equal  distances;  but  this  truth  admits  r>f 
direct  demonstration.  It  is  a  general  Itivr  of  nature,  thai 
action  and  reaction  are  equal.  Iron  attracts  the  maznet,  and 
is  itself  attracted  in  turn.  The  planets  gravitate  towards  the 
sun ;  the  sun,  therefore,  gravitates  towards  them  by  the  ame 
laws. 

533.  By  thus  comparing  the  phenomena  of  the  heavens,  vt 
are  conducted  to  this  great  principle  of  nature.  AU  partt  ni 
matter  mutnaUij  attrnct  each  other  in  the  direct  ratio  af  theif 
masses,  and  in  the  inverse  ratio  of  the  squares  of  their  dis- 
tances.    The  discovery  of  this  principle  is  due  to  Newton. 

634.  In  the  study  of  natural  phenomena,  there  are,  in  gen- 
eral, two  ways  of  proceeduig ;  one  consists  in  reasonine 
rigorously  from  exact  data;  the  other  in  retracing  our  sieja 
for  the  purpose  of  ascertaining,  whether  the  phenomena  ob- 
served can  be  deduced  as  consequences  from  the  results,  ai 
which  we  have  arrived.  The  law  of  universal  graritation 
has  been  derived  directly  from  the  first  method ;  the  second 
is  not  less  favorable  to  the  same  law,  for,  by  following  out  the 
consequences  to  be  deduced  by  means  of  it,  we  find  (hat  all 
the  celestial  phenomena  hence  derive  their  origin. 

■535.  In  the  first  place,  the  elliptical  motion  of  bodies  is 
thus  completely  explained.  When  a  planet  departs  from  its 
perihelion,  the  direction  of  its  motion,  always  indicated  by 
the  tangent  of  its  orbit,  is  perpendicular  to  the  radius  veciw. 
It  is  at  this  point  of  the  orbit  that  its  tendency  towards  the 
.sun  is  greatest ;  but  the  velocity  of  revolution  is  also  at  its 
maximum  ;  the  calculus  shows  that  this  second  cause  prepon- 
derates over  the  first ;  and,  consequently,  the  planet  diverges 
from  the  sun,  and  its  radius  vector  increases  more  and  more. 

At  the  same  time  its  gravity  tends  to  bring  it  back  (o  the 
sun,  and  opposes  its  motion.  This  cause  always  acting,  frad- 
ually  diminishes  the  velocity,  until  the  planet  arrives  at  its 
aphelion.  Then  the  velocity  of  revolution  is  at  its  minimum ; 
and  the  solar  attraction  being  weakened  by  the  distance,  is 
considerably  diminished ;  but  the  calcuhis  shows  that  in  ihh 


prevails  over  the  tendency  of  the  planet  to  recede 
:  the  sun.  It  is,  therefore,  brought  back  in  an  opposite 
teclion,  and  from  this  point  to  the  perihehon  its  velocity 
,  since  the  continually  increasing  attraction  of  the 
1  conspires  with  the  direction  of  the  motion. 
The  planet,  having  returned  to  this  point  of  its  orbit,  is 
found  to  have  all  the  velocity  which  it  had  at  the  preceding 
revolution  ;  it  will  then  commence  a  new  revolution  with  the 
same  velocity,  passing  through  the  same  periods,  and  so  on 
indefinitely. 

536.  An  elliptical  motion  is  not  the  only  one  which  answers 
to  the' law,  that  the  force  of  gravity  is  reciprocally  propor- 
tional to  the  square  of  the  distance.  It  is  shown  by  analysis 
that  the  orbit  may  also  be  a  parabola,  or  a  hyperbola,  and,  in 
general,  any  conic  section.  These  curves  are  the  only  ones' 
which  can  be  described  by  the  force  in  question.  In  each 
particular  case  the  kind  of  orbit  is  determined  by  the  intensity 
of  the  initial  impulse ;  and,  what  is  exceedingly  remarkable, 

fthe  direction  of  this  impulse  does  not  influence  the  result ;  it 
only  modifies  the  dimensions  of  the  orbit. 
It  is  probable  that  there  are  bodies  in  the  heavens,  which 
thus  describe  parabolas  or  hyperbolas  about  the  sun,  but  then 
these  bodies  can  never  be  visible  but  once ;  and  when  they 
disappear,  we  lose  sight  of  them  for  ever. 

537.  To  represent  accurately  the  celestial  motions,  it  is  not 
sufficient  to  consider  separately  the  bodies  which  compose 
our  system.  We  must  at  the  same  time  have  regard  to  the 
mutual  attractions,  which  these  bodies  exert  upon  one  another. 
On  this  account  the  motion  will  only  approximate  to  the 
elliptical  hypotliesis,  as  we  actually  find.  This  deviation, 
therefore,  is  a  proof  in  favor  of  universal  gravitation. 

538.  It  is  thus,  for  example,  that  the  elhptical  motion  of 
the  moon  about  the  earth  is  disturbed  by  the  action  of  the 
sun.  If  this  action  were  the  same  upon  the  moon  and  earth, 
both  would  yield  to  its  influence  at  the  same  time,  and  while 
they  wcro  carried  along  the  ecliptic  with  an  equal  motion, 
the  moon  would  rei^ularly  describe  its  ellipse  about  the  earth. 
But  as  the  moon  is  sometimes  nearer  the  sun  than  the  earth 
is,  and  sometimes  farther  ofl*,  and  as  the  sun's  action  upon 
the  moon  has  for  the  most  part  an  oblique  direction  to  that 
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exerted  upon  the  earth,  variations  take  place  in  the  mt 
gravity  to  iho  earth,  and  in  the  velocity  with  which  it 
volves  about  the  earth ;  hence  the  inequalities  of  its  mol 

For   exarapio,   at   the    time  of  conjunction,   the 
between  the  earth  and  the  sun,  and  consequently  nearer 
stmthan  the  earth  is.    In  this  position  the  sun  attracts  il 
and  increases  a  httie  its  distance  from  the  earth.      On  the 
trary,  at  the  time  of  opposition,  the  earth  is  most  attracted' 
the  sun,  and  is  thus  withdrawn  from  the  moon,  so  that, 
respect  to  us,  a  similar  ctfect   is   produced.      At   the 
ratuies  the  action  of  the  sim,  decomposed  in  tlie  directii 
the  radius  vector  of  the  moon,  tends  to  diminish  its 
but  the  calculus  shows  that  this  eifect  is  less  than  the 
mentation,  which  takes  place  at  the  syzygics,  so    thai,  on  ibt^ 
whole,  the  moon  is  maintained  at  a  greater  distance  firom  ths 
earth  than  it  would  be  without  the  action  of  the  sun. 

This  action,  being  variable  in  the  different  paints  of  the 
moon's  orbit,  must  produce  periodical  inequalities  in  its  mo- 
tion, wliich  recur  at  each  revolution,  but  their  intensiij' 
must  be  dilTerent,  according  to  the  different  distances  of  the 
Sim  from  the  earth ;  it  must  be  greatest,  for  instance,  when 
the  sun  is  at  the  periheUon,  and  least,  when  at  the  aphelion ; 
hence  result  some  inequalities  of  another  sort,  which  serve 
as  corrections  to  the  preceding,  and  which,  depending  on  the 
position  of  the  earth  in  its  orbit,  recur  annually. 

539.  The  motion  of  the  nodes  of  the  moon's  orbit,  and  the 
change  in  its  inclination  to  the  ecliptic,  are  also  necessary  con- 
sequences of  the  action  of  the  sun.  When  tlie  moon,  in  its 
motion  about  the  earth,  approaches  the  plaue  of  tlie  echptic, 
the  sun  attracts  it  towards  this  plane,  and  tends  to  bring  it 
down  to  it.  By  the  effect  of  this  attraction,  the  moon  crosses 
the  ecliptic  a  Utile  sooner,  and  comes  to  it  more  directly . 
hence  the  retrograde  motion  of  the  nodes  and  the  change  ol 
inclination  of  the  orbit. 

540.  A  simUar  action  is  exerted  upon  all  the  planetary 
bodies,  by  which  their  hiequaJities  are  produced.  The  mo- 
tions of  the  nodes  and  perihelia,  and  the  changes  in  the 
inclination  of  their  orbits,  sue  owing  lo  these  recipiocal 
attractions.  Tlie  law  of  universal  gravitation  affords  at  the 
same  time  on  explanation  and  a  measure  of  the  inequalities  in 
question. 
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If  it  were  necessary  to  consider  simultaneouslf  all  the 
■s  of  perturbation,  the  calculations  would  become  ex- 
lely  complicated,  and  the  diifieullics  would  be  iiisunnount- 
Happily  the  constitution  of  the  solar  system  pennits 
to  diminish  them.  The  bodies  which  compose  this  sys- 
"*  tem  are  insulated  in  space,  at  considerable  distances ;  each 
planet  wilh  its  satellites  forms,  as  it  were,  a  world  in  minia* 
'tUre,  in  which  every  thing  is  determined  by  the  particular 
attractions  of  the  bodies  which  make  a  part  of  it.  The  other 
'  bodies  being  placed  at  great  distances,  exert  nearly  ail  equal 
action  upon  all  these  bodies,  which  are  comparatively  near 
"  together,  and  this  common  action  does  not  disturb  their  rela- 
tive motions.  Thus,  the  laws  of  the  planetary  motions  them- 
-ilves  apply  to  the  motions  of  the  satctUtes,  and  these  bodies 
I  xliibil,  in  their  revolutions,  a  rapid  representation  of  the 
seciUar  derangements,  which  are  to  take  place  in  the  plane- 
tary system,  and  which  time  will  develope. 

But,  as  we  have  remarked  in  speaking  o(  the  motions  of  the 
moon,  it  is  not  always  sufficient  to  consider  each  system 
separately ;  if  we  would  attain  to  the  utmost  accuracy,  re- 
gard must  be  had  to  the  action  of  those  bodies,  wliich,  by 
reason  of  their  proximity  or  their  mass,  are  capable  of 
exerting  a  sensible  influence ;  and  we  must  neglect  those 
only  whose  action,  calculated  in  a  rigorous  manner,  wonld 
always  be  less  than  the  errors  unavoidably  incident  to  obser- 
vation. 

Li  the  case  of  the  moon,  for  example,  it  is  suflicient  to  have 
regard  to  the  reciprocal  actions  of  the  earth,  the  moon,  and 
ihe  sun.  Those  of  the  other  heavenly  bodies  may  be  neglect- 
ed, either  because  their  mass  is  too  small,  or  their  distance 
too  great,  to  produce  a  sensible  effect ;  hence  the  theory  of 
the  moon  has  received  the  name  of  the  problem  of  the  three 
bodies. 

In  the  case  of  the  earth,  on  the  other  hand,  regard  must  he 
paid  to  the  united  actions  of  the  Sun,  Moon,  Venus,  Mars, 
Japiter,  and  Saturn.  Uranus  is  too  distant  to  have  a  sensible 
influence,  and  the  other  planets  are  so  small,  that  their  action 
may  be  neglected.  The  eflects  of  these  mutual  actions  are 
particularly  remarkable  in  the  motions  of  Jupiter  and  Saturn. 
These  two  planets,  the  largest  in  our  system,  acting  with 
Astron.  47 


370 


anheory  of  the  Plofwto. 


great  force  upon  each  other,  occasion  in  their  rempectiwn  oitik 
YBty  great  inequalities,  extending  through  sereni  oentnnai; 
3fiet  modem  analysis  has  enabled  us  to  discover  their  laws. 

641.  It  will  be  readily  perceived  that  perturbations  of  flsi 
kind,  when  the  bodies  in  question  have  so  considersUe  m 
influence  upon  each  other,  must  be  well  adapted  to  tbe  drter- 
mination  of  their  masses.  Accordingly  this  method  int  been 
made  use  of,  and  we  measure  the  mass  of  each  of  thebesr- 
enly  bodies  by  the  effects  which  it  produces^  its  difllmoe 
being  taken  into  consideration.  The  bulks  are  ascertained,  as 
we  have  seen  abdve,  by  means  of  the  apparent  diameteit 
Comparing  these  with  the  masses,  we  deduce  the  densitifli 
of  the  different  planets,  and  the  laws  of  gravity  at  their  ma- 
&ce. 
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Thus  we  see  how  small  all  these  masses  are,  when  com- 
pared with  that  of  the  smi.     The  earth,  which  appears  to  us 
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s  it  were  a  grain  of  sand  by  the  side  of  this 
.  body,  which  is  itself  but  a  pouit  in  the  immensity  of 

The  perturbations,  to  which  the  satelhtes  of  Jupiter  are  sub- 
ject, enable  us  to  determine  their  masses  in  the  same  manner. 
The  values  are  as  follows ;  that  of  the  primary  being  taken  for 
unity. 


First  satellite 
Second  "  . 
Third  "  . 
Fourth     "     . 


0,0000173281 
0,0000232356 
0,0000884972 
0,0000426591 


pAlthough  these  masses  are  very  small,  the  influence,  which 

exert   in   producing   the   inequalities   of  the   satellites, 

lords  reason  for  believing  that  the  above  values  are  very 

tact. 

I  The  comets  hitherto  observed  have  not  produced  any  sensi- 

■e  perturbations  in  the  bodies  of  the  planetary  system,  and, 

scordingly,  we  have  not  yet  been  able  to  determine  the  mass 

fcf  any  of  them.     But  we  conclude  for  this  very  reason,  that 

plheir  masses  are  very  small. 

642.  The  perturbations,  which  take  place  in  the  heavenly 
bodies,  may  sometimes  be  so  great  as  to  affect  an  entire 
change  in  their  orbits.  This  is  probably  the  case  with  respect 
to  comets,  which  describe  parabolas  and  hyperbolas.  These  ■ 
bodies  are  supposed  to  wander  from  system  to  system,  yield- 
ing continually  to  new  attractions,  until  they  are  destroyed, 
or  their  orbits  become  invariably  fixed. 

643.  It  has  been  thought,  that  the  orbit  of  the  comet  of 
1770  was  changed  in  this  way.  It  has  been  presumed,  with 
great  probability,  that  this  comet,  moving  towards  its  peri- 
helion, was  made  to  take  an  elliptical  orbit  by  the  action  of 
Jupiter,  near  which  it  passed  at  this  time  ;  but,  that  afterwards, 
having  described  one  revolution  in  this  orbit,  it  again  passed 
near  Jupiter,  and  by  a  contrary  attraction,  the  effects  of  this 
first  perturbation  were  destroyed,  and  its  orbit  again  became 
infinitely  elongated.  Laplace  has  carefully  considered  the 
possibility  of  such  a  phenomenon,  and  given,  in  the  fourth 
volume  of  the  Mlcanique  Cileate,  considerations  which  tender 
it  extremely  probable. 


L. 


This  comet  approached  nearer  to  the  earth  than  any  oi 
hitherto  observed,  and  the  tarili  must  consequently  hast  ei- 
perienced  a  sensible  action,  if  the  mass  of  the  comet  bears  aiij 
proportion  to  that  of  the  terrestrial  globe.  On  the  suppodiiou 
that  the  masses  are  equal,  the  action  of  the  comet  would  tiavc 
increased  the  duration  of  the  year  more  than  six  mintiles. 
Now  it  is  well  ascertained  from  the  comparison  of  numeroos 
observations,  made  by  MM.  Delambre  and  Burckhardt  in  con- 
structing their  solar  tables,  that  since  1770,  the  sidereal  year 
has  not  been  increased  one  second ;  the  mass  of  the  comet, 
therefore,  is  not  ^^  part  of  that  of  the  eajth.  Moreover,  if 
we  consider  that  this  comet,  in  1767  and  1779,  traversed  the 
system  of  Jupiter's  satellites  without  producing  the  slightest 
disturbance,  we  shall  perceive  that  it  is  still  less.  We  may 
add  that  the  smallness  of  the  masses  of  the  comets  is  indicated 
by  the  circumstance,  that  they  exert  no  sensible  infloence 
upon  the  planetary  motions.  These  motions  are  represenied 
by  the  action  simply  of  the  bodies  of  this  system,  with  such  a 
degree  of  precision,  that  the  small  deviations  belonging  to  our 
best  tables  are  attributable  to  errors  of  observation  and  calcu- 
lation. 

544.  From  the  mere  circumstance,  that  the  planetary  mo- 
tions take  place  in  the  same  direction,  and  in  ellipses  of  sniall 
eccentricity  and  little  inclined  to  each  other,  it  may  he  demoo- 
atrated  that  the  present  state  of  the  system  is  stable :  diat  □ 
ono  of  the  planets  was  originally  a  comet ;  and  that  the  si 
system  only  oscillates  about  a  mean  state  of  ellipticity  i 
inclination,  from  which  the  deviations  are  inconsiderable. 

fi45.  We  have  seen  in  universal  gravitation  the  genes 
cause  of  the  celestial  motions.  It  is  the  same  i 
determines  the  rounded  figure  of  the  planets,  and  which,  con* 
hined  with  the  centrifugal  force  derived  from  the  rotator 
motion,  gives  rise  to  the  protuberance  at  the  equator,  and  t 
flattening  at  the  poles ;  it  is  moreover  the  cause,  which,  : 
connexion  with  the  oblateness,  produces  the  balancing  or  nnl 
tation  of  these  bodies  about  their  centre  of  gravity.  Let  d 
take  the  earth  as  an  example.  K  it  were  exactly  spherical, 
the  particles  of  matter  situated  on  opposite  sides  of  the  centre 
would  be  equally  attracted  by  the  sun,  and  there  would  iBSidt 
no  motion  about  this  centre.     But  the  protuberance  ; 
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equator  disturbs  this  inequality.  The  particles  which  compose 
it  may  be  considered  as  so  many  sinaJI  moons,  connected 
firmly  with  each  other  and  with  the  terrestrial  globe.  Each 
of  them  must  experience  inequalities  analogous  to  those  of  the 
leal  moon  ;  that  is,  its  nodes  must  retrograde  on  the  ecliptic, 
by  the  action  of  the  sun.  Now  these  particles,  adhering  to  the 
body  of  the  earth,  cannot  have  any  motion  independent  of  the 
globe  itself.  They  will  tend,  therefore,  to  draw  the  earth 
■with  them  in  a  retrograde  direction;  and  although  their  mo- 
tion, when  transmitted  to  so  large  a  mass,  must  be  greatly 
■weakened,  yet  it  is  nol  wholly  insensible.  The  entire  body 
of  the  earth  gradually  yields  to  it,  and  the  terrestrial  equator 
retrogrades  slowly  on  the  ecliptic,  and  hence  the  precession 
of  the  equinoxes. 

The  moon  acting  upon  the  earth,  like  the  sun,  must  pro- 
duce analogous  effects ;  and  the  smallncss  of  its  mass  is  even 
more  than  compensated  by  its  proximity.  But,  as  its  position 
about  the  earth  is  continually  changing,  the  effects  are  equally 
variable.  Accordingly,  the  action  of  the  moon  is  not  con- 
fined to  producing  a  motion  in  the  eqiunoxes.  It  materially 
changes  the  obliquity  of  the  ecliptic,  and  produces  the  nu- 
tation of  the  earth's  axis ;  and  these  inequalities  have  periods 
■which  depend  upon  its  motions. 

The  mean  value  of  the  precession  being  the  result  of  the 
combined  actions  of  the  sun  and  moon,  while  nutation  is 
produced  by  the  moon  alone,  these  phenomena  are  well  cal- 
culated to  make  known  the  relative  masses  of  these  bodies; 
accordingly  they  have  been  employed,  if  not  in  finding  this 
ratio,  at  least  in  verifying  the  value  assigned  to  it  by  means  of 
other  phenomena.  The  same  remark  is  applicable  to  the  ob- 
lateness  of  the  earth,  without  which  there  woidd  be  neither 
precession  nor  nutation. 

646.  Lastly,  we  perceive  the  effects  of  universal  gravitation 
in  the  phenomena  of  the  tides.  The  liquid  particles,  which 
are  situated  on  the  side  of  the  .terrestrial  spheroid  next  to  the 
sun,  are  more  attracted  by  it  than  the  centre  of  the  earth ;  their 
weight  is  therefore  somewhat  diminished,  as  we  observed 
with  respect  to  the  moon  when  in  conjimction.  Hence  a 
greater  mass  of  water  will  necessarily  accumulate  on  this  side, 
to  compensate  for  the  diminution  of  gravity.    The  same  effect 
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is  produced  also  in  the  particles  of  water  situated  in  the  v: 
posite  hemisphere ;  since  these  are  less  attracted  than  il: 
centre  of  the  earth,  which  is  drawn  away  from  them;  aj;. 
thus  their  weight  is  diminished,  as  js  the  case  with  respect  ii> 
the  moon  when  in  opposition.  Accordingly,  by  the  union  oi' 
these  circumstances,  the  ocean  must  be  elevated  under  (he 
body  which  attracts  it,  and  form  on  the  earth's  surface  two 
opposite  protuberances,  situated  nearly  in  the  straight  line 
which  joins  the  centre  of  the  earth  and  that  of  the  sun. 
The  total  mass  of  waters  Temainine;  the  same,  there  must  be 
a  corresponding  depression  in  the  parts  of  the  ocean,  which 
are  90°  from  the  sim. 

The  action  of  the  moon  must  produce  analogous  phenomt- 
na ;  this  also  raises  the  waters  of  the  ocean  ;  and  Uie  oscillri- 
lions  which  it  occasions  follow  the  periods  of  its  motion. 

The  total  height  of  the  tides  depends,  therefore,  upon  tiw 
combined  action  of  these  two  bodies ;  it  is  the  greatest  possible, 
when  the  moon  is  in  the  syzygies,  at  which  time  the  i«'i> 
actions  conspire,  and  the  smallest  at  the  quadratures,  when" 
they  are  opposed  to  each  other. 

The  difference  between  the  periods  of  the  lunar  and  solar 
tides  has  furnished  the  means  of  estimating  the  separate  effeci* 
of  these  two  bodies,  and  the  measure  of  their  action.  That  oi 
the  moon  is  the  greatest,  since  the  smallness  of  its  mass  is 
more  than  compensated  by  its  proximity.  In  this  way  we 
have  obtained  the  ratio  of  the  masses  of  the  moon  and  sun. 
This  result  agrees  with  that  obtained  from  other  phenomena, 
upon  which  the  mass  of  the  moon  has  a  sensible  influence. 
From  all  these  facts  taken  together,  it  appears  that  the  mass 
of  the  moon  is  j\  part  of  that  of  the  earth.  We  know  also 
that  the  diameter  of  the  moon  is  expressed  by  0,273,  that  of 

the  earth  being  1;  whence  it  follows  that  its  bulk  is  — 

of  that  of  the  earth ;  and  as  its  mass  is  only  -^^  it  follows  that 
its  density  is  less  than  that  of  the  earth,  as  already  remarked. 
According  to  the  foregoing  theory,  each  tide  ought  to  take 
place  at  the  instant,  when  the  body  producing  it  passes  the 
meridian.  But  this  is  not  according  to  what  we  actually  ob- 
serve in  our  ports ;  owing  to  local  circumstances,  as  the  accu- 
mulation of  water,  friction  at  the  bottom  of  the  sea,  and  ihM  | 
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^■Donfiguration  of  the  shores,  the  oscillations  are  impeded  and 
^■etarded.  This  retardation  does  not  take  place  in  the  open 
^■ea.  But  as  the  circumstances  which  produce  it  in  any  place 
^pie  nearly  constant,  so  the  elTcct  is  also  constant,  and  can  be 
^^^dicled  after  having;  been  once  observed. 
Hi.  547.  Such  is  a  brief  account  of  the  phenomena,  that  are 
^■educed  as  natural  consequences  from  universal  gravitation. 
^BVe  have  been  able  only  to  indicate  their  mutual  connexion 
^Bnd  dependence.  With  the  aid  of  the  calculus  we  might 
^Bnter  into  the  minutest  details,  and  develope  the  most  hidden 
^nelations  of  these  phenomena ;  we  might  even  estimate  them 

■  Vith  more  exactness  than  by  actual  observation.     These  pro- 

■  found  researches  form  the  subject  of  the  Mecanique  CUeste, 

■  Being  restricted,  by  ihe  plan  we  proposed  to  ourselves  in 
Kthis  work,  to  a  developement  of  the  mere  elements  of  the 
I  science,  we  are  able  to  advance  no  further.  But  having 
Ixeached  this  point,  let  us  for  a  moment  look  back  upon  the 
I  course  we  have  pursued.  We  set  out  with  those  fundamental 
"  ideas,  which  the  aspect  of  the  earth  and  the  heavens  suggests 

to  every  man ;  we  were  surrounded  by  all  the  false  appear- 
ances, which  take  place  in  the  atmosphere  and  in  the  heavens. 
By  degrees  we  delected  our  erroneous  judgments,  escaped 
from  the  illusion  of  the  senses,  and  removed  the  veil  from 
nature.  We  thus  attained  to  more  correct  ideas  of  the  system 
of  the  world.  Distrusting  our  first  impressions,  we  resorted 
to  actual  measurement.  We  investigated  the  laws  which 
govern  the  motions  of  the  heavenly  bodies,  and,  by  comparing 
these  laws  together,  we  have  been  led  to  Ihe  discovery  of  a 
few  general  principles,  which  completely  embrace  all  the  rest. 
Lastly,  we  have  seen  that  these  results  may  all  be  reduced  to 
one,  namely,  universal  gravitation.  This  is  the  fundamental 
principle  of  all  the  celestial  motions,  all  being  derived  from  it 
as  from  a  common  source.  We  have  thus,  as  it  were,  decom- 
posed the  system  of  the  world,  reduced  it  to  its  simple  ele- 
ments, and  then  recomposed  it.  In  this  view  astronomy  is,  of 
all  the  sciences,  the  most  complete,  the  most  sublime,  and 
that  which  most  exalts  the  human  mind.  But,  the  circum- 
stance which  gives  it  an  inestimable  value,  is  its  perfect 
certainty.  Whatever  may  be  the  progress  of  science,  the 
principle  of  universal  gravitation  is  unalterably  fixed,  since  it 
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rests  upon  undeniable  hcts^  and  its  dmatfon  will  be  etennL 
It  is  certainly  wonderful  to  see  the  human  mind  ani?ing  at 
conclusions  so  bold  and  extensive ;  but  tnithsi  irhich  are  de- 
duced from  facts  by  rigorous  reasoning,  cannot  be  called  m 
question.  And  here  ve  may  apply  those  noble  wonb  of 
CicerOy  which  seem  as  if  intended  expressly  for  our  pmpose. 
H€te  nUrabilia  videri  inUiUgo;  Bed  cAm  eerii  mtperionfnm 
ae  vera  mni^  his  avium  ea  conMftlanm  ^  cansequetiA;  uc 
de  eorum  quidem  veriiaie  est  dubUandum.^^De  Fin«  12>.3, 
cap.  15. 
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,  648.  Besides  the  bodies  we  have  described  in  the  foregoing 
Ktions,  the  heavens  present  us  with  an  innumerable  multi- 
e  of  other  objects,  which  are  called  generally  by  the  name 
bf  stars.  Though  comprehending  individuals  differing  irom 
ich  other,  not  merely  in  brightness,  but  in  many  other  essen- 
.  points,  they  all  agree  in  one  attribute,  a  high  degree  of 
^rmanence  as  to  ap(jarent  relative  situation.  This  has  pro- 
red  them  the  title  of  "  fixed  stars ;  "  an  expression  which 
B  to  be  understood  in  a  comparative  and  not  in  an  absolute 
use,  it  being  certain  tliat  many,  and  probable  that  all  are 
I  a  state  of  motion,  although  too  slow  to  be  perceptible, 
by  means  of  very  delicate  observations,  continued 
■diiriug  a  long  series  of  years. 

649.    Astronomers  are  in  the  habit  of  distinguishing  the 
^Btars   into   classes,   according   to    their  apparent   brightness. 
These  are  termed  magnitudes.     The  brightest  stars  are  said 
s  be  of  the  first  magnitude  ;  those,  which  fall  so  far  short  of 
3  first  degree  of  brightness  as  to  make  a  marked  distinction, 
!  classed  into  the  second,  and  so  on  down  to  the  sixth  or 
pveiith,  which  comprise  the   smallest   stars  visible   to   the 
iked  eye,  in  the  clearest  and  darkest  night.     Beyond  these, 
fcowever,  telescopes  continue  the  range  of  visibihty,  and  mag- 
ytudcs  from  the  Sth  down  to  the  16th  are  faniihar  to  those 
prho  are  in  the  practice  of  using  powerful  instruments ;  nor 
there  seem  the   least  reason  to  assign 'a  limit  to   this 
regression ;  every  increase  in  the  dimensions  and  power  of 
istrumcnts,  which  successive  improvements  in  optical  science 
have  attained,  having  brought  into  view  multitudes  innume- 
rable of  objects  invisible  before ;  so  that,  for  any  thing  experi- 
ence has  hitherto  taught  us,  the  number  of  the  stars  may  be 
really  infinite,  in  the  only  sense  in  which  we  can  assign  a 
;;  to  the  word. 


t  This  section  is  from  Hecschel's  Astronomy,  p.  349,  &c. 
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550.  This  classification  into  magnitudes,  however,  it  mm 
be  observed,  is  entirely  arbitrary.  Of  a  multitude  of  briaht 
objects,  diliering  probably  intrinsically,  both  in  size  aod  m 
splendor,  and  arranged  at  uneqtial  distances  from  us,  one  rausi 
of  necessity  appear  the  brightest,  one  next  below  it ,  and  so  oa. 
An  order  of  succession,  relative,  of  coiuse,  lo  our  locaJ  s'lria- 
tion  among  them,  must  exist,  and  it  is  a  matter  of  atnolute 
indifference  where,  in  that  infinite  progression  downwwds, 
from  the  one  brightest  to  the  invisible,  we  choose  lo  draw  mi 
lines  of  deraarkation.  All  this  is  a  matter  of  pure  convention 
Usage,  however,  has  established  such  a  convention,  anu 
though  it  is  impossible  to  dclermine  exactly,  or  a  prion. 
where  one  magnitude  ends  and  the  next  begins,  and  aJihou^K 
different  observers  have  differed  in  their  magnitudes,  yet,  or. 
the  whole,  astronomers  have  restricted  their  first  maEnilude 
to  about  15  or  20  principal  stars;  their  second  to  SOortMi 
next  inferior;  their  third  to  about  200  yet  smaller,  and  so  on, 
the  numbers  increasing  very  rapidly  as  we  descend  in  tht 
scale  of  brightness,  the  whole  number  of  stars  already  rezit- 
tered  down  to  the  seventh  magnitude,  inclusive,  amounting 
to  15000  or  20000. 

551.  As  we  do  not  see  the  actual  disc  of  a  star,  but  judge 
only  of  its  brightness  by  the  total  impression  made  upon  the 
eye,  the  apparent  "  magnitude  "  of  any  star  will,  it  is  evident, 
depend,  1.  On  the  star's  distance  from  us ;  2.  On  tlie  abso- 
lute magnitude  of  its  ilhiminated  surface  ;  3.  On  the  intrinsic 
brightness  of  tfiat  surface.  Now,  as  we  know  nothing,  or 
next  to  nothing,  of  any  of  these  data,  and  have  every  reason 
for  believing  that  each  of  them  may  differ  in  different  indi- 
viduals, in  the  proportion  of  many  millions  to  one,  it  is  cleat 
that  we  arc  not  to  expect  much  satisfaction,  m  any  conclnsioiu 
we  may  draw  from  numerical  statements  of  the  number  of 
individuals,  arranged  in  our  artificial  classes.  In  fact,  astrono- 
mers have  not  yet  agreed  upon  any  principle  by  which  the 
magnitudes  may  be  photometrically  arranged,  though  a  lin- 
ing towards  a  geometrical  progression,  of  wliich  each  lenn  is 
the  half  of  the  preceding,  may  be  discerned.  Nevertheless,  it 
were  much  to  be  wished,  that,  setting  aside  all  such  arbitrary 
subdivisions,  a  numerical  estimate  should  be  formed,  gronnded 
on  precise  photomelrical  experiments,  of  the  apparent  bright- 
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s  of  each  star.  This  would  afford  a  definite  character  in 
itiiral  history,  and  serve  as  a  term  of  comparison  to  ascertain 
e  chiiiiges  which  may  lake  place  in  them ;  changes  which 
B  know  to  happen  in  several,  and  may,  therefore,  fairly  pre- 
me  to  be  possible  in  all.  Meanwhile,  as  a  first  approxima- 
,  the  following  proportions  of  hght,  concluded  from  Sir 
I  Ilerschel's  experimental  comparisons  of  a  few  select- 
I  stars,  may  be  borne  in  mind  ;  — 

I  Light  of  a  star  of  the  average 


1st 

magnitude 

= 

100 

•M 

= 

!« 

3d 

= 

12? 

4th 

= 

6 

6th  =      1. 

By  my  own  experiments,  say^  Sir  J.  P.  W.  Herschel,  I  have 
found  that  the  light  of  Sirius,  the  brightest  of  all  the  fixed 
stars,  is  about  324  times  that  of  an  average  star  of  the  6th 
magnitude. 

552.  If  the  comparison  of  the  apparent  magnitudes  of  the 
stars  with  their  numbers  leads  to  no  definite  conclusion,  it  ia 
otherwise  when  we  view  them  in  connexion  with  their  local 
distribution  over  the  heavens.  If,  indeed,  we  confine  our^ 
selves  to  the  three  or  four  brightest  classes,  we  shall  find  them 
distributed  with  tolerable  impartiality  over  the  sphere  ;  hut  if 
we  take  in  the  whole  amount  visible  to  the  naked  eye,  we 
shall  perceive  a  great  and  rapid  increase  of  number  as  we 
approach  the  borders  of  the  milky  way.  And  when  we  come 
to  telescopic  magnitudes,  we  find  them  crowded  beyond 
imagination  along  the  extent  of  that  circle,  and  of  the  branch 
which  it  sends  off  from  it ;  so  that  in  fact  its  whole  hght  is 
composed  of  nothing  but  stars,  whose  average  magnitude  may 
be  stated  at  about  the  tenth  or  eleventh. 

553.  These  phenomena  agree  with  the  supposition  that  the 
stars  of  our  firmament,  instead  of  being  scattered  in  all  direc- 
tions indifferently  through  space,  form  a  stratum,  of  which 
the  thickness  is  small,  in  comparison  with  its  length  and 
breadth  ;  and  in  which  the  earth  occupies  a  place  somewhere 
aboat  the  middle  of  its  thickness,  and  near  the  point  where  it 
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subdivides  into  two  principal  laminie,  inclined  at  a  small 
angle  to  each  other.  For  it  is  certain,  that,  to  an  eye  sosim- 
atod,  till!  apparent  density  of  the  stars,  supposing  them  preiii 
equally  scattered  through  the  space  they  occupy,  would  Ir 
least  in  a  direction  of  tlie  visual  ray  perpendicular  to  th* 
lamina,  and  f;;Teatest  in  that  of  iis  breadth,  increasing  npi'dJy 
in  passijig  from  one  to  the  other  direction,  just  as  »e  see  a 
sUght  haze  in  the  atmosphere  thickening  into  a  decided  fos; 
bank  near  the  horizon,  by  the  rapid  increase  of  the  iwre 
length  of  the  visual  ray.  Accordingly,  such  is  the  vie»  of 
the  construction  of  the  stany  finnament  taken  by  Sir  William 
Herschel,  whose  powerful  telescopes  have  effected  a  complete 
analysis  of  this  wonderful  zone,  and  demonstrated  the  fact  of 
its  entirely  consisting  of  stars.  So  crowded  are  they  in  some 
parts  of  it,  that  by  counting  the  stars  in  a  single  field  of  his 
telescope,  he  was  led  to  conclude  that  50000  had  passed 
under  his  review  in  a  zone  two  degrees  in  breadth,  diinn?  ri 
single  hour's  observation.  The  immense  distances,  at  which 
the  remoter  regions  must  be  situated,  will  sufficiently  accooci. 
for  the  vast  predominance  of  small  magnitudes  which  are 
observed  in  it. 

654.  When   we  speak  of  the   compaialive   remoteness  oi 
certain  regions  of  the  starry  heavens  beyond  others,  and  ot 
our  own  situation  in  them,  the  question  immediately  arises. 
What  is  the  distance  of  the  nearest  fixed  star?     What  is  the 
scale  on  which  our  visible  firmament  is  constructed ';     And 
what  proportion  do  its  dimensions  bear  to  those  of  our  own 
immediate  system  ?     To  this,  however,  astronomy  has  bithepj 
to  proved  unable  to  supply  an  answer.     All  we  know  o 
subject  is  negative.     We  have  attained,  by  delicate  obs 
tions  and  refined  combinations  of  theoretical   reasoning,  torn 
correct  estimate,  first  of  the  dimensions  of  the  earth ;  tl 
taking  that  as  a  base,  to  a  knowledge  of  those  of  its  e 
about  the  sun ;  and  again,  by  taking  our  stand,  as  it  venf 
on  the  opposite  borders  of  the  circumference  of  this  orbit,  i 
have  extended  oiu:  measurements  lo  the  extreme  verge  of  oi 
own  system,  and  by  the  aid  of  what  we  know  of  the  excui 
sions  of  comets,  have  felt  our  way,  as  it  were,  a  step  or  t» 
beyond  the  orbit  of  the  remotest  known  planet.     But  betwet 
that  remotest  orb  and  the  nearest  star  there  is  a  gulf  fixed,  i 
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whose  extent  no  observalious  yet  made  have  enabled  us  to 
assign  any  distinct  approximation,  ot  to  nnme  any  distance, 
however  immense,  which  it  may  not,  for  any  thing  we  can 
tell,  surpass. 

555.  The  diameter  of  the  earth  has  served  us  as  tlie  base  of 
a  triangle,  in  the  trigonometrical  survey  of  our  system,  by 
which  to  calculate  the  distance  of  the  sun  ;  but  the  extreme 
minuteness  of  the  sun's  parallax  renders  the  calculation  from 
this  "ill-conditioned"  triangle  so  delicate,  that  nothing  but 
the  fortunate  combination  of  favorable  circumstances,  afforded 
by  the  transits  of  Venus,  could  render  its  results  even  tolerably 
worthy  of  reliance.  But  the  earth's  diameter  is  too  small  a 
base  for  direct  triangulation  to  the  verge  even  of  our  own 
system,  and  we  ore,  therefore,  obliged  to  substitute  the  annual 
parallax  for  the  diurnal,  or,  which  comes  to  the  same  thing, 
to  ground  our  calculation  on  the  relative  velocities  of  the  earth 
and  planets  in  their  orbits,  when  we  would  push  our  triangu- 
lation to  that  extent.  It  might  bo  naturally  enough  expected 
that  by  this  enlargement  of  our  base  to  the  vast  diameter  of 
the  earth's  orbit,  the  next  step  in  our  sin-vey  would  be  made 
at  a  great  advantage ;  that  our  change  of  station,  from  side 
to  side  of  it,  would  produce  a  perceptible  and  measurable 
amount  of  annual  parallax  in  the  stars,  and  that  by  its  meaoa 
we  should  come  to  a  knowledge  of  their  distance.  But,  after 
exhausting  every  refinement  of  observation,  astronomers  have 
been  unable  to  come  to  any  positive  and  coincident  conclu- 
sion upon  this  head ;  and  it  seems,  therefore,  demonstrated, 
that  the  amoimt  of  such  parallax,  even  for  the  nearest  fixed 
star  which  has  hitherto  been  examined  with  the  requisite 
attention,  remains  still  mixed  up  with,  and  concealed  among, 
the  errors  incidental  to  all  astronomical  determinations.  Now, 
such  is  the  nicely  to  which  these  have  been  carried,  that  did 
the  quantity  in  question  amount  to  a  single  second,  that  is, 
,did  the  radius  of  the  earth's  orbit  subtend  at  the  nearest  fixed 
star  that  minute  angle,  it  could  not  possibly  have  escaped 
detection  and  universal  recognition. 

556.  Radius  is  to  the  sine  of  1",  in  round  numbers,  as 
200000  to  1,  hi  this  proportion,  then,  at  least,  must  the  dis- 
tance of  the  fixed  stars  from  the  sun  exceed  that  of  the  sun 
from  the  earth.     The  latter  distance,  as  we  have  already  seen, 


exceeds  the  earth's  radius  in  the  proportion  of  24000  to  1 ; 
and,  lastly,  to  descend  to  ordinary  standards,  the  earth's  radjoi 
is  4000  of  our  miles.  The  distance  of  the  stars,  then,  cannot  be 
so  small  as  4SOOOOO00O  radii  of  the  earth,  or  19200000000000 
miles  !     How  much  larger  it  may  be  we  know  not. 

557.  In  such  numbers,  the  imagination  is  lost,  TheonJi 
mode  we  have  of  conceiving  such  intervals  at  all,  isb^llic 
time  which  it  would  require  for  light  to  traverse  them.  Now 
light,  as  we  know,  travels  at  the  rate  of  192000  miles  (>=r 
second.  It  would,  therefore,  occupy  100000000  seconds,  ei 
upwards  of  three  years,  in  such  a  jonmcy,  at  the  verj'  lowcji 
estimate.  What,  then,  are  we  to  allow  for  the  distance  nf 
those  innumerable  stars  of  the  smaller  magnitude,  which  tht 
telescope  discloses  to  us  !  If  we  admit  the  ligh  t  of  a  star  •:•: 
each  magnitude  to  be  half  that  of  the  magnitude  next  al«vo 
it,  it  will  follow  that  a  star  of  the  first  magnitude  will  require 
to  be  removed  to  362  times  its  distance  to  appear  no  laiciT 
than  one  of  the  sixteenth.  It  follows,  therefore,  that  amon^ 
the  countless  multitude  of  such  stars,  visible  in  telescopes, 
there  must  be  msmy  whose  light  has  taken  at  least  a  thousand 
years  to  reach  us ;  and  that,  when  we  observe  their  places, 
and  note  their  changes,  wc  are,  in  fact,  reading  only  (heir 
history  of  a  thousand  year's  date,  thus  wonderfully  recorded. 
We  cannot  escape  this  conclusion,  but  by  adopting  as  an  alter- 
native  an  intrinsic  inferiority  of  light  in  all  the  smaller  stars 
of  the  milky  way.  We  shall  be  better  able  to  estimate  the 
probability  of  this  alternative,  when  we  have  made  acquaint- 
ance with  other  sidereal  systems,  whose  existence  the  tele- 
scope discloses  to  us,  and  whoso  analogy  will  satisfy  us  that 
the  view  of  the  subject,  wc  have  taken  above,  is  in  perfect 
harmony  with  the  general  tenor  of  astronomical  facts. 

558-  Q-uitting,  however,  the  region  of  speculation,  and  coB 
fining  ourselves  withm  certain  limits  which  we  are  sure  a 
less  than  the  truth,  let  us  employ  the  negative  knowledge  f 
have  obtained  respecting  the  distances  of  the  stars,  to  fooi 
some  conformable  estimate  of  their  real  magnitudes.  Of  t 
telescopes  afford  us  no  direct  information.  The  discs  whid 
good  telescopes  show  us  of  the  stars  are  not  real,  but  spurioiu 
a  mere  optical  illusion.  Their  light,  therefore,  must  be  < 
only  guide.      Now  Dr.   Wollaston,  by   direct    photometric! 


experiments,  open,  as  it  would  seem,  to  no  objections,  has 
ascertained  the  light  of  Siriiis,  as  received  by  us,  to  be  to  that 
of  ilie  sun  as  1  to  20000000000.  The  sun,  tlierefore,  in  order 
that  it  should  appeai'  to  us  no  brighter  than  Sinus,  would 
require  to  be  removed  to  141400  times  its  actual  distance. 
We  have  seen,  however,  that  ihe  distance  of  Sirlus  cannot  be 
so  small  as  200000  times  that  of  the  sun.  Hence  it  follows, 
that,  upon  the  lowest  possible  computation,  the  light  really 
thrown  out  by  Sirius  cannot  be  so  little  as  double  that  emitted 
by  Ihe  sun  ;  or  that  Sirius  must,  in  point  of  intrinsic  splendor, 
be  at  least  equal  to  two  suns,  and  la  in  all  probability  vastly 
greater.* 

659.  Now,  for  what  purpose  are  we  to  suppose  such  magni- 
ficent bodies  scattered  through  the  abyss  of  space  ?  Surely 
not  to  illuminate  our  nights,  which  an  additional  moon  of  the 
thousandth  part  of  the  size  of  oiu-  own  would  do  much  better, 
nor  to  sparkle  as  a  pageant  void  of  meaning  and  reality,  and 
bewilder  us  among  vain  conjectures.  Useful,  it  is  true,  they 
are  to  man  as  points  of  exact  and  permanent  reference  ;  but 
he  must  have  studied  astronomy  to  little  purpose,  who  can 
suppose  man  to  be  the  only  object  of  his  Creator's  care,  or 
who  does  not  see  in  the  vast  and  wonderful  apparatus  around 
us  provision  for  other  races  of  animated  beings.  The  plan- 
ets, as  we  have  seen,  derive  their  light  from  the  sun  ^  but 
that  cannot  be  the  case  with  the  stars.  These,  doubtless, 
then,  are  themselves  suns,  and  may,  perhaps,  each  in  its 
sphere,  be  the  presiding  centre  round  which  other  planets,  or 
bodies  of  which  we  can  form  no  conception  from  any  analogy 
offered  by  our  own  system,  may  be  circulating. 

560-  Analogies,  however,  more  than  conjectural,  are  not 
wanting  to  indicate  a  correspondence  between  the  dynami- 
cal laws,  which  prevail  in  the  remote  regions  of  the  slarsj 
and  those  which  govern  the  motions  of  our  own  system. 
Wherever  wc  can  trace  the  law  of  periodicity,  Uie  regular  re- 
currence of  the  same  phenomena  in  the  same  times,  we  are 

"  Dr.  Wollnston,  assuming,  as  we  think  he  is  pcrfecdy  justified  in 
doing,  a  much  lower  limit  of  possible  parallax  in  Kiriiis  than  we  hare 
ndoptcd  ill  Ilie  text,  hiLs  concluded  the  intrinsic  light  of  SiriuB  to  be 
Dearly  that  of  fourteen  auns. 
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strongly  impressed  vnth  the  idea  of  rotatory  or  orbitual  motion. 
Among  the  stars  are  several  which,  though  no  way  disiiP- 
gnishable  from  others  by  any  apparent  change  of  place,  d" 
by  any  difference  of  appearance  in  telescopes,  yet  undergo : 
regular  periodical  increase  and  diminution  of  lustre,  inmlrins, 
in  one  or  two  cases,  a  complete  extinction  and  revival.    Tfaese 
are  called  periodical  stars.     One  of  the  most  remarkable  is  (he 
star  Omicroii,  in  the  constellation  Cetus,    first   noticed  1^ 
Pabricius  in  1596.     It  appears  about   twelve   times  inelo 
years;  or,  more  exactly,  in  a  period  of  334  days  ;  remMS 
its  greatest  brightness  about  a  fortnight,  beiug  then,  on 
occasions,  eqnal  to  a  large  star  of  the  second  magnitude : 
creases  during  about  three  months,  till  it  becomes  comple( 
invisible,  in  which  statb  it  remains  during  about  five  monlbs, 
when  it  again  becomes  visible,  and  coutiuties  increasing  dur- 
ing the  remaining  three  months  of  its  period.      Such  is  the 
general  course  of  its  phases.     It  does  not  always,  hov.'evfir, 
return  to  the  same  degree  of  brightness,    nor    increase  siiJ 
diminish  by  the  same  gradations.     Hevelius,   indeed,  relates 
that  during  the  four  years  between  October,    1672,  and  De- 
cember, 1076,  it  did  not  appear  at  all. 

661.  Another  very  remarkable  periodical  star  is  that  called 
Algol,  or  jS  Persei.  It  is  usually  visible  as  a  star  of  llie  second 
magnitude,  and  such  it  continues  for  the  space  of  2^  14*',  when 
it  suddenly  begins  to  diminish  in  splendor,  and  in  about 
34  hoius  is  reduced  to  the  fourth  magnitude.  It  then  begins 
again  to  increase,  and  in  3+  hours  more  is  restored  to  its  usual 
brightness,  going  through  all  its  changes  in  2^  20*'  46',u[ 
thereabouts.  This  remarkable  law  of  variation  certainly  ap- 
pears strongly  to  suggest  the  revolution  roiutd  it  of  somH 
opaque  body,  which,  when  interposed  between  us  and 
cuts  off  a  large  portion  of  its  light ;  and  this  is  accoi 
the  view  taken  of  the  matter  by  Goodricke,  to  whom  1 
the  discovery  of  this  remarkable  fact,  in  the  year  1 
since  which  lime  the  same  phenomena  have  continued 
observed,  though  with  much  less  diligence  thau  their 
interest  would  appear  to  merit.  Taken  any  how,  it  isan 
dicalion  of  a  high  degree  of  activity,  in  regions  where,  but 
such  evidences,  we  might  conclude  all  lifeless.  Our  own 
requires  nine  times  this  period  to  perform  a  revolution  01 
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bwn  axis.     Od  the  other  hand,  the  periodic  time  of  an  opaque 
(BTolving  body,  sufficiently  large,  which  should  produce  a 
milar  temporary  obscuration  of  the  sun,  seen  from  a  fixed 
■,  would  be  less  than  fourteen  hoius. 

.  The  following  list  exhibits  specimens  of  periodical 
stars  of  every  variety  of  period,  so  far  as  they  can  be  consid- 
ered to  be  at  present  aaccrtained  ;  — 


P»ri0d. 

Vuiuionof 

Diicflvnnn. 

U.      H.      U. 

j5  Persei 

2    20    48 

2      to 

4 

I  Goodricke,  1782. 
1  Palitzch,  1783. 

3  Cepliei 

5      8    37 

3.4  — 

5 

Goodricke,  1784. 

,?  LyrfE 

6      9      0 

3     — 

4.5 

Goodricke,  1784. 

o  Aotinoi 

7      4    15 

3.4  — 

4.5 

Pigott,  1784. 

a  Herculis 

00      6      0 

3     — 

4 

Herachel,  1796. 

■  Serpemis        ) 

R.  A.  IS"-  41"  } 

180     

7T  — 

0 

Harding,  1S26. 

P.  D.  74°  15'      ) 

0  Ccti 

334     

2      — 

0 

Fabricius,  1596. 

X  Cygni 

396    21      0 

6      — 

11 

Kirch,  1687. 

307   B.'  HydriE 

494     

4      — 

10 

Maraldi,  1704. 

34   Fl.  Cygiii 
420  H.  Leonis 

18       yenrs 
Many    years 

6  — 

7  — 

0 

Janson,  1600. 

u 

Koch,  1782. 

■  SagiUarii 

Ditto 

3     — 

6 

Halley.  1676. 

i/i  Leon  is 

Ditto 

6      — 

0 

Montanari,  1667. 

The  variations  of  these  stars,  however,  appear  to  be  affected, 
lerhaps  in  duration  pf  period,  but  certainly  in  extent  of 
inge,  by  physical  causes  at  present  unknown.  The  non- 
ippearance  of  o  Ceti,  during  four  years,  has  already  been 
lOticed ;  and  to  this  instance  we  may  add  that  of  ^  Cygni, 
ilrhich  is  staled  by  Cassini  to  have  been  scarcely  visible 
roughout  the  years  1699,  1700,  and  1701,  at  those  times 
lien  it  ought  to  have  been  most  conspicuous. 
•  663.  These  irregularities  prepare  us  for  other  phenomena  of 
•stellar  variation,  which  have  hitherto  been  reduced  to  no  law 
of  periodicity,  and  must  be  looked  upon,  in  relation  to  our 
ignorance  and  inexperience,  as  altogether  casual ;  or,  if  peri- 
odic, of  periods  too  long  to  have  occurred  more  than  once 
within  the  limits  of  recorded  observation.     The  phenomena 
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we  allude  to  are  those  of  temporary  stars,  which  have  qt- 
peared,  from  time  to  time,  in  different  parts  of  the  heavcni 
blazing  forth  with  exlraordiDary  lustre  ;  and  al"ter  rem&iiiui: 
a  while  apparently  immovable,  have  died  away,  and  left  nn 
trace.  Such  is  the  sttu",  which,  suddenly  appearing  in 
year  125  B.  C,  is  said  to  have  attracted  the  attemion 
Hipparchus,  and  led  liim  to  draw  up  a  catalogue  of  sU 
the  earliest  on  record.  Such,  too,  was  the  star  whichhlis 
forth,  A.  D.  389,  near  a  Aquilte,  remaining  for  three  me 
as  bright  as  Venus,  and  disappearing  entirely.  In  the  7a 
945,  1264,  and  1572,  brilliant  stars  appeared  in  the 
of  the  heavens  between  Cepheus  and  Cassiopeia ;  and,  fin 
the  unperfect  account  we  have  of  the  places  of  the 
earlier,  as  compared  with  that  of  the  last,  which  was 
determined,  as  well  as  from  the  tolerably  near  coinci 
of  the  intervals  of  their  appearance,  we  may  suspect  them 
be  one  and  the  same  star,  with  a  period  of  about  300,  1 
as  Goodricke  supposes,  of  150  years.  The  appearance  oft 
star  of  1572  was  so  sudden,  that  Tycho  Brahe,  a  cclebnti 
Danish  astronomer,  returning  one  evening,  the  11th  of  Note 
her,  from  his  laboratory  to  his  dwelling-house,  was  surprii 
to  find  a  group  of  country  people  gazing  at  a  star,  whi( 
he  was  sure  did  not  exist  half  an  hour  before.  This  was  I 
star  in  question.  It  was  then  as  bright  as  Sirius,  and  conti 
ued  to  increase  till  it  surpassed  Jupiter  when  brightest,  aj 
was  visible  at  midday.  It  began  to  diminish  in  December 
the  same  year,  and  in  March,  1574,  had  entirely  disappeared 
So,  also,  on  the  10th  of  October,  1604,  a  star  of  this  kind,  ani 
not  less  brilliant,  bm'st  forth  in  the  constellation  of  Serpenta- 
rius,  which  continued  visible  till  October,  1605. 

564.  Similar  phenomena,  though  of  a  less  splendid  charac- 
ter, have  taken  place  more  recently,  as  in  the  case  of  the  star 
of  the  third  magnitude,  discovered  in  1670  by  Anthelui,  m 
the  head  of  the  Swan  [  which,  after  becoming  compleiely 
invisible,  reappeared,  and  after  undergoing  one  or  two  singu- 
lar fluctuations  of  light,  during  two  years,  at  last  died  away 
entirely,  and  has  not  since  been  seen.  On  a  careful  reexami- 
nation of  the  heavens,  too,  and  a  comparison  of  catalogues, 
many  stars  are  now  foimd  to  be  missing  ;  and  although  there 
is  no  doubt  that  these  losses  have  often  arisen  from 
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ntries,  yet  in  many  instances  it  is  equally  certain  that  there 
8  no  mistake  in  the  observation  or  entry,  and  that  the  star 
E  really  been  observed,  and  as  really  has  disappeared  Irora 
Bte  heavens.  This  is  a  branch  of  practical  astronomy  which 
lias  been  too  little  followed  up,  and  it  is  precisely  that  in 
which  amateurs  of  the  scienco,  provided  with  only  good  eyes, 
or  moderate  instruments,  might  employ  their  time  to  excellent 
advantage.  It  holds  out  a  sure  promise  of  rich  discovery,  and 
is  one  in  which  astronomers  in  established  observatories  are 
almost  of  necessity  precluded  from  taking  a  part  by  the  nature 
of  the  observations  required.  Catalogues  of  the  comparative 
brightness  of  the  stars,  in  each  constellation,  have  been  con- 
structed by  Sir  William  Herschel,  with  the  express  object  of 
facilitating  these  researches,  and  the  reader  will  find  them, 
and  a  full  account  of  his  method  of  comparison,  in  the  Phil. 
Trans.  1796,  and  subsequent  years. 

565.  We  come  now  to  a  class  of  phenomena  of  quite  a 
difierent  character,  and  which  give  us  a  real  and  positive  in- 
sight into  the  nature  of  at  least  some  among  the  stars,  and 
enable  us  unhesitatingly  to  declare  them  subject  to  the  same 
dynamical  laws,  and  obedient  to  the  same  power  of  gravita- 
tion, which  governs  our  own  system.  Many  of  the  stars, 
when  examined  with  telescopes,  arc  found  to  be  double,  that 
is,  to  consist  of  two,  in  some  cases  three,  individuals  placed 
near  together.  This  might  be  attributed  to  accidental  prox- 
imity, did  it  occur  only  in  a  few  instances ;  but  the  frequency 
of  this  companionship,  the  extreme  closeness,  and,  in  many 
cases,  the  near  equality  of  the  stars  so  conjoined,  would  alone 
lead  to  a  strong  suspicion  of  a  more  near  and  intimate  relation 
than  mere  casual  juxtaposition.  The  bright  star  Castor,  for 
example,  when  much  magnified,  is  found  to  consist  of  two 
stars  of  between  the  third  and  fourth  magnitude,  within  5"  of 
each  other.  Stars  of  this  magnitude,  however,  are  not  so 
common  in  the  heavens  as  to  render  it  at  all  likely  that,  if 
scattered  at  random,  any  two  would  fall  so  near.  But  this  is 
only  one  out  of  numerous  such  instances.  Sir  William  Her- 
schel has  enumerated  upwards  of  600  double  stars,  in  which 
the  individuals  are  within  half  a  minute  of  each  other  j  and 
to  this  list  Professor  Struve  of  Dorpat,  prosecuting  the  inquiry 
by  the  aid  of  instruments,  more  conveniently  mounted  for  the 
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from  levels  or  plumb-lines,  from  uncertainty  attending  li^ 
uranographicaJ  reductions  of  al^erratioa,  precession,  Ate,  iii 
which  bear  alike  on  both  objects.  In  a  ivord,  if  we  suppm 
the  stars  to  have  no  proper  motions  of  their  own,  by  which  i 
real  chaJige  of  relative  situation  may  arise,  no  other  cause  bnt 
their  difference  of  parallax  can  possibly  affect  the  obsemtion. 

669.  Such  were  the  considerations  which  first  induMd  Sir 
William  Herschel  to  collect  a  list  of  double  stars,  and  losab- 
ject  them  all  to  careful  measurements  of  their  angles  of  pro 
tion  and  mutual  distances.  He  had  hardly  entered,  bowers: 
on  these  measurements,  before  he  was  diverted  from  the  oriiTi 
nal  object  of  the  inquiry,  which,  in  fact,  promising  as  it  iv 
still  remains  open  and  untouched,  though  the  only  metboi 
which  seems  to  offer  a  chance  of  success  in  the  research  of 
parallax,  by  phenomena  of  a  very  unexpected  character, 
which  at  once  engrossed  his  whole  attention.  Instead  of 
finding,  as  he  expected,  that  annual  fluctuation  to  and  &o  oi' 
one  star  of  a  double  star  with  respect  to  the  other,  that  alter- 
nate annual  increase  and  decrease  of  their  distance  and  ansle 
of  position,  which  the  parallax  of  the  earth's  annua]  motioi; 
would  produce,  he  observed,  in  many  instances,  a  reguiai 
progressive  change;  in  some  cases  bearing  chiefly  on  their 
distance,  in  others  on  their  position,  and  advancing  steadily  m 
one  direction,  so  as  clearly  to  indicate  either  a  real  motion  of 
the  stars  themselves,  or  a  general  rectilinear  motion  of  the  sun 
and  whole  solar  system,  producing  a  parallax  of  a  higher  order 
than  would  arise  from  the  earth's  orbttual  motion,  and  which 
might  be  called  systematic  parallax. 

570.  Supposing  the  two  stars  in  motion  independently 
each  other,  and  also  the  sun,  it  is  clear  that,  for  the  interval 
a  few  years,  these  motions  must  be  regarded  as  rectilinear  and 
uniform.  Hence,  a  very  shght  acquauilance  with  geometry 
will  suffice  to  show,  that  the  apparent  motion  of  one  star  of  a 
double  star,  referred  to  the  other  as  a  centre,  and  mapped 
down,  as  it  were,  on  a  plane  in  which  that  other  shall  be 
taken  for  a  fixed  or  zero  point,  can  be  no  other  than  a  right 
Une.  This,  at  least,  must  be  the  case,  if  the  stars  be  indej 
dent  of  each  other ;  but  it  will  be  otherwise  if  they  have 
physical  connexion,  such  as,  for  instance,  real  proximity 
mutual  gravitation  would  estabhsh.     In  that  case,  they 
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icribe  orbits  round  each  other,  and  round   their  common 

mtre  of  gravity  ;  and  therefore  the  apparent  path  of  either, 
sferred  to  the  other  as  fixed,  instead  of  being  a  portion  of  a 

tight  line,  would  be  bent  into  a  curve,  concave  towards  that 
TJther.  The  observed  motions,  however,  were  so  slow,  that 
many  years'  observation  was  required  to  ascertain  this  point ; 
and  it  was  not,  therefore,  until  ihe  year  1803,  twenty-five 
years  from  the  commencement  of  the  inquiry,  that  any  thing 
like  a  positive  conclusion  could  be  come  to,  respecting  the 
rectilinear  or  orbitual  character  of  the  observed  changes  of 
position. 

S71.  In  that,  and  the  subsequent  year,  it  was  distinctly 
announced  by  Sir  William  Herschel,  in  two  papers,  which 
will  be  found  in  the  Transactions  of  the  Royal  Society  for 
those  years,  that  there  exist  sidereal  systems,  composed  of  two 
stars  revolving  about  each  other  in  regular  orbits,  and  consti- 
tuting what  may  be  termed  binary  stars,  to  distinguish  them 
from  double  stars  generally  so  called,  in  which  these  physi- 
cally connected  stars  are  confounded,  perhaps,  with  others 
only  optically  double,  or  casually  juxtaposed  in  the  heavens 
at  different  distances  from  the  eye  ;  whereas  the  individuals 
of  a  binary  star  are,  of  course,  equidistant  from  the  eye,  or,  at 
least,  cannot  differ  more  in  distance  than  the  semidiameler  of 
the  orbit  they  describe  about  each  other,  which  is  quite  insig- 
niticant  compared  with  the  immense  distance  between  them 
and  the  earth.  Between  fifty  and  sixty  instances  of  changes, 
to  a  greater  or  less  amount,  in  the  angles  of  position  of  double 
stars,  are  adduced  in  the  memoirs  above  mentioned  ;  many  o£ 
which  are  too  decided,  and  too  regularly  progressive,  to  allow 
of  their  nature  being  misconceived.  In  particular,  among  the 
more  conspicuous  stars,  Castor,  ;-  Vu-ginis,  J  Ursa;,  70  Ophiu- 
chi,  a  and  »|  Corona;,  J  Bootis,  i  Cassiopeiie,  y  Leonis,  J  Hercu- 
lis,  5  Cygni,  ;i  Bootis,  »  4  and  »  5  Lyras,  1  Ophiuchi,  i*  Dra- 
conis,  and  i  Aquarii,  are  enumerated  as  among  the  most 
remarkable  instances  of  the  observed  motion  ;  and  to  some  of 
them  even  periodic  times  of  revolution  are  assigned,  approx- 
imative only,  of  course,  and  rather  to  be  regarded  as  rough 
guesses,  than  as  results  of  any  exact  calculation,  for  which 
the  data  were  at  the  time  quite  inadequate.  For  instance,  the 
revolution  of  Castor  is  set  down  at  334  years,  that  of  y  Vir- 
ginis  at  629,  and  that  of  y  Leonis  at  1200  years. 
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672.  Subsequent  observalion  lias  fully  confinned  ti 
results, ^ot  only  in  ihcir  general  tenor,  but  for  the  most 
in  individual  detail.  Of  ail  the  stars  above  nartied.  ihei 
not  one  which  is  not  found  to  be  fully  entitled  to  be 
as  binary  ;  and,  in  fact,  this  list  comprises  nearly  all  then 
considerable  objects  of  that  description,  which  have  yet  b 
detected,  though,  as  attention  has  been  closely  drawn  lo ; 
subject,  and  observations  have  multiplied,  it  has,  of  \M. 
gtui  to  extend  itself  rapidly.  The  number  of  doubles 
which  are  certainly  known  to  possess  this  peculiar  chaiac 
is  between  thirty  and  forty  at  the  time  we  write,  and  D 
are  emei^ing  into  notice  with  every  fresh  mass  of  observalia 
which  come  before  the  public.  They  require  excellent  ta 
scopes  for  their  observation,  being  for  the  most  partsocid 
as  to  necessitate  the  use  of  very  high  magnifiers,  such 
would  be  considered  extremely  powerful  microscopes  if  fl 
ployed  to  examine  objects  within  our  reach,  to  perceive 
interval  between  the  individuals  which  compose  them. 

573.  It  may  easily  be  supposed,  that  phenomena  «f 
kind  would  not  pass  without  attempts  to  connect  them 
dynamical  theories.  From  their  first  discovery,  they 
naturally  referred  to  the  agency  of  some  power,  like  that 
gravitation,  connecting  the  stars  thus  demonstrated  to  be 
state  of  circulation  about  each  other  ;  and  the  extension  of  I 
Newtonian  law  of  gravitation  to  these  remote  systems  » 
step  so  obvious,  and  so  well  warranted  by  our  experienc 
its  all-sufficient  agency  in  our  own,  as  to  have  been  exprd 
or  tacitly  made  by  every  one,  who  has  given  the  snbjecti 
share  of  his  attention.  We  owe,  however,  the  first  disd 
system  of  calculation,  by  which  the  elliptic  elements  of  I 
orbit  of  a  binary  star  could  be  deduced  from  observation! 
Its  angle  of  position  and  distance  at  different  epoch^. 
M.  Savary,  who  showed,  that  the  motious  of  one  of  then 
remarkable  among  them  (J  Ursffi)  were  explicable,  within' 
limits  allowable  for  error  of  observation,  on  llie  suppositioi 
an  elliptic  orbit  described  in  the  short  period  of  58^  years. 
dilferent  process  of  computation  has  conducted  Prof« 
Encke  to  an  elliptic  orbit  for  70  Ophiuchi,  described  in  a 
riod  of  seventy-four  years  ;  and  the  author  of  these  pages  1 
himself  attempted  to  contribute  his  mite  to  these  inlereMi 
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istigations.  The  following  may  be  stated  as  the  chief 
ills,  which  havG  been  hitherto  obtained  in  this  branch  of 
onomy ;  — 


■        Nsmci  or  Sinn. 

Fcriod  of 

irfEiJip.«. 

EeeeolrieilT. 

B  Lconis    .     .     . 

1200, 

mk  Virginia  .     .     . 

628,9000 

12,090" 

0,83350 

Hi    Cvirni 

452, 

15,430 

H  i  Virnnst 

286,6000 

3,670 

0,01 125 

HB  Ophiucbi    .     . 

252,66«0 

8,086 

0,75«i0 

80,3400 

4,302 

0,46670 

HUrse       .     .     . 

58,2625 

3,857 

0,4164 

■  Cancn      .     .     . 

551 

B  Coronce       .     . 

43,40 

574.  Of  these,  perhaps,  the  most  remarkable  is  y  Virgims, 
let  only  on  account  of  the  length  of  its  period,  but  by  reason 
l_so  of  the  great  diminution  of  apparent  distance,  and  rapid 
acrease  of  angular  motion  about  each  other,  of  the  individu- 
Is  composing  it.     It  is  a  bright  star  of  the  fourth  magnitude, 
and  its  component  stars  are  almost  exactly  equal.    It  has  been 
aiown  to  consist  of  two  stars   since   the  beginning  of  the 
j8.ghteenth  century,  their  distance  being  then  between  six  and 
toven  seconds ;  so  that  any  tolerably  good  telescope  would  re- 
ive it.   Since  that  time  they  have  been  constantly  approach- 
;,  and  are  at   present   hardly   more  than  a  single  second 
mder ;  so  that  no  telescope,  that  is  not  of  very  superior 
ility,  is  competent  to  show  them  otherwise  than  as  a  single 
r  somewhat  lengthened  in  one   direction.     It  fortunately 
jpcns,  that  Bradley,  in  1718,  noticed,  and  recorded  in  the 
irgin  of  one  of  his  observation  books,  the  apparent  direction 
their  line  of  junction,  as  being  parallel  to  that  of  two  re- 
fkable  stars,  a  and  S  of  the  same  constellation,  as  seen  by  the 
ted  eye  ;  and  this  note,  which  has  been  recently  rescued 
m  oblivion  by  the  diligence  of  Professor  Rigaud,  has  proved 
signal  service  in  the  investigation  of  their  orbit.     They  are 
tered  also  as  distinct  stars  in  Mayer's  catalogue ;  and  this 
ords  also  another  means  of  recovering  their  relative  situation, 
the  date  of  his  observations,  which  were  made  about  the 
ax  1756.     Without  particularizing  individual  measurements, 
'hich  will  be  found  in  their  proper  repositories,  it  will  suffice 
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to  remark,  that  tlieir  whole  series,  which,  since  the  beginniiie 
of  the  present  century,  has  been  very  numeroiis  and  carf  ftilly 
made,  aud  which  embraces  an  angular  motion  of  100^,  ami  ] 
diminution  of  distance  to  one  sixth  of  its  former  amount,  i» 
represented  with  a  degree  of  exactness  fully  equal  tn  ihnt  oi 
observation  itself,  by  an  ellipse  of  the  dimensions  and  pcnod 
stated  in  the  foregoing  little  table,  and  of  which  the  furthef 
requisite  particulars  are  as  follows ;  — 

fmiboUon  puiafF.  Anii»HW 

Inclination  of  orbit  to  the  visual  ray       .         .  .        ' "" 

Angle  of  position  of  the  perihelion  projected  on  the  )  -»  . 

heavens     .  ......     J 

Angle  of  position  of  the  line  of  nodes,  or  mtersec- 1 
lion  of  the  plane  of  the  orbit  with  the  surface  of  >  97  1 
the  heavens 

675.  If  the  great  length  of  the  periods  of  some  of  t 
bodies  be  remarkable,  the  shortness  of  those  of  others  jj 
hardly  less  so.  r,  CorouEe  has  already  made  a  complete  r«vall 
tion  since  its  first  discovery  by  Sir  William  Herschel,  andi 
far  advanced  in  its  second  period ;  and  S  Ursae,  C  Cancri, ) 
70  Ophiuchi,  have  all  accomplished  by  far  the  greater  parted 
their  respective  ellipses  since  the  same  epoch.  If  any  doubt," 
therefore,  could  remain  as  to  the  reality  of  their  o^bilu.^l 
motions,  or  any  idea  of  explaining  them  by  mere  paiaiiacii'' 
changes,  these  facts  must  suffice  for  their  complete  dissipa- 
tion. We  have  the  same  evidence,  indeed,  of  their  rolaliou- 
about  each  other,  that  we  have  of  those  of  Uranus  and  8atuii. 
about  the  sun ;  and  the  correspondence  between  their  calcu 
lated  and  observed  places,  in  such  very  elongated  ellipw- 
must  be  admitted  to  carry  with  it  a  proof  of  the  prevalence  of 
the  Newtonian  law  of  gravity  in  their  systems,  of  the  yen 
same  nature  aud  cogency,  as  that  of  the  calculated  and  ol- 
served  places  of  comets  round  the  central  body  of  our  own. 

676.  But  it  is  not  with  the  revolutions  of  bodies  of  a  plane- 
tary or  cometary  nature  romid  a  solar  centre,  that  we  are  iiou 
concerned  ;  it  is  with  that  of  sun  around  sun,  each,  perhaps, 
accompanied  with  its  train  of  planets  and  their  salelliles, 
closely  shrouded  from  our  view  by  the  splendor  of  their 
respective  suns,  and  crowded  into  a  space,  bearing  hardly  a. 
greater  proportion  to  the  enormous  interval  which  separate- 
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Iheni,  Ih.in  the  distances  of  the  satellites  ol"  our  planets  from 
their  primaries  bear  lo  their  distances  from  the  sun  itself.  A 
less  disiiiiclly  characterized  subordiiiatiou  would  be  incom- 
patible with  the  stability  of  their  systems,  and  with  the  plane- 
tary nature  of  their  orbits.  Unless  closely  nestled  under  the 
protecting  wing  of  their  immediate  supcriofj  the  sweep  of 
their  otlier  sun,  in  its  perihelion  passage  round  their  own, 
might  carry  them  off,  or  whirl  them  into  orbits  utterly  incom- 
patible with  the  conditions  necessary  for  the  existence  of  their 
inhabitants.  It  must  be  confessed,  that  we  have  here  a 
strangely  wide  and  novel  field  for  speculative  excursions,  and 
one  which  it  is  not  easy  to  avoid  luxuriating  in, 

577.  Many  of  the  double  stars  exhibit  the  curious  and 
beautiful  phenomenon  of  contrasted  or  complementary  colors. 
In  such  instances,  the  lai^er  star  is  usually  of  a  ruddy  or 
orange  hue,  while  the  smaller  one  appears  blue  or  green, 
probably  in  virtue  of  that  general  law  of  optics,  which  pro- 
vides that,  when  the  retina  is  under  the  influence  of  excite- 
iiienl  by  any  bright,  colored  Ughl ;  feebler  lights,  which  seen 
alone  would  produce  no  sensation  but  of  whiteness,  shall  for 
the  time  appear  colored  with  the  tint  complementary  to  that 
of  the  brighter.  Thus,  a  yellow  color  predominating  in  the 
light  of  the  brighter  star,  thai  of  the  less  bright  one  in  the 
same  field  of  view  will  appear  blue ;  while,  if  the  tint  of  the 
brighter  star  verge  to  crimson,  that  of  the  other  will  exhibit 
a  tendency  to  green ;  or  even  appear  as  a  vivid  green,  under 
favorable  circumstances.  The  former  contrast  ia  beautifully 
exhibited  by  i  Cancil,  the  latter  by  ;■  Andromeda; ;  both  fine 
double  stars.  If,  however,  the  colored  star  be  much  the  less 
bright  of  the  two,  it  will  not  materially  affect  the  other. 
Thus,  for  instance,  »( Cassiopeise  exhibits  the  beautifid  combi- 
nation of  a  large  wliite  star,  and  a  small  one  of  a  rich  ruddy 
purple.  It  is  by  no  means,  however,  intended  to  say,  that  in 
all  such  cases  one  of  the  colors  is  a  mere  efl'ect  of  contrast, 
and  it  may  he  easier  suggested  ui  words,  than  conceived  lo 
imagination,  what  variety  of  illumination  two  suns,  a  red  aod 
a  green,  or  a  yellow  and  a  blue  one,  must  ali'ord  a  planet 
circulating  about  either ;  and  what  charming  contrasts  and 
"  grateful  vicissitudes,"  a  red  and  a  green  day,  for  instance, 
alternating    with   a   white   one    and    with   darkness,  might 


arise  from  ihe  presence  or  absence  of  one  or  other  or  boiiL 
above  the  borizon.  Insulated  stars  of  a  red  color,  alinos 
as  deep  as  that  of  blood,  occur  in  many  parts  of  ihe  lieBreoi, 
but  no  green  or  blue  star,  of  any  decided  hue,  has,  we  lieli«re, 
ever  been  noticed  unassociated  with  a  companion  bnghta 
than  itself. 

678.  Another  very  interesting  subject  of  inquiry,  in  ihe 
physical  history  of  the  stars,  is  their  proper  motion.  Apim, 
it  might  be  expected  that  apparent  motions,  of  some  kind  or 
other,  should  be  detected  among  so  great  a  mulliinde  of 
individuals  scattered  through  space,  and  with  nothing  to  ketp 
them  fixed.  Their  mutual  attractions  even,  however  ineoD- 
ceivably  enfeebled  by  distance,  and  counteracted  by  opposiog 
attractions  from  opposite  quarters,  must,  in  tlie  lapse  of  coiuil- 
less  ages,  produce  some  movements,  some  change  of  iDiemal 
arrangcmeut,  resulting  from  the  difference  of  the  opposinj 
actions.  And  it  is  a  fact,  that  such  apparent  motions  du 
exist,  not  only  among  single,  but  in  many  of  the  double  stan; 
which,  besides  revolving  round  each  other,  or  roimd  their 
common  centre  of  gravity,  are  transferred,  without  partiii: 
company,  by  a  progressive  motion  common  to  both  Iowaid> 
some  determinate  region.  For  example,  the  two  stars  of  61 
Cygni,  which  are  nearly  equal,  have  remained  conBianily  ai 
the  same,  or  very  nearly  the  same  distance,  of  15",  for  ai 
least  fifty  years  past.  Meanwhile  they  have  shifted  their 
local  situation  in  the  heavens,  in  this  interval  of  time,  ihroujii 
no  less  than  4'  23",  the  annual  proper  motion  of  each  sLir 
being  6,3";  by  which  quantity,  exceeding  a  third  of  theit 
interval,  this  system  is  every  year  carried  bodily  along  in 
some  unknown  path,  by  a  motion  which,  for  many  w^nluries, 
must  be  regarded  as  uniform  and  reclilinear.  Among  stars 
not  double,  and  no  way  differing  from  the  rest  in  any  olhet 
obvious  particular,  ^  Cassiopeite  is  to  be  remarked  as  having 
the  greatest  proper  motion  of  any  yet  ascertained,  amounting 
to  3,74"  of  annual  displacement.  And  a  great  many  others 
have  been  observed  to  be  thus  constantly  carried  away  from 
their  places  by  smaller,  but  not  less  unequivocal  motions. 

679.  Motions  which  require  whole  centuries  to  accumulate 
before  they  produce  changes  of  arrangement,  such  as  the 
naked  eye  can  detect,  though  quite  sufficient  to  destroy  thafe' 
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idea  of  mathematical  fixity  which  precludes  speculation,  are 
yet  too  trifling,  as  fat  as  practical  applications  go,  to  induce 
a  change  of  language,  and  lead  us  to  speak  of  the  stars  in 
common  parlance  as  otherwise  than  fixed.  Too  little  is  yet 
known  of  their  amount  and  directions,  to  allow  of  any  attempt 
at  referring  them  to  definite  laws.  It  may,  however,  be 
stated  generally,  that  their  apparent  directions  are  various,  and 
seem  to  have  no  marked  common  tendency  to  one  point  more 
than  to  another  of  the  heavens.  It  was,  indeed,  supposed  by 
Sir  William  Herschel,  that  such  a  common  tendency  could 
be  made  out ;  and  that,  allowing  for  individual  deviations,  a 
general  recess  could  be  perceived  in  the  principal  stars,  from 
that  point  occupied  by  the  star  J  Herculis,  towards  a  point 
diametrically  opposite.  This  general  tendency  was  referred 
by  him  to  a  motion  of  llie  sun  and  solar  system  in  the  oppo- 
site direction.  No  one,  who  reflects  with  due  attention  on 
the  subject,  will  be  inclined  to  deny  the  high  probability, 
nay  certainty,  that  the  sun  has  a  proper  motion  in  some  di- 
rection ;  and  the  inevitable  consequence  of  such  a  motion, 
unparticipated  by  the  rest,  must  be  a  slow  average  apparent 
tendency  of  all  the  stars  to  the  vanishing  point  of  lines  par- 
allel to  that  direction,  and  to  the  region  which  he  is  leaving. 
This  is  the  necessary  eS'ect  of  perspective  ;  and  it  is  certain 
that  it  must  be  detected  by  such  obserTations,  if  we  knew 
accurately  the  apparent  proper  motions  of  all  the  stars,  and 
if  we  were  sm^  that  they  were  independent,  that  is,  that  the 
whole  firmament,  or  at  least  all  that  part  which  we  see  in 
our  own  neighbourhood,  were  not  drifting  along  together,  by 
a  general  set,  as  it  were,  in  one  direction,  the  result  of  un- 
known processes  and  slow  internal  changes,  going  on  in  the 
sidereal  stratum  to  which  our  system  belongs,  as  we  see 
motes  sailing  in  a  current  of  air,  ami  keeping  nearly  the  same 
relative  situation  with  respect  to  one  another.  But  it  seems 
to  be  the  general  opinion  of  astronomers,  at  present,  that  their 
science  is  not  yet  matured  enough  to  afibrd  data  for  any  se- 
cure conclusions  of  this  kind  one  way  or  other.  Meanwhile, 
a  very  ingenious  idea  has  been  suggested  by  the  present 
astronomer  royal  (Mr.  Pond),  namely,  that  a  solar  motion,  if 
it  exist,  and  have  a  velocity  at  all  comparable  to  that  of  light, 
must  necessarily  produce  a  solar  aberration  ;  in  consequence 
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of  which  we  do  not  see  the  stars  disposed  as  they  really 
but  too  much  crowded  in  the  region  the  sun  is  leaving, 
open  in  that  he  is  approaching.  Now  this,  so  long  as 
solar  velocity  continues  the  same,  must  be  a  constant  e\ 
which  observation  cannot  detect ;  but  should  it  vary,  m  the 
course  of  ages,  by  a  quantity  at  all  commensuiate  to  Unf 
velocity  of  the  earth  in  its  orbit,  the  fact  wouW  be  detected 
by  a  general  apparent  rush  of  all  the  stars  to  the  one  oi 
quarter  of  the  heavens,  according  as  the  sun's  motion 
accelerated  or  retarded  ;  which  observation  would  not  fail 
indicate,  even  if  it  should  amount  to  no  more  than  a 
few  seconds.  This  consideration,'  refined  and  remote  as  it 
may  serve  to  give  some  idea  of  the  delicacy  and  intricacy  (rf 
any  inquiry  into  the  matter  of  proper  motion  ;  since  the  last 
mentioned  effect  would  necessarily  be  mixed  up  with  tbe 
systematic  parallax,  and  could  only  be  separated  Hom.  it  by 
considering,  that  the  nearer  stars  would  be  oflected  more  thmi 
the  distant  ones  by  the  one  cause,  but  both  near  and  distaui 
alike  by  the  other, 

580.  When  we  cast  our  eyes  over  the  concave  of  the  bear 
ens  in  a  clear  night,  we  'do  not  fail  to  observe  that  there 
here  and  there  groups  of  stars,  which  seem  to  be  compressed 
together  in  a  more  condensed  manner  than  in  the  neighbour- 
ing parts,  forming  bright  patches  and  clusters,  which  aiuact 
attention,  as  if  they  were  there  brought  together 
general  cause  other  than  casual  distribution, 
group,  called  the  Pleiades,  in  which  six  qt  seven  st 
noticed,  if  the  eye  be  directed  full  upon  it ;  and  many  more,  if - 
the  eye  be  turned  carelessly  aside,  while  the  attention  is  kepi 
directed  upon  the  group.  Telescopes  show  fifty  or  sixty 
large  stars  thus  crowded  together  in  a  very  moderate 
comparatively  insulated  from  the  rest  of  the  heavens, 
constellation  called  Coma  Berenices  is  another  such 
more  diffused,  and  consisting  of  much  larger  stars, 

681.  In  the  constellation  Cancer,  there  is  a  somewhat 
lar  hut   less  deiinile,  luminous  spot,  called  Pra-sepe,  c 
bee-hive,  which  a  very  moderate  telescope,  an  ordinary  nigl 
glass,  for  instance,  resolves  entirely  into  stars.     Li  the  swonli 
handle  of  Perseus,  also,  is  another  such  spot,   crowded  wil 
stars,  which  requires  rather  a  better  telescope  to  resolve 
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individuals  separated  from  each  other.  These  are  called  clus- 
ters oi'  stars ;  and,  whatever  be  their  nature,  it  is  certain  that 
other  laws  of  aggregation  subsist  in  these  spots,  than  those 
which  have  determined  the  scattering  ol'  stars  over  the  gene- 
ra] surface  of  the  sky,  Tliis  concUision  is  still  more  strongly 
pressed  upon  us,  when  we  come  to  bring  very  powerful 
telescopes  to  bear  on  these  and  similar  spots.  There  are  a 
great  number  of  objects  which  have  been  mistaken  for  comets, 
and,  in  factj  have  very  much  the  appearance  of  comets  with- 
out tails ;  small  round,  or  oval  nebulous  specks,  wliich  tele- 
scopes of  moderate  power  only  show  as  such.  Messier  has 
given,  in  the  Connois.  des  Temps  for  1784,  a  list  of  the  places 
of  103  objects  of  this  sort ;  which  all  those  who  search  for 
comets  ought  to  be  familiar  with,  to  dvoid  being  misled  by 
their  similarity  of  appearance.  That  they  are  not,  however, 
comets,  their  fixity  sufficiently  proves ;  and,  wheu  we  come  to 
examine  them  with  instruments  of  great  power,  such  as  re- 
flectors of  eighteen  inches,  two  feet,  or  more  in  apertine,  any 
such  idea  is  completely  destroyed.  They  are  then,  for  the 
most  part,  perceived  to  consist  entirely  of  stars  crowded 
together,  so  as  to  occupy  almost  a  definite  outline,  and  to  run 
up  to  a  blaze  of  light  in  the  centre,  where  their  condensation 
is  usually  the  greatest.  Many  of  them,  indeed,  are  of  an 
exactly  round  figure,  and  convey  the  complete  idea  of  a  glob- 
ular space  filled  full  of  stars,  insulated  in  the  heavens,  and 
constituting  in  itself  a  family  or  society  apart  from  iho  rest, 
and  subject  only  to  its  own  internal  laws.  It  would  be  a  vain 
task  to  attempt  to  count  the  stars  in  one  of  these  globular 
clusters.  They  are  not  to  be  reckoned  by  hundreds ;  and  on 
a  rough  calculation,  grounded  on  the  apparent  intervals  be- 
tween them  at  the  borders,  where  they  are  seen  not  projected 
on  each  other,  and  the  angular  diameter  of  the  whole  group, 
it  would  appear  that  many  clusters  of  this  description  must 
contain,  at  least,  ten  or  twenty  thousand  stars,  compacted  and 
wedged  together  in  a  round  space,  whose  angidai  diameter 
does  not  exceed  eight  or  ten  minutes ;  that  is  to  say,  in  an 
area  not  more  than  a  tenth  part  of  that  covered  by  the  moon. 
582.  Perhaps  it  may  be  thought  to  savor  of  the  gigantesque 
to  look  upon  the  individuals  of  such  a  group,  as  suns  like  our 
own,  and  their  mutual  distances  as  equal  to  those  which  sepa- 
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rate  our  sun  from  the  nearest  fixed  star  ;*yet,  when  we  con- 
sider that  their  united  lustre  affects  the  eye  with  a  less  im- 
pression of  light,  than  a  star  of  the  fifth  or  sixth  m^niiitij' 
for  the  largest  of  these  clusters  is  barely  visible  to  the  uaktJ 
eye,  the  idea,  we  arc  thus  compelled  to  form  of  their  disiauee 
from  us,  may  render  even  such  an  estimate  of  their  dimensioDs 
famiUar  to  our  imagination ;  at  all  events,  we  can  hardly  look 
upon  a  group  thus  insulated,  thus  in  setpso  totus,  teres,  abpie 
rotundits.  as  not  forming  a  system  of  a  peculiar  and  deiiniie 
character.  Their  round  figiue  clearly  indicates  the  ejdsWnre 
of  some  genera]  bond  of  miion  in  the  nature  of  an  attractire 
force  ;  and.  In  many  of  them,  there  is  an  evident  acceleration 
in  the  rate  of  condensation  as  we  approach  the  centre,  which 
is  not  referable  to  a  merely  uniform  distribution  of  eqiudislaai 
stars  through  a  globular  space,  but  marks  an  intrinsic  density 
in  their  state  of  aggregation,  greater  at  the  centre  than  at  the 
surface  of  the  mass.  It  is  dilficult  to  form  any  conception  of 
the  dynamical  state  of  such  a  system-  On  the  one  hanJ, 
without  a  rotatory  motion  and  a  centrifugal  force,  it  is  haidl)- 
possible  not  to  regard  them  as  in  a  state  of  progressive  col- 
lapse. On  the  other,  granting  such  a  motion  and  such  a 
force,  we  find  it  no  less  ditficuit  to  reconcilo  the  apparent 
sphericity  of  their  form  with  a  rotation  of  the  whole  sysieni 
round  any  single  axis,  without  which  internal  collisions  wouJd 
appear  to  be  inevitable.  The  following  are  the  places,  for 
1830,  of  a  few  of  the  principle  of  these  remarkable  objects,  as 
specimens  of  their  class ;  — 


S-A. 

».  P,  D. 

B.  A. 

N.  r.  D. 

B.   M. 

13   6 
13  34 

15  10 

16  36 

76  55 
60  45 
87  16 
53  13 

17  29 
21  22 
21  25 

9%      8 
78  34 
91  34 

683,  It  is  to  Sir  William  Herschel  ihat  we  owe  the  most 
complete  analysis  of  the  great  variety  of  those  objects,  which 
are  generally  classed  under  the  common  head  of  NebnliF,  but 
which  have  been  separated  by  him  into,  1st.  Clusters  of  stars, 
in  which  the  stars  are  clearly  distinguishable  ;  and  these, 
again,  into  globiUar  and  irregular  clusters ;    2d.   Resolvsble 
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BbulsG,  or  such  as  excite  a  suspicion  that  they  consist  of  stars, 
I  which  aiiy  increase  of  the  optiical  power  of  the  telescope 
lay  be  expected  to  resolve  into  distinct  stars ;  3d.  Nebulffi, 
roperly  so  called,  in  which  there  is  no  appearance  whatever 
of  stars  ;  which,  again,  have  been  subdivided  into  subordinate 
classes,  according  to  their  brightness  and  size  ;  4th.  Planetary 
nebultE  ;  5th.  Stellar  nebulas ;  and  6th.  Nebulous  stars.  The 
great  power  of  his  telescopes  has  disclosed  to  us  the  existence 
of  an  immense  number  of  these  objects,  and  shown  them  to 
be  distributed  over  the  heavens,  not  by  any  means  uniformly, 
but,  generally  speaking,  with  a  marked  preference  to  a  broad 
zone  crossing  the  milky  way  nearly  at  right  angles,  and 
whose  general  direction  is  not  very  remote  from  that  of  the 
hour  circle  of  O*"  and  12''.  In  some  parts  of  this  zone,  indeed, 
especially  where  it  crosses  the  constellations  Virgo,  Coma 
Berenices,  and  the  Great  Bear,  they  are  assembled  in  great 
numbers ;  being,  however,  for  the  most  part  telescopic,  and 
beyond  the  reach  of  any  but  the  most  powerful  instnunents, 

684.  Clusters  of  stars  are  either  globular,  such  as  we  have 
already  described,  or  of  irregular  figure.  These  latter  are, 
generally  speakuig,  less  rich  in  stars,  and  especially  less  con- 
densed towards  the  centre.  They  are  also  less  definite  in 
point  of  outline  ;  so  that  it  is  often  not  easy  to  say  where  they 
terminate,  or  whether  they  are  to  be  regarded  otherwise  than 
as  merely  richer  parts  of  the  heavens  than  those  around  them. 
In  some  of  them  the  stars  are  nearly  all  of  a  size,  in  others 
extremely  different ;  and  it  is  no  uncommon  thing  to  find  a 
very  red  star,  much  brighter  than  the  rest,  occupying  a  con- 
spicuous situation  in  them,  Sir  Wilham  Herschel  regards 
these  as  globular  clusters  in  a  less  advanced  state  of  conden- 
sation, conceiving  all  such  groups  as  approaching,  by  iheir 
mutual  attraction,  to  the  globular  figure,  and  assembling 
themselves  together  from  all  the  surrounding  region,  imder 
laws  of  which  we  have,  it  is  true,  no  other  proof  than  the 
observance  of  a  gradation  by  which  their  characters  shade 
into  one  another,  so  that  it  is  impossible  to  say  where  one 
species  ends  and  the  other  begins. 

585.  Resolvable  nebulie  can,  of  course,  only  be  considered 
as  clusters  either  too  remote,  or  consisting  of  stars  intrinsically 
too  faint  to  affect  us  by  their  individual  light,  unless  where 
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two  or  three  happen  to  be  cloee  enough  to  make  a  joitA  in- 
prenion,  and  give  the  idea  of  a  point  brighter  than  the  ml 
They  are  ahnost  uniyersally  lonnd  or  orali  their  loose  qppoi- 
dageSy  and  iiregularities  of  form,  being  as  it  were  extingnidiei 
by  the  distance,  and  only  the  general  figure  of  the  mne  eoth 
densed  parts  being  discernible.  It  is  nnder  the  appesnape  of 
objects  of  this  eharacter,  that  all  the  greater  globular  ctartos 
esdiibit  themselves  in  telescopes  of  insuffici^it  optied  pum 
to  show  them  well ;  and  the  conclusion  is  obrions,  that  tee 
which  the  most  powerful  can  barely  render  reaolyalde,  woril 
be  completely  resolved  by  a  further  increase  of  instramefllri 
force. 

686«  Of  nebul«|  properly  so  called,  the  variety  is  agsn 
very  great  *  By  far  the  most  remarkable  are  thoae  represent- 
ed in  figures  121,  122,  the  former  of  which  repreaettto  the 
nebula  surrounding  the  quadruple,  or  rather  sextuple,  sisr  i 
in  the  constellation  Orion ;  the  latter,  that  aboat  i|,  in  th 
southern  constellation  Robur  Garoli ;  the  one  dtscovered  bf  * 
Hujrgens,  in  1656,  and  figured  as  seen  in  the  twenty  feet  n- 
flector  at  Slough ;  the  other  by  Lacaille,  from  a  figure  by  Mr. 
Dunlop,  Phil.  Trans.  1827.  The  nebulous  character  of  these 
objects,  at  least  of  the  former,  is  very  different  from  what 
might  be  supposed  to  arise  from  the  congregation  of  an  im- 
mense collection  of  small  stars.  It  is  formed  of  little  Qockj 
masses,  like  wisps  of  cloud ;  and  such  wisps  seem  to  adhere 
to  many  small  stars  at  its  outskirts,  and  especially  to  one  con- 
siderable star,  represented,  in  the  figure,  below  the  nebula, 
which  it  envelopes  with  a  nebulous  atmosphere  of  considerable 
extent  and  singular  figure.  Several  astronomers,  on  com- 
paring this  nebula  with  the  figures  of  it  handed  down  to  as 
by  its  discoverer,  Huygens,  have  concluded  that  its  form  has 
nndcigone  a  perceptible  change.  But  when  it  is  considered 
how  difficult  it  is  to  represent  such  an  object  duly,  and  how 
entirely  its  appearance  will  differ,  even  in  the  same  telescope, 
according  to  the  clearness  of  the  air,  or  other  tempoiaiy 
causes,  we  shall  readily  admit  that  we  have  no  evidence  of 
change  that  can  be  relied  on. 

587.  Figure  123,  represents  a  nebula  of  a  quite  different 
character.  The  original  of  this  figure  is  in  the  constellation 
Andromeda,  near  the  star  r.     It  is  visible  to  the  naked  eye. 


and  is  continually  mistaken  for  a  comet,  by  those  unac- 
quainted with  the  heavens.  Simon  Marius,  who  noticed  it  in 
1612,  describes  ils  appearance  as  that  of  a  candle  shining 
through  horn,  and  the  resemblance  is  not  inapt.  Its  form  is 
a  pretty  long  oval,  increasing  by  insensible  gradations  of 
brightness,  at  first  very  gradually,  but  at  last  more  rapidly,  up 
to  a  central  point,  which,  though  very  much  brighter  than  the 
rest,  is  yet  evidently  not  stellar,  but  only  nebula  in  a  high 
state  of  condensation.  It  has  in  it  a  few  small  stars ;  but  they 
are  obviously  casual,  and  the  nebula  itself  offers  not  the  slight- 
est appearance  to  give  ground  for  a  suspicion  of  its  consisting 
of  stars.  It  is  very  large,  being  nearly  half  a  degree  long, 
and  15  or  20  minutes  broad. 

588.  This  may  be  considered  as  a  type,  on  a  large  scale,  of 
a  very  numerous  class  of  nebula;,  of  a  round  or  oval  figure, 
increasing  more  or  less  in  density  towards  the  central  point ; 
they  differ  extremely,  however,  in  this  respect.  In  some,  the 
condensation  is  slight  and  gradual ;  in  others  great  and  sud- 
den ;  so  sudden,  indeed,  that  they  present  the  appearance  of 
a  dull  and  blotted  star,  or  of  a  star  with  a  slight  burr  roimd  it, 
in  which  case  they  are  called  stellar  nebulae ;  while  others, 
again,  offer  the  singularly  beautiful  and  striking  phenomenon 
of  a  sharp  and  brilliant  star  surrounded  by  a  perfectly  circular 
disc,  or  atmosphercj  of  faint  light  in  some  cases,  dying  away 
on  all  sides  by  insensible  gradations ;  in  others,  almost  sud- 
denly terminated.  These  are  nebulous  stars.  A  very  fine 
example  of  such  a  star  is  55  Andromeda;  R.  A.  l*"  43",  N.  P. 
D.  50°  T.  I  Orionis  and  i  of  the  same  constellation  are  also 
nebulous ;  but  the  nebula  is  not  to  be  seen  without  a  very 
powerful  telescope.  Di  the  extent  of  deviation,  too,  from  the 
spherical  form,  which  oval  nebulsc  affect,  a  great  diversity  is 
observed ;  some  are  only  slightly  elliptic ;  others  much  ex- 
tended in  length ;  and  in  some,  the  extension  is  so  great,  as  to 
give  the  nebula  the  character  of  a  long,  narrow,  spindle-shaped 
ray,  tapering  away  at  both  ends  to  points.  One  of  ihe  most 
remarkable  specimens  of  this  kind  is  in  R.  A.  12''  28""  ;  S.  P. 
D.  63°  4'. 

5S9.  Annular  nebulae  also  exist,  but  are  among  the  rarest 
objects  in  the  heavens.  The  most  conspicuous  of  this  class 
is  to  be  found  exactly  half  way  between  the  stars  fl  and  y  Ly- 
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rse,  and  may  be  seen  wilh  a  telescope  of  moderate  power, 
is  small,  and  particularly  well  defined,  so  as  in  fact  to  hiw 
much  more  the  appearance  of  a  flat  oval  solid  ring  than 
nebula.  The  axes  of  the  ellipse  are  lo  each  other  in  the  pr^ 
portion  of  about  4  to  5,  and  the  opening  occupies  about  ball" 
its  diameter ;  its  light  is  not  quite  uniform,  but  has  somelhing 
of  a  curdled  appearance,  particularly  al  the  exterior  edge ;  the 
central  opening  is  not  entirely  dark,  but  is  filled  up  with  a 
faint  hazy  light,  uniformly  spread  over  it,  like  a  fine  gani'? 
stretched  over  a  hoop. 

590.  Planetary  nebutse  are  very  extraordinary  objects.  They 
have,  as  their  name  imports,  exactly  the  appearance  of  planeis 
round  or  slightly  oval  discs,  in  some  instances  quite  sharplr 
terminated,  in  others  a  little  hazy  at  the  borders,  and  of  a 
light  exactly  equable,  or  only  a  very  little  mottled,  which,  in 
some  of  them,  approaches  in  vividness  to  that  of  actual  planets. 
Whatever  be  their  nature,  they  must  be  of  enormous  ma^- 
tude.  One  of  them  is  to  be  found  in  the  parallel  of  r  Aquani, 
and  about  5"  preceding  that  star,  Its  apparent  diameter  is 
about  20".  Another,  in  the  constellation  Andromeda,  pre- 
sents a  visible  disc  of  12",  perfectly  defined  and  round.  Grant- 
ing these  objects  to  be  equally  distant  from  us  with  the  stars, 
their  real  dimensions  must  be  such  as  would  fill,  on  the 
lowest  computation,  the  whole  orbit  of  Uranus.  It  is  no  less 
evident  that,  if  they  be  solid  bodies  of  a  solar  nature,  the 
intrinsic  splendor  of  their  surfaces  must  be  almost  infinitely 
inferior  to  that  of  the  sim's.  A  circular  portion  of  the  sun's 
disc,  subtending  an  angle  of  20",  would  give  a  light  equal  to 
100  full  moons ;  while  the  objects  in  question  are  hardly,  if 
at  all,  discernible  with  the  naked  eye.  The  uniformity  o[ 
their  discs,  and  their  want  of  apparent  central  condensation, 
would  certainly  augur  their  light  to  be  merely  superficial,  and 
in  the  nature  of  a  hollow  spherical  shell  ;  but  whether  filled 
with  solid  or  gaseous  matter,  or  altogether  empty,  it  would 

a  waste  of  lime  to  conjecture. 

591.  Among  the  nebula  which  possess  an  evident  sjrmmel 
of  form,  and  seem  clearly  entitled  to  be  regarded  as  systei 
of  a  definite  nature,  however  mysterious  their  structure 
destination,  the  most  remarkable  are  the  5l£t  and  27th 
Messier's  catalogue.     The  former  consists  of  a  large  and  brigl 
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blobular  nebula,  surrounded  by  a  double  ring  at  a  considerable 
ietance  from  the  globe,  or  rather  a  single  ring  divided  through 
lout  two  fifths  of  its  circumference  into  two  lamina?,  and 
IBving  one  portion,  as  it  were,  turned  up  out  of  the  plane  of 
lie  rest.  The  latter  consists  of  two  bright  and  highly  con- 
ied  round  or  slightly  oval  nebula?,  united  by  a  short  neck 
I  nearly  the  same  density.  A  faint  nebulous  atmosphere 
Ktmpletes  the  figure,  enveloping  them  both,  and  filling  up  the 
ntline  of  a  circumscribed  ellipse,  whose  shorter  axis  is  the 
s  of  symmetry  of  the  system,  about  which  it  may  be  aup- 
osed  to  revolve,  or  the  line  passing  through  the  centres  of 
lOth  the  nebulous  masses.  These  objects  have  never  been 
[operly  described,  the  instruments,  with  which  they  were 
igmally  discovered,  having  been  quite  inadequate  to  show- 
fag  the  peculiarities  above  mentioned,  which  seem  to  place 
lem  in  a  class  apart  from  all  others.  The  one  offers  obvious 
talogies  either  with  the  structure  of  Saturn,  or  with  that  of 
r  own  sidereal  firmament  and  milky  way.  The  other  has 
little  or  no  resemblance  to  any  other  known  object. 

692.  The  nebulae  furnish,  iji  every  point  of  view,  an  inex- 
haustible field  of  speculation  and  conjecture.  That  by  far  the 
larger  share  of  thera  consist  of  stars  there  can  be  httle  doubt ; 
and  in  the  interminable  range  of  system  upon  system,  and 
firmament  upon  firmament,  which  we  thus  catch  a  glimpse  of, 
the  imagination  is  bewildered  and  lost.  On  the  other  hand, 
if  it  be  true,  as,  to  say  the  least,  it  seems  extremely  probable, 
that  a  phosphorescent  or  self-luminous  matter  also  exists,  dis- 
seminated through  extensive  regions  of  space,  in  the  manner 
of  a  cloud  or  fog,  now  assuming  capricious  shapes,  like  actual 
clouds  drifted  by  the  wind,  and  now  concentrating  itself  like 
a  coraetic  atmosphere  around  particular  stars ;  what,  we  natu- 
rally ask,  is  the  nature  and  destination  of  this  nebulous  mat- 
ter ?  Is  it  absorbed  by  the  stars  in  whose  neighbourhood  it  is 
found,  to  furnish,  by  its  condensation,  their  supply  of  hght 
and  heat  ?  or  is  it  progressively  concentrating  itself  by  the  • 
effect  of  its  own  gravity  into  masses,  and  so  laying  the  foun- 
dation of  new  sidereal  systems  or  of  insidated  stars  ?  It  is 
easier  to  propound  such  questions,  than  to  offer  any  probable 
reply  to  them.  Meanwhile,  appeal  to  fact,  by  the  method  of 
constant  and  diligent  observatioD,  is  open  to  us;  and,  as  the 


■•  hsn  yielded  to.  this  style  of  questioning,  : 
a  aeriw  of  relations  of  tlit?  most  intellLgible  a 

d—cription,    we   may   rcosonnbly    hope   thai  ihf 
■tody  of  the  nebtilip  will,  en  long,  lead  I 
of  their  intimato  nature. 
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I.  —  Nole  to  Article  30,  Page  17. 

The  micrometer  here  referred  to  is  different  from  either  of  the 
instruinentB  bearing  this  name,  which  are  described  Id  the  treatise  on 
optics.  It  consista  of  hairs,  spiders'  threads,  or  wires  of  extreme 
fineoess,  placed  at  the  focus  of  the  eye-glaaa  so  aa  to  divide  the  field 
of  view  into  several  parallel  portions  of  the  same  width.  By  this 
means  the  position  of  any  heavenly  body  at  the  instant  of  its  transit 
led  wiih  great  precision.  In  order  that  the  wires  may  be 
retclied  and  iti  their  places,  they  are  fastened  to  a  metallic  Opt.138. 
I  circnlat  opening  called  a  diaphragm,  which  is  attached 
to  the  interior  of  the  telescope  by  means  of  a  lateral  screw,  the 
proper  position  being  previously  determined  by  trial,  so  that  the 
object  and  the  wires  may  be  seen  through  the  eye-glass  with  equal 
distinctness.  The  eye-glass  and  object-glass  of  the  telescope  are 
usually  attached  lo  tubes,  capable  of  sliding  in  the  principal  tube  of 
the  instrument,  in  order  that  the  observer  may  regulate  the  distance 
of  the  glasses  from  each  other  and  from  the  wires  of  the  micrometer, 
and  adapt  them  to  his  eye.  In  this  way  the  eye-glass  must  be  bo 
adjusted,  that  the  image  of  each  wire  may  be  perfectly  distinct, 
single,  and  well  defined. 

There  are  several  kinds  of  wire  micrometers.  The  most  simple, 
and  the  one  most  in  use,  is  represented  by  M,  in  figure  4.  It  is  com- 
posed of  five  parallel  wires,  and  a  sixth  which  crosses  them  at  right 
angles;  the  plate,  which  carries  the  wires,  is  movable  in  a  groove, 
by  means  of  a  screw.  The  micrometer  is  placed  in  an  opening  in 
Lube   of  the  telescope,  which   allows  the  plate  and  the  i 


attached  to  it  to  be  moved,  till  the  centre  C  of  the 
into  the  optic  axis,  or  line  of  coUimation,  of  the 
the  straight  line  drawn  from  the  centre  of  the  eye-glass  I 
of  the  object-glass. 

Sometimes  the  micrometer  consists  of  two  parallel  wire 
the  other  movable  by  means  of  a  screw,  which   carries 
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or  ftrtbcr  Troui  the  firsi,  and  a  third  wire  cioaeing  the  two  Gt<t  < 
right  ■Bgles.  This  apparatus  eerrea  to  roeasare  the  apparent  diao*- 
ttn«f  the  heavenly  bodieij. 

The  astronomical  quadrant,  represeated  la  Ggure  6,  and  oUm 
intlnintniB  for  meafuring  Angles,  ttre  prorided  with  two  crost  kan 
or  wirai,  placed  at  the  ibcus  of  the  oye-glaw,  at  right  angles  to  <t*tii 
Othn,  atid  whose  intersection,  like  V  m  figure  4,  is  in  the  comnuui 
UtMOf  the  object  and  eye-giusa,  and  serres  as  3  guide  to  the  tjt. 


II.  —  Note  to  Artich  137,  Page  73.  ^M 

L  L«*  If  be  the  distance  of  the  heavenly  body  from  (he  centre  of 
dmevfii,  a  distance  which  we  suppose  conslant,  while  the  body  ii 
riring  lb  its  greatest  height.     Let  R  be  the  radius  of  the  earth.  COZ 

■  iheTtrticd,  Zthe  xenilh  distance  or  angle  LOZ,  and  n  theptnllu 
Hi  akihide  or  angle  OLC.  This  being  supposed,  io  the  triangte 
£OC  the  sines  of  the  angles  being  proportional  to  the  opposite  fides, 
we  hne 

R  sin  Z 
"•  .m^  =  -^^-. 

Buppose  now  the  heavenly  body  in  the  horizon,  the  zenith  distance 
being  90",  we  have  sin  Z^l;  and  calling  n  the  corre^ionding 
value  of  IT,  that  is,  the  horizontal  parallax,  we  have  by  the  preceding 
formula, 

R 

this  ie  the  r&tio  of  the  sines  to  the  opposite  sides,  in  the  triangle 
L'OC,  in  which  OL'  is  horizontal,  and  a  tangent  to  the  earth  at  0. 
As  the  sine  of  an  angle  is  always  a  fraction  less  than  unity,  the  pro- 
duct Yj  into  sin  Z,  or  the  parallax  in  altitude,  will  always  be  less  tbu 

— ,  which   is  the   horizontal  parallax.     The   horizont&l  parallax  ii 

therefore  a  maximum.  If  we  elimmate  D  by  means  of  the  two 
preceding  equations,  we  shall  obtain 


The  distance  of  the  heavenly  bodies  is  so  great,  that  n  and  x  are 
always  very  small  angles,  even  in  the  case  of  the  moon,  whose  hori- 
zontal parallax  never  exceeds  1°.  Now  for  such  very  amall  angles, 
the  ratio  of  the  arcs  is  very  nearly  eqaal  to  that  of  the  ainea ;  accord- 


^tpentUx. 


^ly,  by  substituting  —  lor  - 


1  tlio  ^rccetlifig  ratio,  i 


t  is,  tht  parallax  in  altitude  is  equal  to  the  horizontal  parallax 
multiplied  by  the  sine  of  the  xejulh  dislanee.  Strictly  speaking,  this 
ratio  takes  place  between  the  sines  of  the  paroIlaNes,  but  in  order  to 
judge  how  nearly  tlie  arcs  approach  to  the  same  ratio,  it  is  sulBcient 
to  rcumrk,  that  the  aiiie  of  1°  ia  equal  tt>  0,01745240,  and  its  tangent 
O,01745a07,  radius  being  unity.  Now,  aa  the  arc  is  always  less  than  Trig.  16. 
its  tangent,  and  greater  than  its  sine,  it  is  comprehended  between  the 
two  preceding  cupressiona,  and  differs  from  either  of  these  values 
less  than  they  differ  from  each  other.  The  error,  which  we  commit 
ill  substituting  the  arc  for  the  sine  in  such  a  case,  is  leas  than 
0,00«00207,  which,  divided  by  0,01745240,  gives  about  ^^  of  the 
total  value  of  the  arc. 

From  the  preceding  expression  of  the  sine  of  n,  it  will  be  seen 
that  the  parallax  of  a  heavenly  body  may  be  calculated  for  all  alti- 
tudes, when  we  know  its  distance  from  the  centre  of  the  earth  in 

purts  of  the  terrestrial  radius,  or  the  ratio  -^.     Reciprocally,  wo  can 

calculate  the  distance,  when  we  know  the  parallax  by  observation. 

Knowing  the  parallax  in  altitude  by  the  preceding  formula,  if  we 
call  2"  the  Irae  zenith  distance,  as  observed  from  the  centre  of  the 
earth,  we  shall  have 

sin  Ji  =  sin  fl  sin  Z,      Z"  =  Z  —  ji. 

These  formulaa  suppose  Z  known.  In  astronomical  tables,  which 
arc  constructed  for  the  true  places,  Z'  is  supposed  to  bo  known,  and 
we  must  deduce  Z  from  it  in  order  to  find  the  apparent  place.  For 
thin  purpose,  we  must  express  the  parallax  n  in  a  funcliou  of  Z", 
This  id  easily  done  ;  for,  an  Z  is  equal  to  Z" -{-■»,  by  oliminaling 
Z,  we  shall  have 


sinn  =  8in/7  8in(Z"-l-,i)  = 
whence  we  deduce 

tang  71  = 


nj/(: 


I  —  aiajicmZ"  ' 


7I  +  C0S  Z"8iu  n);Trig.n 


As  the  horizontal  parallax  jj  is  always  a  very  small  arc,  this  ex- 
pression may  be  reduced  to  a  converging  series,  arranged  according 
lo  the  jx»wers  of  sin  jf.  It  is,  therefore,  only  necessary  to  {Krlbrm 
the  division  indicated,  and  wi:  shall  have 
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But  the  two  first  terma  will  alwajs  be  sufficient. 

If  we  would  have  rigorously  llio  value  of  n,  wc  can  easily  obtain 
it  by  means  of  aa  auxiliary  angle  7,  of  such  a  value  as  to  gite 


from  which  we  dcdut 


Trig. 

I 


a  formula  adaploil  to  calculation  by  logarithms. 


lU.  —  Note  to  Article  138,  Pagt  73. 

Tub  procest^,  by  which  this  result  is  obtuned,  is  very  sim|ile. 
l^t  us  consider  the  case  of  figure  25.  Let  n  be  the  parallax  in 
altitude,  with  respect  to  an  observer  at  O,  which  is  equal  to  ilie 
angle  OLC;  in  like  manner,  let  n'  be  the  angle  O'l.C,  or  the  pit- 
allax  in  altitude  for  an  observer  al  O ;  lasily,  let  rt  be  the  horiion- 
tal  parallax  of  the  same  body,  which  would  be  the  same  for  the  two 
observera,  on  the  supposition  that  the  earth  ia  spherical.  This  being 
supposed,  if  we  call  Z  and  Z'  the  two  zenith  distances,  we  shall 
have,  according  to  the  preceding  note,  , 

Tt^  n  iva  Z,      ji' ^  jz  sin  Z' ; 
which  give,  in  case  of  figure  25, 

71  -)-  n"  =  JT  (sin  Z  ■\-  sin  Z'). 
Now,  n  -(-  n'  is  simply  the  angle  OLO,  under  which  is  seen  from 
the  centre  of  the  heavenly  body  the  chord  of  the  terrestrial  arc, 
which  joins  the  two  observers.  This  angle  being  the  fourth  in  tlw 
quadrilateral  COLO',  \a  easily  calculated ;  indeed  the  aogle  at  O 
is  equal  to  180°  —  Z,  and  the  angle  at  O  equal  to  180°  —  Z. 
Let  f>  be  the  angle  at  the  centre  of  the  earth  comprehended  b» 
tween  the  verticles  of  the  two  observers^  which  is  known  by  means 
ot  their  latitude;  the  sum  of  the  four  angles  of  the  quadrilateral 
being  equal  to  four  right  angles,  we  shall  have 
0.  ,1  +  180°— Z+ISO"  — Z -I- OiO'=360", 

consequently, 

OLO'  =  Z-\-Z  —  ff,  . 
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e  this  angle  OLO  is  eciual  lo  n  +  ti',  we  shall  have,  putting 
I  values  equal  to  each  other, 

OTi  the  eupposition  that  the  heavenly  body  is  on  the  same  side  of  the 
zenith  with  resjiect  to  the  two  observers,  as  in  figure  26,  the  reaaon- 
ing  wiil  be  altogether  similar,  only  the  angle  OLO'  will  no  longer  be 
Tc-\-!t,  but  n'  —  ji,  or  n  sin  {Z'  —  siu  Z),  n'  being  the  greatest  of 
the  two  parallaxes ;  we  should  have  moreover  in  the  triangle  OKO" 

z-\-oLo--\-\m'  —  z-\-^  =  im', 

which  gives 

The  whole  is  reduced,  therefore,  to  making  Z  negative,  as  well  aa 
sin  Z  in  the  preceding  value  of  n.     This  formula,  in  which  every 
thing  is  known,  will  give  the  value  of  the  horizontal  parallax  of  the 
heavenly  body.     We  shall  then  have  the  distance  by  the  formula 
R 


D=  ^— . 

Bm  n 

The  angle  OLO'  or  Z-\-  Z'  —  q>,  may  also  be  deduced  inunedn 
ately  from  llie  ditference  of  the  observed  declinations  between  the 
heavenly  body  and  a  fixed  star,  as  remarked  in  the  test. 

It  will  be  seen,  in  th^  same  article,  that  the  parallax  of  Mars  is 
found,  by  this  method,  to  be  24,64" ;  we  have,  therefore,  for  Mors 

sui /j=  0,000119458  =  5^,T-T, 
and,  consequently, 

'  D  = 

that  is,  the  distance  of  Mars  from  the  esrth  was  then  equal  to  6371,15 

terrestrial  radii. 

We  can  even  calculate  the  value  of  D  without  the  aid  of  the  table 
of  sines,  for  the  angle  n  being  very  small,  we  can  substitute  it  for  its 
sine  without  any  material  error ;  but  then  radius,  which  is  here  con- 
sidered as  unity,  must  be  converted  into  parts  of  the  same  nature 
with  n,  that  is,  into  seconds.  Now  the  value  of  the  radius,  thus  T(f),148 
reduced,  is  206264,8" ;  accordingly,  y 
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{ 


l>  = 


and  ill  llii^  j>rescnt  cusc 

This  conversion  of  ihe  rndinH  id  oftco  resorted  to  in 
and  it  will  be  seen,  that  it  is  noccitsary  whenever   we  I 
nnall  arc  for  its  sine.     It  is  un  tliiu  ai^couiit,  that  I  have  madevi 
the  present  occasiao  to  cxcniplify  it. 


IV.- 


-JVotc  to  Article  143,  Page  ' 


I.  Let  C  be  the  centre  of  the  cnrth,  C  tlint  of  the  heavenJj'  body, 
jl  tlie  horizontal  parallax  of  the  heavenly  body,  or  tho  angle  OCC, 
D  its  distance  CO  from  the  ceulrc  of  the  enrtb ;  sccordiug  lo  »h»l 
precedes,  we  shall  have 


'2  n  is  the  ain>ar''nl  dinmi'ler  of  the  eiirlh,  with  respect  to  an  obwrif* 
at  the  heavenly  body;  reciprocally,  the  apparent  diameter  of  the 
heavenly  body,  seen  from  the  earth,  is  simply  0"CO"',  that  is,  doutile 
the  horizontal  parallax  of  the  earth  with  respect  to  the  same  observer. 
Let  R',  therefore,  be  the  radius  of  the  heavenly  body,  supposed  to  be 
spherical,  and  J  its  observed  apparent  diameter,  we  shall  hare,  in 
like  n 


sin  i  ^  =  ^. 
By  dividing  tiiese  two  equations  the  one  by  the  other,  we  deduce 


substituting  for  the  ratio  of  the  arcs,  that  of  their  sines,  i 
do,  since  the  arcs  are  very  small,  we  hare 


which  is  (he  theorem  enunciated  in  the  text    We  shall  thus  have 
the  ratb  of  the  radius  of  the  heavenly  body  to  Wat  of  the  earth,  and 


by  cubing  this  ratio  we  obtain 


(«')• 


as  the  ratio  of  their  bulks. 


Afpendkt. 


V.  —  Notr  lo  Artiele  144,  Pa^e  77, 


f.To  find  thesfi  corrcclions,  lei  us  consider  Buccesai?ely  our  two 

lerical  triangles ;  let  X  be  the  apparent  zenith  distance  or  ZS ;  Fig.  29. 

e  apparent  jwlar  distance,  or  PS;  P  tLc  apparent  horary  angle, 

lie  angle  ZPS;  A  llie  azimuth  of  the  heavenly  body  or   the 

B  PZS,  PZ,  the  third  side  of  the  triangle,  will  be  the  zenith 

ttance  of  the  pole,  or  tlie  complement  of  the  tatiti:<le  ;  let  us  repre-*' 

t  by  D.  This  being  supposed,  by  the  formulas  of  spherical 
jonometry,  the  angle  P  may  be  expressed  in  a  fiinction  of  the 
muth  and  the  sides  of  the  Iriangle  ;  for  we  have 

C09  Z  ain  D  —  cos  A  ain  Z  cos  D 

;  Trig.  61. 


coti*-^- 


l  whence 


cot  Xsin  D  —  c* 


I  Ijet  us  call   Z',  /f,  P'  the  corrcisponding  quantitieti  in  the  triangle 
[  ZPS,  referred  to  the  true  places ;  we  ahall  have  \a  like  manner, 
_       cot  Z'  sat  D  —  C06  A  cos  D 


I  for  the  azimuth,  and  the  zenith  distance  of  the  pole  remain  the  same 
ibr  both  triangles;  subtracting  one  of  Uiese  equations  from  the  otlior, 
we  find 

,„,  P_,„,  »_(cotZ-,o.Z-).inP 


Substitulbg  for  the  cotangents  their  trigonometrical  expression  -:- , 
and  reducing  to  a  common  denominator,  we  obtain 

Z —  Z  is  precisely  the  parallax  in  altitude  n,  the  sine  of  which  U 
equal  to  sin  n  sin  Z,  n  beiug  the  horizontal  parallax ;  substituting  I3T. 
thia  value,  we  have 

We  can  facilitate  the  use  of  this  fbnnula,  by  eliminating  the  azi- , 
muth  A,  which  ia  not  commonly  obeorvcd,  and  which  only  serves  to 
connect  our  two  triangles.     The  process   is  simple,  for  in   every 


I 
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dpherical  triangle  the  mat^  of  ihc  angles  aiv  proportioDRl  to  the  waa 

of  the  opposite  sides.     Thus,  in  our  Ifiangle    ZPS  referred  to  th> 

.    sin  i*'  .  ,       sin  X-      ^  . 

true  ploccH,  tlie  ratio  -: — -g-  is  equal  to  -.-■    t,  ^  bemg  the  true  polir 

distance  ;  we  have  then,  by  substituting  tiiis  value, 

D  /Z  edu  D  sin  P 


„(/._p.)  =  - 


»P  —  i^  is  the  differeucc  between  the  true  horary  angle  and  thr  ap- 
parent horary  angle.  It  is  indeed  what  is  called  the  /im-oilni  'w 
right  airrniion  ;  if  we  represent  it  by  a,  we  shall  have  P  —  P  4-*, 
and  by  eliminating  P,  it  will  become 

sin  //  sin  D  sin  (i*  -f-  a) 

sin  a  = ■ — — 1 ; 

smrf 

and  developing  sin  (P'  +  a),  we  obtain 

_  sin  J7  sin  D  sin  P 


maj —  "^  ■*"■ 

This  formula  corrcspondg  exactly  to  that  for  the  parallax  in  alti- 
tude. Sec  note  11.  !t  can  be  developed  in  a  series  by  the  jami 
method,  and  confining  ourselves  to  the  two  first  terms,  winch  "ill 
always  be  sufficient,  we  shall  have 

sin  J7  Bin  />  sin  P'       Bin  ■  71  sin  >  fl    .     _,  „ 
tang  a  = -^r^ 1 a^i^a"^^ —  sin  2  P  +  ic. 

We  may  very  often  neglect  even  the  second  term,  and  then  subsli- 

a    .     tanp  a  ,    „  ,         ■ 

tutuig  the  ratio  —  for  — : ,  wc  shall  liave  by  approximation, 

„       .       .   .  _                           n  sin  />  ain  P 
parallax  in  right  ascension  = r —  . 

Lastly,  we  can  still  find  the  value  of  tang  a  rigorously  by  a  trias- 
formation  analogous  to  that  in  the  note  above  referred  to,  by  means 
of  an  auxiliary  angle  9,  of  such  a  value  as  to  give 

Isin  71  sin  fl  cos  p 

""»  =  ^ ^^ ' 

we  then  obtain 
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All  these  IbrtnulBs,  giving  the  parnllax  by  means  of  th<;  true  places, 
irc  adopted  to  astroDomical  tables ;  they  agree  in  showing  that  the 
parallax  in  right  asjcension  is  iiothiDg  at  the  meridiaa  where  P'  a 
nolhing. 

The  parallax  in  declination  is  fouDil  in  a  eimilar  way,  by  com- 
paring tlic  jjolar  distances  in  our  two  triangles ;  indeed,  if  we  call  A 
the  azimuth  SZP,  reckoned  from  the  pole,  we  can  express  the  polar 
distances  J,  J',  in  a  function  of  ^,  of  iJ  the  zenith  distance  of  the 
pole,  and  of  the  true  or  apparent  horary  angle,  thus, 

n  P  +  COB  /J  cos  P  sin  A 


sin  D  sin  A 

col  A 

in  P  +  cos  D 

^sP 

i\aD 

col  A  si 

n  P'  +  cos  D  CO 

P' 

subtracting  one  of  these  equations  from  the  olher,  wo  obtain 

8iii(j— J'}=— ^^^ji^7cot4(8inP— sinP')+co9iJ{co8P— cosP') 

Since  the  azimuth  has  been  employed  as  constant,  we  eliminate  it  by 
Bubetituting  its  value  in  tlie  true  triangle,  derived  irom  the  formula 

cot  ^  sin  jD  —  cos  P  cos  D 

COiA  =  -T— H7 , 


which  is  perfectly  similar  to  those  above  obtained,  and  belongs  to  a 
spherical  triangle,  in  which  we  know  two  sides  J"  and  D,  and  their 
included  angle  P' ;  by  means  of  this  expression,  the  preceding  for- 
mula becomes 

.iii(J    Jl-  anj/"°"^""°'"'-^~^''     ^^■*">'UP+P>''HP-FV 
'  '  \  sinDsinP'  sinP' 


We  have  called  a  the  parallax  in  right  ascension  P  —  P' ;  let  us 
now  call  d  the  parallax  in  declinatioQ  J  —  J' ;  we  shall  have 
/J  =  J"  -|-  jj  as  we  had  P  ^=  P'  •\-  a  ;   and  hence  the  formula  be- 

.  ,  /sinJ-cosOsin*  2co8rfcos(P'+J«)BinjBV  .  ,  „  ,  ,. 
"■"3=^     sinPsinP' ^in  P-        ^J<>m(^+«); 

substituting,  in  the  lirst  icrm,  for  sin  a  its  value 
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liu  D  sin  (/*  +  «) 


1 


Bin  J 

I 


wliich  will  simplify  it  a  titllp,  wc  shall  have 
^  / .i,„/oo./i.i..(r  +  ..)-aco..fco.(P-|-i-).i.f  \ ,i 


,{j+iy 


Tlio  coefficienl  contained  williin  ihe  pareotheaes,  deponds  renflj  aa 
the  true  piacofi,  tuiil  will  be  entirely  kriuwu  as  soou  as  we  ^hilt  faiTe 
calculated  the  paraUax  in  right  ascension;  rc-pre^catiug  it  Ij Q, ibe 
precedini;  formida  will  become 

ain  a  =  Q  sin  (j'  +  i). 
It  is  then  still  analogous  lo  that  whicli  gave  us  the  parallax  in  alD- 
tadc,  ua  well  as  tlie  parallax  in  right  ascension  ;    it  may  be  resolrol 
in  the  some  manner,  cither  exactly,  by  means  of  an  auxiliary  angle,  R 
approximately,  by  means  of  tlie  aeries 

QH 

tang  a  =s  Q  sin  rf  -^-  -^  sin  3  J '  +  &c. 

In  practice  we  can  always,  without  any  sensible  error,  substitute  the 
raiioB  of  the  aroe  u,  S,  and  Jl,  ibr  those  of  tiieir  sines  and  tu^eoU,    j 
which  amounts  to  neglecting  the  cubes  of  the  parallajces.     We  cu   I 

then  take  for  ^  a,  the  value  J -. — ^- — '    "K       Lastly,  if  « 

take  only  the  first  power  of  the  parallax,  which  will  always  be  safi- 
ciont,  we  can  make  a  and  S  nothing  in  the  terms  of  the  second  mem- 
ber, whicli  have  been  already  umlliplied  by  //,  and  then   it  becomes 

parallax  in  declination  ^  n  (sin  J'  cos  D  —  eaa/f  sin  D  coe  P'\ 


\\.  —  NoU  to  Article  146,  Page  78. 

In  general,  let  it  be  the  horizontal  parallax  of  a  heavenly  body  U 
■he  equator,  77  its  horizontal  parallax  in  latitude  L, ;  calling  D  the 
distance  of  the  heavenly  body,  A  the  radius  of  the  equator,  and  R 
the  terreatrial  radius  at  the  latitude  L,  we  shall  have 


from  which  we  obtain 
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jubsliluting  (be  ratio  of  the  angles  ji'  and  n  for  that  of  their  sines 
R 

By  means  of  lliis  formula,  we  see  that  the  equatorial  parallax  is  the 
greatest  of  nil,  and  the  polar  the  Bmallest.  In  general,  wlien  we 
know  jt  wo  can  calculate  //  by  means  of  the  values  RA  It  will  be 
Men,  moreover,  that  it  is  sufficient  to  know  //,  by  observation,  with 
respect  to  any  single  latitude,  in  order  to  deduce  from  it  the  value 
of  11',  or  ttie  equatoriaJ  parallax. 


^K  Wl.  —  NoU  to  Article  149,  Page  80. 

Let  Z  be  the  apparent  observed  zenith  distance,  Z'  that  distance  Fig.  a 
reduced  to  the  true  zenith,  and  Z"  the  distance  Z'  reduced  to  the 
centre  of  the  earth.  Lei  us  call  u  the  angle  ZOZ  fonned  by  the 
radius  with  the  vertical,  and  n  the  parallax  in  attitude  for  the  dis- 
tance Z'.  This  beipg  supposed,  if  the  heavenly  body  is  in  the  me- 
fidian  on  the  aame  side  with  the  etguator,  we  shall  have 

Z'  ^  Z  —  w ;  Z"=  Z'  —  n;  sin  t,  =  sin  n  sin  Z. 
JI  is  here  the  horizontal  parallax  for  the  radius  OC  These  formulaa 
suppose  if  to  be  known  ;  but  if  it  was  the  true  distance  Z"  which 
■was  given ,  we  could  easily  obtain  Z  in  the  manner  already  described ; 
for  the  two  lasi  equations  would  give  n,  in  a  function  of  Z",  by  the 
series  referred  to,  and  then  we  should  hence  deduce 

Z'  =  Z"-|-n;  ^=  2*  + «,  =  Z" +  *,  +  „. 
a  must  have  been  taken  negative,  if  the  heavenly  body  had  been 
observed  on  the  side  toward  the  pole.     It  must  not  be  forgotten,  that 
these  formulas  are  applicable  only  in  the  plane  of  the  meridian. 

The  calculation  of  the  parallax,  by  two  observations  made  on  the 
meridian  at  great  distances,  is  just  as  easy  in  the  case  of  the  spheroid 
as  in  that  of  the  sphere ;  for,  denoting  always  the  positions  of  the  two 

f  On  the  supposition  that  the  terrestrial  meridian  is  an  ellipse,  and 
that  the  oblateness  is  --—■",  the  length  of  a  degree,  in  any  latitude 

L,  according  to  Del  am  b  re,  is  equal  to  11111,111 —540,848  cos  2 /,, 
and  log  R  ^  6,8038861  +  0,0007150  cos  2  /-.    But  the  above  metre 
is  to  the  legal  metre  as  1  is  to  1,0000733;    and  the  legal  metre  is 
equal  to  39,371  English  inches. 
Aatron.  63 


obaervera  by  O,  O,  fignro  31,  uitlogous  to  figure  25,  ihe  qudb- 
Uteral  COLO'  wiU  prpsenl  the  same  relatione.  Only  as  Ibe  obsertsi 
zenith  distances  arc  LOZ,  LOZ,  about  the  verttexJs  OS.  O.Vn 
must,  in  order  to  obtain  the  digtances  LOZ,,  L.OZ'.,  rrlatiTe  lo  tk 
true  zenitli,  subtract  tlic  angles  formed  by  (he  radii  CO,  Cfy.  iriA 
Ihe  corresponding  vetticals,  angles  which  we  shall  call  (^  ■,  and 
which  can  be  calculuW  by  the  (brmula  ^ven  below,  f  Thii»,  ufiinj 
always  n,  n',  the  angles  CLO,  CLO",  or  the  parallaxes  in  iltinrfe ; 
R,  R'  the  two  terrestrial  ladii  at  O  and  O ;  n,  it,  the  two  \imait- 
tal  parallaxes,  and  D  the  diytancc  CL  of  the  heBTenly  body  &obIIb 
centre  of  the  earth,  ive  shidl  have,  as  befoTC, 

sin  77 1=  j^;  sinir=^;  n^Jisia(Z — w);  n  =  a' s\a{Z' —u). 

We  understand  hero  by  horisanlal  paraSai,  that  which  lakf 
place  when  the  visual  ray  is  perpendicular  to  the  terrestrisl  mliu?. 
Thc  visual  ray  is  not  then  a  tangent  to  the  spheroid ;  so  that  il  wmiU 
be  mare  proper  to  call  the  angle  in  question  thf  grealest  parallDi,  or 
the  maamum  parallax ;  but  custom  has  prevailcA  The  ratio  of  'be 
Bines  of  these  parallaxes  being  very  nearly  llto  same  as  thai  of  ih« 

arcs,  we  have  ^  ^  — ,  that  is,  thoy  aro  proportions!  to  the  tcrr'^ 

trial  radii,  and  availing  ourselves  of  this  ratio  to  eliminate  TT,  if  *>' 
add  together  the  expressions  for  n  and  n',  we  shall  have 

.+..=^(''"°'^-''+"-'°'^:rigj). 

But  Ihe  sum  of  the  parallaxes  n  -|-  ji',  is  equal  (o  the  angle  OtOt 
moreover,  the  sum  of  the  four  angles  of  the  quadrilateral  COLQ, 
must  always  be  equal  to  four  right  angles ;  hence  we  shall  have  M 
before 

0-tO'  =  n-|-n'  =  Z— w  +  Z'  —  u'  —  ^; 
f  being  the  angle  OCO ,  formed  by  the  two  terrestrial  radii.  Lei  at 
produce  the  normals  OJ^,  ON',  till  they  meet  the  straight  line  0£ 
which  represents  the  plane  of  the  equator;  the  angles  ENO,  ENCf, 
formed  by  the  normals  with  this  plane,  will  be  the  latitudes  of  the 
two  observers;  we  shall  call  them  I,  k' ;  now  these  angles  being  the 
exterior  angles  of  the  triangles  NOC,  NO'C,  we  shall  evidendy  have 


f  L  beine  the  latitude,  and  -^--r the  oblatenesa,     . 

*  '         308,«5  '     * 

oi  =  11'  9,39"  sin  2  i  —  1,066"  sin  4  i. 


X=NCO^o,,     I' =  IfCO- Jf.  o>' ; 
obtain 
IVCO  -\-  JV'CO'  ^9.  =  i-|.l'  —  ai  —  <u'; 
^raluc,  which,  being  substituted  for  qi  io   ihc  expression  for  OLO', 

gives 

OLO'  =  Z^Z'  —  l  —  X'i 
K  result  iiltftgeiher  annlogous  to  that  wliich  takes  place  on  the  sphere. 
This  value  of  OLO  or  of  n  -|-  n',  being  equal  to  the  first  which  we 
obtained,  we  deduce  from  it  the  value  of  the  mazi'inum  parallax  for 
the  observer  O,  which  will  bo 

R{Z+Z-i-i') 

/(.in  («-.)  + K,Bi,(Z'-.')- 
For  tlie  observer  &,  we  should  have 

R'  {Z  +  Z  —  l  —  X') 


rt- 


TJiese  expressions  are  altogether  annlogous  to  those  before  obtained, 
and  iliey  are  not  more  diilicult  to  calculate.  We  have  supposed  in 
the  calculation,  that  the  two  observers  wern  situated  on  opposite 
aides  of  the  equator ;  if  they  were  on  the  same  side,  we  should  have 
to  regard  the  least  latiludo  as  negative  in  the  preceding  formula,  and 
also  make  the  corresponding  value  of  m  or  of  oi'  negative.  In  this 
case,  if  the  heavenly  body,  instead  of  being  situated  betweea  the 
two  zeniths,  were  situated  on  the  same  side  of  the  zenith,  with 
respect  to  the  two  obsorvprs,  we  should  be  obliged,  moreover,  to 
regard  as  negative  the  least  of  the  two  zenith  distances. 


VIII.  —  Note  to  ArHck  150,  Pagf  80. 

Let  a  be  the  apparent  azirnuth  of  the  heavenly  body,  reckoned  Fig.  S 
from  the  pole.  This  will  be  the  supplement  of  the  angle  ZZS;  let 
Z  be  the  observed  distance  from  the  apparent  zenith,  Z'  the  apparent 
distance  from  the  true  zenith,  u  the  angle  formed  by  the  radius 
with  the  vertical.  This  lacing  supposed,  if  we  observe  that  cos 
(180°  —  A)=  —  cm  A,  the  spherical  triangb  ZZ'S  will  give 

cos  Z^  ^  —  sin  2  sin  o,  cos  ^ -j- cos  a.  cos  Z;  ''""B--* 

taking  an  auiuliary  angle  <j,,  such  Os  to  give 

tnng  If  ^  cos  A  tang  tii, 
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cos  Z'  =  cos  {Z  -1-  f)- 

cos  V 

ir  wc  would  determine  the  azimulli  by  means  of  the  ( 
hornry  angle,  which  is  easier  tlian  to  obacrve  tl,  nuthiog  ie  intKesi^ 
pie.  For,  if  wc  imagiue  a  new  spherical  Iriangle  ZPS,  figure  31, 
reff^rrcU  to  the  three  visua]  rays  drawn  from  the  observer  totbep«le,  | 
to  the  apparent  zenith,  and  to  the  heavenly  body,  we  shall  know, 
in  this  triangle,  the  observed  npparcnt  distaDCQ  or  Z,  the  ili^unw 
from  the  pole  to  the  apparent  zenith  or  D  :  lastly,  the  appurai 
horary  angle  or  P.  The  aiiglc  fIZP,  comprehended  between  the 
two  Hides  Z  and  D  of  thU  triangle,  ifl  exactly  equal  to  the  azimntli  i. 
We  can  then  calculate  this  a/inrnth  by  combirting  tho  Moirtng 
formulas  deduced  from  epherical  trigonometry, 

.     ,  ,  ,       sin  w  Ung  D 

tang  V, -  cos  D  tang  P,         sin  (A  +  ^)=        J,^  |      i 

in  which  ip  is  an  auxiliary  angle.  When  wc  know  A  by  these  fotnm- 
las,  the  two  first  equations  will  make  known  Z,  or  the  appweni 
distance  of  the  true  zenith.  The  parallax  for  this  distance,  or  Uiux 
Z,  will  thus  be  known.  Subtracting  it  from  Z',  we  shall  have  the 
true  zenith  distance  '£"  =  Z  —  /r  sin  Z. 

If,  on  the  contrary,  Z'  were  givea,  we  might  hence  deduce  Z  by 
means  of  the  formulas  of  note  III,  in  wtiich  n  would  represent  tbe 
parallax  in  altitude  Z'  —  Z",  referred  to  the  true  zenitfa.  Then  we 
might  obtain  Z,  by  resolving  the  spherical  triangle  SZ'Z  in  which 
the  angle  Z,  the  true  azimuth  of  the  heavenly  body,  might  be  easily 
calculated  by  the  elements  of  its  (rue  place.  But  there  is  another 
method  much  more  simple  for  finding  Z  directly.  It  wUI  be  seen  in 
the  following  note. 

When  Z  is  very  considerable  with  respect  to  n,  we  can  easilj 
obtain  the  value  of  ^  —  Z  in  a  converging  series  arranged  accord- 
ing to  the  powers  of  sin  at.  But  this  reduction  ia  not  in  all  cases 
possible,  since  the  arcs  Z,  Z',  ai,  can  be  compared  together,  when 
the  body  L  is  observed  very  near  the  true  or  apparent  zenith 


l\.  —  Note  to  Article  151,  PageBl. 

AccoRDtNo  to  what  we  have  said,  calling  always  ta  the  angle 
formed  by  the  terrestrial  radius  with  the  vertical,  and  denoting  by  a 
the  parallax  in  right  ascension,  and  by  S  the  parallax  in  declinatioD, 
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B  formulas  investigateii  iu  note  V,  the  earth  being  supposed  to  be 
lierical,  wUi  give,  ott  the  supposition  that  it  ia  epheroida], 

,;„     ^  sin  n''i"(P  +  '-)  si- (/"  +  ») 
sill  J- 

^^^  /.ii.f/cos(P+^).in(P--H)-2cosJco.(P'-K„)8inj«V    ,^^^_^,,j 

t  with  an  approximation  almost  always  sufficient, 

^77siLi(Z>  +  o,)sinf'       • 
"  Bin  J' 

=  n  (sin  ^  cos  (2*  4-  w)  —  coa  ^  sin  (D -f  ej)  H)9  P'). 
W^  IS  the  true  polar  distance,  and  P'  the  true  horary  angle,  as  seen 
from  the  centre  of  the  earth,  a  and  3  being  calculated  by  these 
formulas,  if  we  call  J  the  apparent  polar  distance,  and  P  the  appa- 
rent horary  angle,  seen  from  the  surface  of  the  terrestrial  spheroid, 
we  shall  have 

P  =  P'  +  „,  J  =  J'-\-S; 
with  P,  J,  and  D,  we  can  calculate  directly  the  apparent  distance  Z. 
For,  if  we  suppose  the  spherical  triangle  SZP,  figure  34,  referred  to 
the  three  visual  rays,  drawn  from  the  observer  to  the  apparent  zenith, 
to  the  heavenly  body,  and  to  the  pole,  we  shall  know  in  this  triangle 
the  sidei'^^  J,  P^  =  />,  and  the  angle  SPZ=P.  We  can 
then  cosily  determine  the  third  side,  or  the  apparent  zenith  distance 
ZS  =  Z.  We  can  likewise  calculate  tlie  angle  SZP  or  tiie  uppa^ 
rent  azimuth  of  the  heavenly  body.  We  shall  thus  have  all  the  ele- 
ments of  the  apparent  place  of  the  heavenly  body,  in  the  most  simple 
manner,  by  means  of  the  elements  of  its  true  place.  In  like  man- 
ner, if  we  suppose  the  spherical  triangle  SZP  referred  to  the  three 
visual  rays,  drawn  from  the  centre  of  the  earth  to  the  true  zenith, 
to  the  heavenly  body,  and  to  the  pole,  we  shall  know,  in  this  triangle, 
the  sides  SP  ^  j',  Z'P  =/)-{-„,  and  the  angle  SPZ  =  P*. 
We  can  then  calculate  the  third  side  SZ'  =  Z',  from  which  we 
shall  be  able  to  determine  Z'  or  Z'S,  by  the  formulas  given  in 
note  II.  We  can  also  calculate  the  angle  SZ'P,  which  is  the  true 
azimuth  of  the  heavenly  body.  It  will  be  seen  that  tlie  circumstance 
of  the  earth's  oblatenesa  does  not  render  these  results  at  all  more 
complicated. 
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X.^JVotc  to  Arliclf.  152,  Paffe  81. 

'■  Let  us  call  r  Oio  scmidiameter  OC  of  the  eartli,  R  the  radioi  CL, 
Of  t'X,  drawn  from  il«  cenlre  to  that  of  the  moon.  The  line  OL, 
the  *idi>  of  tiip.  nglit-aiigM  u'lungU:  COL,  wU\  have  foriblo^ 
v'  K^ — r^  ;  Ihc  line  OZ  will  have  for  its  length  R  —  r;  ind  ihs 
difference  of  these  two  lines,  or  the  excess  of  OL,  aborc  OZ,vll 
be  esprcsaed  by   • 


VK»-r'  — (K-r); 
if  we  suppose,  tts  is  t)ie  fad,  that  r  is  a  verj  nuall  fractton  compared 
witli  R,  it  will  be  sulEeient  to  eitracl,  by  approxiinatioD,  the  indi- 
cated s<]uare  root,  employing  for  this  piiqx>9e  ibe  binomiul  fbroiiili 
of  Newton  ;  and,  rejecting  all  but  the  first  powers  of  R,  «c  ^hill 

hare  fin  the  root  in  tiucstion  R  —  jj-^,  The  above  expression,  which 
leproaents  the  difference  of  the  lines  OH  and  OL,  will  then  be 
expreMed  by  r  — n~Di  t)*^^  '^r  '^  '^  nearly  equal  to  r,  for  the  terra 

—  ^-0  is  very  Bmall,  hi  comparison  with  r,  lince  it  is  eqnal  to  the 

product  of  r  by  ^-^i  vrhich  is  a  very  small  fraction,  and  differs  but 
litde  from  y^. 

XI.  — JVo(«  lo  Article  173,  Fage  99. 

Lbt  D  be  the  bud's  declination,  observed  near  the  time  of  the 
solstice,  a  the  obliquity  of  the  ecliptic,  and  L  the  longitude  of  the 
Bun  corresponding  lo  the  declination  D;  then  the  right-angled  spherl- 
cal  triangle,  formed  by  the  longitude,  the  declination,  and  right 
ascension,  gives 
•op.  82.  sin  D  =  Btaia  sin  L. 

If  the  observation  were  made  at  the  moment  of  the  solstice,  the 
declination  of  the  sun  would  be  exactly  equal  to  the  obliquity  of  the 
ecliptic,  and  the  longitude  equal  to  90°.  We  should  then  hire 
J7^«j,  and  Lt^QOi' ;  but  since,  by  supposition,  the  obaervatioii  i« 
made  near  the  time  of  the  solstice,  we  shall  have 
D  =  a  —  D,  l  =  w  —  l; 
-D'  and  L'  being  very  small  quantities.     But  substituting  these  values 
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ID  the  preceding  ctjualion,  it  becomes 

sin  u  cos  B'  —  cos  w  sin  D'  =  sin  w  cos  L'.  Trig 

By  pulling  for  cos  D'  and  coa  £.'  their  values  1  —  3  sin  "  J  D', 
and  1  — 2  siu  ^  j  L',  changing  all  iho  signs  of  the  equation,  andTrig.2T, 

dividing  hy  cos  w,  ive  have 

2  tang  m  stD  " -^  D'  -\- aia  ly  =  ^  lang  oi  sin  ='^  L'. 

It  is  evident  from  inspection,  that  sin  D'  is  a  very  small  fraction 
of  the  order  siu  ^  ^  L' ;  conseijuently,  sin  '  ^  D'  is  a  fraction  still 
smaller.     And  by  neglecting  it,  we  have  very  nearly 

Bin  ff  =  2  tang  a  sin  a^  L'. 

But  if  we  would  obtain  a  nearer  approximation,  which  is  sometimes 
necessary,  when  the  observed  declination  is  distant  eight  or  nine  de- 
grees from  the  solstice  ;  we  have  only  to  consider  that  the  exact  value 
of  sin  ly  is 

ain  D'  =  2  tang  u  sin  '  j.  Z.'  —  2  lang  u  sin  ^  ^  ly. 

If  the  value  of  sin  D' ,  given  by  Ihe  first  lerm  only,  is  not  perfectly 
exact,  it  will  at  lens!  be  near  enough  to  be  substituted  in  the  last 
term  2  tang  m  sin  ^  ^  D',  which  is  very  much  smaller  than  the  first. 
We  can  even,  in  this  substitution,  take  for  sin  j  D'  the  value  ^  sin  D', 
the  arcs,  when  very  small,  differing  but  little  from  their  sines ;  we 
shall  thcu  hare  with  respect  to  the  last  term,  sin  j  J}'  ^^  tang  u  sin 
2  J  i' ;  and  thia  value  being  subatiluted  in  the  preceding  equation,  we 
shall  have,  by  thia  second  approximation, 

ein  i>'  =  2  tang  u  sin  '  ^  £'  —  2  lang  ■  m  ein  *  ^  L', 

This  value  of  sin  D'  will  be  sufficiently  exact,  even  when  £•'  ^  18°. 

By  means  of  this  formula,  an  observation  of  the  meridian  altitude 
of  the  sun,  made  before  or  after  the  solstice,  may  he  readily  reduced 
to  this  epoch ;  the  observation,  however,  should  be  near  the  solstice. 
In  order  to  thia  we  calculate,  by  means  of  the  astronomical  tables 
already  formed,  the  sun's  longitude  at  the  time  of  the  observation  ; 
this  will  be  the  value  of  L ;  subtracting  this  from  00°,  the  remainder 
will  be  L',  or  the  sun's  distance  from  the  solstice  at  the  lime  of  the 
observation.  Knowing  L',  we  have  D'  by  the  preceding  formula ; 
and  D'  added  to  the  observed  declination  will  give  the  solsticial 
declination  />  -)-  D',  precisely  as  if  it  had  been  observed  at  the 
moment  of  the  solstice. 

It  is  evideul,  by  proceeding  in  this  way,  that  the  only  uncertainty 
will  be  in  the  value  of  L',  given  by  the  tables,  which  we  suppose 


I 
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imper&d.     Suppotw  Ihcn  that  thu  value,  inslead  of  being  i,',  «at    I 
X'  -|- « =3  L",  «  b«nng  llie  error  lo  which  thr    impcrfftction  ot  lb    I 
Ubles  in  liable  ;  tii  nrdcr  fo  know  wbu  will  be  ihv  cfTrcl  upon  tiit 
f  nlue  of  V,  lei  us  limit  ourselves  to  ttiti  first  term  of  the  \alae  of  m 
O',  which  giv«(t 

oin  />'  ^  2  lang  oi  ein  '  j  /.'. 
Now,  if  wc  suppos)-  thai  lUc  subatilution  of  L."  for  /.',  chuga  & 
inio  W',  wc  shall  al»  lia»it 

din  ■/>"  =  3  tang  oi  atn  *  J  L". 

Subtracting  the  lirst  of  these  cqiiHlionB  from  the  second,  and  putiiij 

lor  tlie  (liffuri^ncc  of  the  Hinn,  its  value  in  s  l\iiiction  of  the  itiflurcnct 

■   of  the  arrs,  we  shall  have 

sijii{;>"— Z»')oosJ(D"+D')  =  tangi«8ini(X,'^X")siii  Jlt+t) 

jy  —  jy  le  the  error  in  the  Bolsticial  declinntioD  correfipanding 
lo  the  error  L"  —  L'  in  the  loogituilc.  If  we  limit  ourselves  tu  <bt 
lirsl  powers  of  iheM  small  arcs,  we  may  substitute  their  ratio  for  i)4> 
of  their  sines.  We  may  llieo  put  L"=sL'  and  i>"  =  D',  in  the  oiia 
terms  of  the  equation ;  we  shall  thus  have 

„        f  tane  m  sin  L" 

'>'-'>'  =  ~~nr~^ 

This  expression  may  be  somewhat  simplified  by  eubstttuting  unity  lot 
the  denominator,  cos  D";  since,  in  the  calculation,  we  confine  our- 
selves to  the  first  power  of  sin  D",  and  as  cos  D'  =  1  ■ —  2  sin  ^  ^  0", 
it  will  be  seen  that  the  diflerence  between  cos  D"  and  unity  is  of  the 
order  of  terms  which  we  propose  to  neglect.  We  shall  then  hare, 
by  an  approximation  sufficiently  exact, 

jD"  —  D'  ^e  tang  <u  sin  L". 
It  will  be  seen  by  this  formula  that  the  error  in  the  declination  it 
much  less  than  the  error  r  of  the  longitude,  since  this  is  multlphed 
by  the  factor  sin  L",  which  is  very  small  in  observations  made  near 
the  solstice,  and  which  becomes  nothing  at  the  solstice  itself.  To 
appreciate  the  influence  of  this,  suppose  that  we  have  only  imperfect 
tables  for  determining  the  value  of  L",  which  are  liable  to  an  error  oi 
half  a  day  in  the  time  of  the  solstice,  and  consequently  an  error  of 
0,495°  or  29'  42",  in  the  longitude  ;  so  that  «  =  29-  42" ;  it  will  then 
be  necessary  to  make  the  observation  as  near  as  possible  to  the  sol- 
stice, for  instance  on  the  very  day  it  takes  place.  In  this  case  the 
distance  from  the  solstice  being  at  the  utmost  half  a  day,  it  b  clear  that 
L"  will  not  exceed  29'  42",  b;  supposing  the  daily  motion  of  the  son 


Iqual  lo  59'  24", 
e  have 
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e  Iiave  done  in  the  text,     By  these  BUpposilions 


0"  —  -D'  =  0°  29'  43"  sin  Off  43"  tang  23°  27'  53", 
iking  23°  27'  53"  Tor  the  obliquity  or  the  ecliptic.     The  numerical 
e  of  this  formula,  derived  from  the  trigonotuetrical  tables,  ia 
B   —D'=  6,7". 
But  ir  instead  of  making  use  of  such  tables  in  calculating  the 
L",  we  were  to  cittploy  others  less  iniperfecl  and  liable  to 
D  error  only  yjg  part  aa  great,  or  0,00495°,  the  error  in  the  solsticial 
clination,  resultiog  from  an  observation  made  on  the  day  of  the 
!,  would  become  leas  in  the  same  proportion  ;  it  will  thus  be 
iduced  (o  0,067",  a  quantity  nearly  insensible. 

error  of  0,00495°,  ia  the  sun's  longituJe,  answers  to  7^  min- 
T  432  seconds  in  time.  With  respect  to  the  astronomical  tables 
n  actual  use,  the  error  in  time  rarely  amounts  to  4  seconds ;  the 
error  t,  in  the  longitude,  ia  accordingly  reduced  lu  the  same  propor- 
tion ;  BO  that  the  distance  from  the  solstice  being  the  same,  it  be- 
comes only  ^hi  of  the  above ;  and  llie  corresponding  error  in  the 
solsticial  declination  would  amount  only  to  0,00067". 


Xll.  —  NoU  to  Article  187,  Page  110. 

Wb  have  referred  in  the  text  to  article  10.5  of  Topography  for  the 
method  of  finding  the  latitude  and  longitude  of  a  heavenly  body, 
when  the  declination  and  right  ascension  are  known.  We  shall 
here  give  general  formulas,  adapted  to  the  same  purpose,  that  will 
often  be  found  more  convenient. 

Through  the  centre  of  the  celestial  sphere  draw  the  two  visual 
rays  CP,  CP',  the  first  to  the  pole  of  the  equator,  the  second  to  the  I^'B-  ^ 
pole  of  the  ecliptic.  The  angle  P'CP  will  be  equal  to  the  obliquity 
of  the  ecliptic  to  the  equator.  Produce  indefinitely  the  circle  of  169. 
declination  AS,  and  the  circle  of  latitude  SL.  The  first  will  pass 
through  the  pole  P,  and  the  second  through  the  pole  P" ;  so  that  in 
the  spherical  triangle  P'PS,  P'P  will  be  the  obliquity  of  the  ecliptic, 
FS  the  complement  of  the  declination,  and  P'S  the  complement  of 
the  latitude;  since  the  arcs  PA,  P'L,  are  each  90°.  Let  us  now 
attend  lo  the  angles  at  P  and  P'.  If  we  draw  through  the  pole  P 
the  circle  of  declination  PT,  which  passes  through  the  equinox,  the 
angle  TPP'  will  be  a  right  angle;  for  the  plane  of  the  circle  P'P 
or  CPP,  being  perpendicular  to  the  line  of  the  equinoxes,  al!  the 
Astion.  54 


plines  which  pass  through  this  line  will  be  perpendicalar  lo  llm  of 
PP.  Moreover,  the  arcs  Pt,  PA,  being  each  90°,  Uie  angle  fPA 
will  have  for  its  i&eit3i:rL'  the  arc  fA,  ind  will  con^equeotit  W 
equal  to  the  right  ascension  of  the  heavenly  body  S:  thus  the  wIk^ 
angle  P'PS  will  be  (Mjiial  to  90°  +  fA.  In  like  manner,  if  through 
the  pole  i"  we  draw  the  circle  of  laliiude  P"f,the  niigie  fPP 
will  be  a  right  angle,  and  the  arcs  P'f,  PL,  will  be  each  90°.  Tie 

I  angle  fP'L  will,  therefore,  have  for  its  measure  ibe  arc  f  L  reck- 

oned on  the  ecliptic,  and  will  be  equal  to  llie  longitude  of  the  benskly 
body.  Consequently,  the  angle  SP'P  will  be  equal  to  90 —  TL, 
that  is,  it  will  be  equal  to  the  complement  of  the  longitude. 
Let  u  be  the  obliquity  of  the  ecliptic,  d  tlie  declination  of  (b 
heavenly  body,  n  its  right  ascension,  ;i  its  latitude,  i  its  longitailc. 
Then,  if  the  rigiil  ascension  and  declination  ore  known,  we  bin 
the  longitude  and  latitude  by  the  following  formulas 
Trig  17.        ,;o8  P'S^sin  i-i*  sin  *P  cos  P'PS-)- cos  P'P  cos  SP. 

^  By  adc^ting  the  denomination  stated  above,  and  observing  tbu 

^r  009  P'PS  ^  coa  (90°  -f-  a)  =  —  ein  a,  we  hare 

sin  i!=  —  sin  t>  cos  ij  sin  a -j-  cos  w  sin  d, 

tang  rf  sin  M  +  sin  a  cos  oi 
tang  /  =  . — ^ !^ : 

These  two  fiMinulas  may  be  adapted  to  calcolatioa  by  logarithms,  if 
we  take  an  auxiliary  angle  7,  such  that 


=  tang  a 

on  the  contrary,  if  the  latitude  and  longitude  a 
deciinatioQ  and  right  ascension  by  these  formulas, 
S  cos  Pi9=ain  PP  sin  P'S  cob  FPa+  coa  P'P  cob  P'S, 

B,Bn      cot  P'S  Bin  FF— cos  FPS  cos  Pp 

"^  ^^^=^ riTpFS ■ 


\ 


)r,  bj  putting  (or  these  quantiti 
t  P\PS^ —  tang  a,  we  buve 
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their  valuea,  and  observing  that 


tango 


:  sin  u  cos  1  ain  /  -f-  (^OB  u  ^n  1) 
_  —  tang  1  sin  u  -f-  sin  I  cos  u 


I  These  equations  are  similar  to  those  which  we  gaie  at  first  for  the 
Ititude  and  longitude.     The  latitude  answers  to  the  declination,  and 

e  longitude  to  the  right  ascension ;  tlie  only  diflference  is  in  the 
bliquity  m,  which  has  here  a  negative  value.  Following  this  anal- 
can  resolve  these  new  equations  by  means  of  an  auxiliary 

wle  a',  such  that 


(1) 


for,  by  eliminating  i 


^  ^        tang  i 
n  I  from  the  first,  and  tang  i  froni  the  second. 


(34 


tango 


'W- 


-) 


if  we  would  obtain  the  angle  of  position  PSP',  or  S,  we  can  easily 
find  it  by  recollecting  that  in  every  spherical  triangle  the  sines  of  the 
sides  are  as  the  aiiies  of  the  opposite  aaglea,  which  gives 

_:_  <»  _    8"!  <"  <^o»  °   _.  .:_  L,       sin  0,  cos  / 


These  formulas  are  calculated  on  the  supposition  that  the  body  in  "S-  * 
question  is  in  the  first  quadrant  of  the  ecliptic,  reckoning  from  the 
vernal  equinox  ;  but  to  extend  lliem  to  all  other  positions,  it  will  be 
sufficient  to  observe  carefully  the  use  of  the  signs  plus  and  minus, 
making  the  sines,  cosines,  and  tangents,  positive  or  negative,  accord- 
ing to  the  value  of  the  arcs  to  which  they  correspond.  There  is  no 
difficulty  with  respect  to  the  right  ascension  and  longitude,  which 
are  both  reckoned  from  the  same  point,  and  always  in  the  same  direc- 
tion from  0°  to  360° ;  bnt  with  respect  to  the  declination  and  latitude, 
which  are  reckoned  from  a  plane,  since  they  are  considered  as  posi- 
tive on  one  side,  they  should  be  regarded  as  negative  on  the  other. 
That  is,  since  we  have  considered  the  northern  declinations  as  posi- 
tive, we  must  consider  the  southern  declinations  as  negative. 
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Xin.  —  NoU  to  Article  188,  Page  111. 

rig.  40.  Let  i.  be  the  longitude  of  the  zenith,  A  \\a  Utiiude  refemd  to  tb 
plane  of  tlie  ecliptic ;  lei  /  and  I  represent  the  correspoudine  i^aitiu- 
ties  for  the  observed  heavenly  body,  these  quuilities  betxig  Ukfa  at 
the  surface  of  the  earth.  If  it  be  suppoaed,  iii  the  figure,  ihit  the 
heavenly  body  is  west  of  the  zenith,  bejoiid  the  plane  £ZP,  ind 
that  (he  equinoctial  point  T  is  also  beyond  this  plane  to  the  wetof 
the  heaienly  body,  the  iliflcrcncc  of  longitude  Z.  —  /,  will  rcpnatat 


tlic  a 


;  SP'Z,  reckoned  from  the  apparent  meridi 


1  and  fion  at 


to  west,  like  the  horary  angles.  This  angle  is  analogous  ti 
parent  horary  angle  P,  in  the  case  in  which  the  right  a 
declination  are  considered.  To  complete  the  analogy,  let  D  be  ikfl 
distance  of  the  zenith  from  the  pole  of  the  ecliptic,  P  the  diflcreau 
of  the  apparent  longitudes  L  —  I,  and  J  the  apparent  distance  ii(  ihe 
heavenly  body  from  ihe  same  pole,  which  gives  i)' ^  90° — J,  su'i 
J  =L  90"  —  i.  Jt  will  be  sulBcient  to  eubstiinte  the^e  quaaiiiiM  !br 
the  corresponding  ones  in  the  formulas  of  pp.  414,  416.  and  Diirk 
with  an  accent  the  elements  of  the  true  place ;  we  shall  tlieii  hvt.  by 
approximation, 

patallax  in  longitude  P  —  P'  = ; — — , 

parallax  in  latitude  J — J'  —  n  (sia  J  cos  D" — cos^  eia  D"  eos  P); 
aad,  U3  P  —  P'  =  L  —  I  —  (L  —  t)  =t  —  I,  y/e  shall  haie  dw 
apparent  longitude  I,  and  the  apparent  distance  of  the  heavenly  body 
from  the  pole  of  the  ecliptic,  or  J,  by  the  following  formulas, 
,_^       JZsini)  siD(/.-f) 


J  =  .d  +i7(sin  J'  cos  i>'  — cos^sin  D'  cos  (i,  —  f)). 
n  ia  the  horizontal  parallax  at  the  place  of  observation. 
sake  of  simplicity  in  the  calculation,  we  have  retained  the  polar  di 
tances  in  Ihes 


0  formulas,  which, 
90°,  require,  in  the  different  ci 
regard  to  the  algebraic  signs  ir 
this  respect  tJiey  are  much  mi 
and  latitudes,  which,  being  re 
made  positive  on  one  side  and  r 
ference  of  longitude  t  —  L,  the 


OS  they  may  be  reckoned  from  0'  1 
scs,  no  particular   care,  except  witd 
the  trigonometrical  eicpressions. 
re  convenient  than  the  decUnatia 
koncd  from  a  plane,  require  Co  ^a 
I'gntive  on  the  other.      As  to  tbaili^a 
ise  of  it  occasions  no  difficultj,  > 
requires  no  particular  conslruction,  provided  we  always  reckon  il 

id  L,  from  west  to  east,  referring  to  the  same  equiiio»l 


i  point  from  which  we  reckon  the  right  OBicension  od  the  equator. 

tnally,  the  distance  D  Trom  the  zenith  to  the  pole  of  the  ecliptic 
must  not  be  reckoned  from  the  vertical,  but  from  the  true  zenith, 
determined  by  prolonging  the  radiua  of  the  earth,  as  we  did  for  the 
parallax  in  right  ascension  and  declination. 

A  careful  attention  to  these  general  rules  will  suffice  for  any  paN 
ticular  case.  It  will  also  be  seen  from  the  aix>ve  expressions,  that 
the  parallax  must  be  added  to  the  elements  of  the  true  place  with 
the  sign  which  the  formula  gives,  to  obtain  the  elements  of  the  ap- 
parent place.  It  should  not  be  forgotten  that  the  preceding  formulas 
are  only  npproximate,  and  that  recourse  must  be  had  to  a  seriea  in 
order  lo  obtain  exact  ones. 


■Xl\.—NotetoArt{cU  192,  Page  117. 

To  express  the  secular  variation  of  the  obliiniity  of  the  ecliptic, 
we  begin  from  the  commencement  of  the  year  1T5I),  which  was  ren- 
dered memorable  by  the  labors  of  Lacaille,  and  has  become  the  origin 
of  almost  ail  astronomical  determinations.  The  mean  obliquity  of 
the  ecliptic,  that  is,  the  obliquity  corrected  for  the  email  oscillations 
comprehended  in  short  periods,  was,  at  that  lime,  23,4698°.  Let 
V  express  the  value  after  a  number  t  of  Julian  years,  reckoned 
from  that  epoch,  (  being  considered  as  negative  for  any  previous  pe- 
riod ;  this  Iwing  supposed,  by  having  regard  only  to  the  secular  change 
of  the  obliquity,  we  shall  have,  by  the  formulas  of  the  Mecantgue 
Ciltfte,  tom.  iii.  p.  158, 

P=23,4731='— (0,93154°)  sin  (32,1157  "—{0,66l79'')sin3  (6,9732". 
At  the  epoch  of  1750,  we  have  i  =  0.  All  the  terms  vanish  except 
the  first,  and  there  remains  V  =  23,4698°  ;  as  is  evident,  since 
this  epoch  is  taken  for  the  origin.  At  the  time  of  Hipparchus,  13S 
years  before  the  Christian  era,  we  have 

(  =  —  {  1750  +  128  )  =  —  1878. 
By  employing  this  value,  we  find 

V  =  23,4731°  -I-  0,26534°. 
The  mean  obliquity,  therefore,  at  that  time,  exceeded  that  of  1750 
by  0,20534°  or  15' 55,2". 

Making  (  vary  by  unity  in  the  expression  for  V,  we  shall  have 
the  annual  change  of  the  mean  obliquity  in  different  centuries,  which 

—  0,0805 "  sin  I  13,9465 "  —  0,521 1"  cos  (  32,1158". 
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This  expression  being  negative  when  t  is  positive,  iadicUea  >  d 
tioD  of  ihe  obliquity.  At  the  commencement  of  1750,  we  hate  t  =R 
Ttte  preceding  formula  gives,  for  the  annual  diminiitioii,  0^3210^%, 
or  52,10892"  for  a  century. 

We  come  now  to  the  periodical  iDequalities.  Let  r'  be  the  lalnt 
of  the  obliquity  at  the  commencement  of  any  year,  and  2>'  theaanaaJ 
diminution  for  the  same  year.  V  and  D'  being  calculated  6m  tix 
preceding  formulas,  This  being  premised,  after  the  lapse  of  iinuB- 
ber  n  of  days,  the  apparent  obliquity  E'  will  be 

E'  =  V  —  ^.;  2.  +  0,4345 '  cos  2  i  +  9,63"  cos  A. 
3u5,2d    '  ' 

X.  being  the  longitude  of  the  sun,  and  A  tbe  longitude  of  the  im 
ascending  node,  that  is,  the  point  of  its  orbit  where  it  crosws  lb' 
ecliptic,  as  it  passes  from  the  south  towards  the  north.  This  node 
moves  upon  the  ecliptic,  and  makes  an  entire  revolution  in  eighieen 
years ;  which  constitutes  the  period  of  what  is  called  the  lunar  nln- 
lion.  The  obliquity  is  found  to  hare  another  small  oscillatioa  ilt> 
pending  upon  the  position  of  the  sun  in  the  ecliptic.  The  penod  of 
this  is  evidently  a  half  year,  since,  after  this  interval  of  lime,  the 
longitude  of  the  sun  having  increased  to  180°,  the  arc  2  L  iriD  htt; 
increased  to  360° ;  whence  it  follows  that  cos  2  L  resumes  pcrtodic:iUi 
the  same  value.  This  second  inequality  is  occasioned  by  the  icli» 
of  the  sun  producing  upon  the  equator  a  libration  analf^us  tc  (bu 
which  the  action  of  the  moon  produces;  il  is  called,  by  analogy, tJK 
solar  nutation,  as  the  other  is  called  the  lunar  nutation.  We  hin 
given  these  explanations  and  formulas,  that  we  might  leave  nottnng 
vague  in  relation  to  the  inequalities  of  which  we  have  spoken :  ami 
also  that,  in  fiiture,  when  wc  shall  have  developed  ^tlieir  laws  l^  ob- 
servation, tbe  expression  for  them  may  be  found  for  tbe  places  Id 
which  they  are  naturally  referred. 


XW.—  Note  to  Article  196,  Page  119. 

Let  T  be  the  tropical  revolution  which  b  given,  iS  tbe  sidneil 
revolution  which  is  unknown.  Since  the  equinoxes  retrcgnde 
50,1"  in   a  tropical  year,  their  motion  in  a  sidereal    year  will  be 

50,1"  -=.     Such  then  is  the  arc  which  the  sun  will  have  to  describe 

over  and  above  3G0'  to  complete  a  sidereal  year.     The  time  em- 
ployed for  this,  in  virtue  of  the  sun's  mean  motion,  will  be  eipieaied 

by  50.""  X  ^   X  =™5^  or  simply  ^  X  &     The  sidereal  year 


i 


Appendix 

:i  therefore  be  equal  to  a  tropical  year  plus  this  quantity,  that  ii 
t  Bhall  have 

360° 
»  reduciug  the  second  member  to  a  series,  it  becomes 
rSO.l"    ,    ^/50,l"  \»  . 


B  two  first  terms  express  the  value  given  iu  the  text.     The  third 

II  will  be  but  a  small  fraction  of  a  second. 


X.Vl.  —  Note  to  Article  201,  Page  123. 

L  To  obtain  the  motion  of  the  equinoxes  upon  the  ecliptic,  it  is  ne- 
y  to  refer  them  to  some  fixed  line  in  this  plane.  We  take  (or 
B  origin  the  position  of  the  equinoctial  point  t,  at  the  commence- 
it  of  the  year  1750,  and  call  -j-  ^'  the  quantity  which  the  equinox 
vill  have  retrograded  upon  the  ecliptic  from  this  point,  afler  a 
number  t  of  years ;  t  must  be  taken  negatively  for  any  previous 
period.  This  bemg  supposed,  by  regarding  only  the  secular  part  of 
the  precession,  we  shall  have,  from  the  formulas  of  the  Udecanifpie 
Ceksle,  torn,  iii,  p.  158, 

^'  =  1 50,412"— 1,2854°  sin  1 13,94645+5,59634°  sm  »  (  16,05788". 
By  making  t  =^0,  if,'  becomes  zero  as  it  ought.  By  making  t-=  — 
1878,  which  carries  it  back  to  the  time  of  Hipparchus,  128  year* 
before  the  Christian  era,  we  have 

y/ =  — 26,29829° -f- 0,16278°  +  0,11882°  =  — 26,01669°. 
This   result  being  negative,  bdicates  that  the    equinoctial  point  was 
then  to  the  east  of  the  equinox  of  1750,  and  shows  that  the  equinoxes 
retrograded  26°  1'  0',  from  this  ancient  epoch  down  to  1750. 

The  annual  value  of  the  mean  precession  for  dificrent  centuries  is, 
from  the  same  formulas, 
=  60,899"  +  1,4973"  sin  t  33,1158"  +  0,6257"  sb  '  t  6,9732". 
This  is  the  value  by  which  if,  varies  when  (  is  increased  by  unity. 
In  1750,  we  have  t  =  0,  the  precession  was  then  50,0942128".  The 
change  of  the  annual  precession  since  1750,  is  expressed  by  the 
Other  terms  of  the  formula.     It  is,  therefore,  equal  to 

1,5693'  sin  /  32,1158"  +  0,6257"  sin  a  t  6,973". 
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Bolli  terms  of  thU  expression  are  positive  when  t  is  positive.    I'L 

annual  precession,  llierefore,  increoMis  coDlinualljr    from  cenlni}  ' 

century ;  whence  it  follows  tliat  the  tropical  year  is  diminislied.    T  < 

estimate   this   diminution,  it  is  necessary  to  reduce    the   preonlm;: 

expression    to  time,    according  to  the  ratio  of  the    entire  cu'ciin>- 

ference  to  the  tropical  year ;  that  is,  it  is  necessary  to  mult^y  it  tj 

365if  242264 

^^i — ~i  when  it  will  be  expressed  in  days,  and  its  value  will  be 

(N,000442  sin  (  32,11575 "  -{-  0^,00017632  sin  '  t  6,97323". 
For  periode  preceding  1750,  (  changing  its  sign,  the  value  of  this  «■ 
presaion  becomes  negative,  and  then  it  shows  the  increase  of  ik 
year.  By  thus  making  (  =  —  1878,  which  answers  lo  the  time  t 
Hipparchus,  we  shoil  hnd  4,lo3tiS"  for  the  excess  of  the  Irapicii 
year,  at  that  time,  over  thai  of  1750,  that  is,  11,076"  in  time.  Bj 
making  the  same  supposition  in  the  formula  which  expream  tlie 
change  of  the  annual  precession  in  parts  of  a  degree,  we  shall  find 
0,45-19",  for  the  corresponding  arc  ;  this  is  the  quantity  by  which  ihe 
annual  precession,  in  1750,  exceeded  that.at  the  time  of  HippucJius 
This  last,  therefore,  was  49,6443". 

As  we  have  said  that  the  extent  of  the  oscillations  of  the  eclipt/ 
is  not  very  exactly  determined,  it  will  be  perceived  that  the  pre«.1- 
ing  formulas  can  only  be  approximations.  But  the  approxinutiou 
extends  lo  2000  years  before  and  after  the  epoch  of  1750,  which  e 
employed  as  the  origin. 

We  come  now  to  the  periodical  inequalities.  Let  v*  be  the  mfia 
retrogradation  of  the  equinoctial  point  T,  from  1750  to  the  coni-  ' 
mencemeiU  of  any  year  whatever,  and  JU  the  value  of  the  asQud 
precession  at  that  time,  V  and  3f  being  calculated  by  the  pi«- 
ceding  formulas.  This  being  premised,  after  the  lapse  of  a  nniabfr 
n  of  days,  the  retrogradation  of  the  equinoctial  point  will  be 

V^4- ■ X  sm  2  t — ^-  "X  sin  V* 

^  365,25         taug  t,  tang  2  „  "^     '"      ' 

lu  being  the  obliquity  of  the  ecliptic,  L  the  longitude  of  the  son,  .V 
the  ascending  node  of  tht  muun's  orbit.  The  two  last  inequaliliH 
proceed  from  tlie  phenomena  of  the  solar  and  lunar  nutation,  ffa 
have  already  shown  their  influence  upon  the  obliquity  of  the  ecliptic; 
only  they  were  then  expressed  by  the  cosine  of  2  /.  and  that  of  .V, 
whereas  they  are  here  expressed  by  the  sines  of  the  same  arcs.  As 
to  their  numerical  coefficients,  the  first  is  that  of  cos  2  X  ditided  by 

tang  ai ;    the  :«econd  is  that  of  c 
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1  easily  verify  this  by  the  preceding  expressions.  These  reeults 
.  depend  upoo  the  laws  according  to  which  the  phenomena  of  nutation 
lake  place.  They  can  be  demonslraled  only  by  the  theory  of  atlrac- 
tton  w)iic1i  makes  known  tticir  cause.  We  state  them  here  as  simple 
,  facts  derived  from  observation.  If,  in  those  expressions,  we  put  for  « 
its  value  relative  to  the  actual  obliquity,  for  the  purpose  of  reducing 
all  the  coefficients  to  numbers,  we  shall  have,  for  the  relrogradatioD 
of  the  equinoctial  point  after  the  lapse  of  n  days  from  the  com- 
mencement of  any  given  year, 

H^  +  3^^—  1,0001 "  X  sin  2  L  +  18,0032"  X  sin  N. 

When  this  expression  becomes  negative  it  indicates  thai  the  equi- 
noctial point,  instead  of  being  farther  west  than  at  the  commence- 
ment of  the  year,  is,  on  the  contrary,  farther  cast ;  so  that  it  will 
have  been  carried  back  in  a  direction  contrary  to  that  of  its  mean 
motion,  by  the  effect  of  periodica]  perturbations  which  it  undergoes. 
In  reducing  the  coefficients  to  numbers,  we  employ  for  cu  the  value 
23,4&'>9°  or  23°  27'  57",  which  was  Ihal  of  the  obliquity  at  ihe  be- 
gining  of  ihe  year  1800.  Bui  as  the  coefHcients  are  very  small, 
this  same  value  will  answer  for  their  reduction  during  several  centu- 
ries, without  the  necessity  of  regarding  the  secular  variaiion  of  the 
obliquity.  Thus  in  all  the  calculations  of  modern  observations,  we 
coo  always  employ  the  numerical  formula  which  we  have  Just  deter- 
mined. 


XVII.  — iVi.(«  to  Article  202,  page  125. 

The  precession  in  declination  and  right  ascension  is  easily  de- 
duced from  the  equations  which  wo  have  given  in  the  note  to  page 
111.  By  calling  m  ihe  obliquity  of  the  ecliptic,  I  the  longitude,  Jt  the 
iKlitudc,  a  the  right  ascension,  and  d  the  declination,  we  found 

sin  d^=  stau  cos  1  sin  '  -f~  '^'^  b*  ^^  ''i 
and 

-  tang  1  sin  at  -|-  sin  I  cos  oi 


tang  a 


COB  I 


We  shall  begin  with  the  first  of  these  equations.  By  the  effect  of 
the  precession,  the  longitude  /  changes  and  becomes  i',  for  example. 
Let  us  suppose  that  ihe  latitude  and  the  obliquity  of  the  ecliptic  do 
nol  change,  and  let  d'  represent  the  value  of  the  declination  corre- 
sponding to  the  longitude  /' ,-  we  shall  then  have 
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iia  d  •=  mn  at  aoil  tax  t  -if-  cos  «  sin  1. 
B;  sQbtracting  the  first  of  these  equations  from  the  second,  i 
Binrf'~Bind  =  BiDo,c<»3i(smf  —  Bin/): 


«!(/+/). 


aiiii(rf— d)co8i{rf'4-rf)  =  8uiwco9l8ini(/'  —  /)o 
The  difference  of  longitude  t  —  i,  is  equal  to  th«  ] 
gitude  ;  we  call  this  pi  tite  difference  of  declination  if  — d,  it  tiji' 
a  declination  ;  this  we  call  i;  and  we  shall  then  b»e 


^p  coa  (/  +  Jj)). 
can  deduce  d  from  it  in  a  muiar 
the  note  to  article  149,  for  tbe  n^ 
of  the  smaltneas  of  tbe  ara 


This  formula  ia  rigorous,  aad  \ 
analogous  to  that  pointed  out  i 
n  of  parallaxes.     But,  oi 
p  and  3,  we  may  conQoe  ouraclvea  to  the  first  power  ;   and,  b;  vbNt- 
tuting  their  ratio  for  that  of  their  sines,  we  have,  by  ajiproximuuB, 
sin  ej  cos  i  cos  / 
'^  coa  rf 

This  formula  may  still  be  simplified;  for,  if  we  recur  again  to  ^ 
spherical  triangle  SPP',  figure  39,  which  we  have  considered  piff 
425,  and  the  vertices  of  which  are  referred  to  the  pole  of  the  eclipiic 
the  pole  of  the  equator,  and  the  heavenly  body,  we  have  evidenilt  i> 
this  triangle,  the  side  P'S,  the  complement  of  the  latitude,  o}^io^ 
to  the  angle  P'PS,  or  90  -f-  a ;  and  the  side  PS,  the  coiuplemeoi 
of  the  declination,  opposite  to  the  angle  PP'S,  or  90  —  /;  and  k. 
in  every  spherical  triangle,  the  sines  of  the  angles  are  proportiooil  to 
the  sines  of  the  opposite  sides,  this  proportionality  will  give,  in  tic 
case  before  us. 


so  that,  by  substituting  this  value,  we  shall  have  eimpty, 
(1.)  Precession  io  declination  i  i=sp  sin  u  cos  t 

This  is  a  very 


value  of  d ; 


expression,  but  only  an  appro xitn at iou  to  the 
have  supposed  3  ^  <?  —  d,  we  obtain 


(/'  =  d  +  p  sin  «  cos  a. 

By  introducing,  instead  of  the  declinations  of  the  hearenlj  body, 

the  north  polar  distances  J,  J',  which  is  always    more    simple,  on 

account  of  the  signs,  we  shall  have  ^  =  90°  —  J,  j-  =  W  —  rf  ; 

whence  we  obtain  (f  —  d  =  J  —  J',  and  consequeuily, 

J  ^=  J  —  J*  sin  w  cos  n, 


I  The  effect  of  the  precession  in  declination  changes,  therefore,  its 
tngn  at  the  same  time  with  cos  a.  By  following  the  variations  of 
this  term,  it  will  be  seen  that  if  we  suppose  the  plane  of  a  great  cir- 
cle to  pass  through  the  poles  of  the  equator  and  the  ecliptic,  and 
which  is  called  the  solsticial  colart,  the  precession  causes  those  stars 
to  approach  the  north  pole  of  the  equator,  which  are  situated  with 
respect  to  this  colure  on  the  same  side  with  the  vernal  eqninox;  and, 
on  ihe  contrarj,  causes  those  to  depart  from  the  saoie  pole,  that 
are  on  the  same  side  with  the  autumnal  equinox ;  which  is  e?ident}j 
conformable  to  what  ought  to  take  place  from  a  motion  parallel  to 
the  ecliptic,  like  that  of  the  precession. 

We  shall  now  investigate  the  precession  in  right  ascension ;  and 
fcr  this  purpose,  wo  resume  the  second  formula, 

-  tang  i  sin  w  +  sin  /  cos  m 


tango  = 


By  calling  a'  the  right  ascension,  changed  by  the  precess 
have 


e  shall 


—  tang  i  sin  fli  -|-  sin  /"  cos  cu 


and,  by  subtracting  the  first  of  these  equattons  from  the  last,  we  have 

—  tang  i  sin  oj  (cos/ — cos  fl  4- sin  (/'  —  J)  cosm 

tang  a'—  tang  a= ^ = = ^-31 i '- ; 

^  ^  cos /cos/' 

or,  by  putting  for  cos  / — cos  /'  its  value, 

Bin{rf—  «) — 2  tang  t  si 


n  j(f  +0  sin  ^f  -O-t-sinCf-Qcos  .,  Trfg.  g. 


«/cosf 

a'  —  a  is  the  precession  in  right  ascension.  From  the  preceding 
expression  it  will  be  seen  that  its  value  is  small,  being  of  the  same  order 
with  f  —  tax  p.  Thus,  by  restricting  ourselves  to  the  first  powers  of 
these  quantities,  we  may  substitute  the  ratio  of  the  small  area  a'  —  a 
and  f  —  /for  that  of  their  sines.  We  can  moreover  suppose  l^f, 
and  n^a',  in  all  the  other  terms  which  already  have  these  small 
arcs  for  factors;  and  the  expression  becomes 

ji  cos  '^  n  ( —  tang  1  sin  w  sin  /  -|-  cos  <u) 

It  is  now  necessary  to  eliminate  from  this  expression  1  and  /,  so  as 
to  have  a'  —  a  expressed  in  a  function  of  the  declination  and  right 
ascension.     In  order  to  this,  put  in  the  denominator  of  the  second 


member,  instead  of  cos  /  il 


— ;  the  equation  will  then 
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become 

_  p  (—  ain  1  C08  X  sin  m  sin  f  +  coa'  I  coa  w) 

Now  the  fundamental  equation  which  expresses  ihe  ralue  of  m  i, 
page  433,  will  give 

sin  u  coa  1  sin  /  =  sin  d—  cos  w  ain  1 ; 
and,  by  substituting  lliis  value  in  the  expression  for  rf  —  a,  wetiTe 

n  ( — sin  X  Bin  rf-f-cos  u) 

'^  -  °  =  cos^d ■ 

It  only  remains  to  substitule  for  sin  ;i  its  value  in  a  function  of  lis 
declination  and  right  ascension  which,  from  the  fundamental  fonnulu, 
page  436,  is 

sin  I  =  cos  w  sin  d  —  sin  m  cos  d  siu  a, 
and  we  shall  have,  after  reduction, 

(2.)  Precession  in  right  ascension  a! — a=p  (cos  u  -(-sin  «  sin  almgrf); 
consequently,  by  introducing  instead  of  d,  the  polar  distance 

J=9tr  —  d, 
we  shall  have 

a!  =  a-\-p  (cos  u  -f  sin  w  sin  a  cot  J). 
In  this  century  the  annua]    precession    in   longitude    is  eqtial  to 
50,0992".     This   is  the  value  of  j),  which    must    be    employed  \ 
transferring  the  right  ascensions  and  declinations  from  one  jearH 
the  next. 

But  if  we  wish  to  calculate  the  variation  of  the  ileclin&tjon  ■ 
right  ascension  for  several  years,  it  will  be  necessary  to  take,  insteid 
ofp  =50,0992",  the  value  Up,  3p,  &.O.,  we  should  then  hate 
for  d'  —  d,  J  —  ^,  and  a'  —  a,  values  double,  triple,  &.c. ;  but  by 
continuing  to  extend  this  proportionality  it  linally  becomes  inicco- 
rate,  particularly  for  stars  in  Che  neigh bourliood  of  the  pole  of  the  equi- 
tor,  with  respect  to  which  d  differs  little  from  90°.  In  fact,  for  these 
stars,  a  small  change  in  the  declination  d  produces  a  very  conside> 
able  effect  upon  the  value  of  tang  d,  because  tang  d  becoming  inB- 
nite  when  d  is  equal  0U°,  increases  rapidly  as  it  approaches  that  limit  i 
so  that  the  small  variations  produced  in  '/  by  the  precession,  mmld 
become  sensible  with  respect  to  a'  —  a.  Thus,  for  the  circumpolar 
stars,  it  ia  necessary  to  have  recourse  to  the  rigorous  method  which 
we  have  explained  in  article  304  of  the  text,  o 


if  we  would  m^  J 
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use  of  iliG  preceding  formulas,  it  is  ncccesary  to  calculate  the  varia- 
tions in  right  ascension  only  for  short  intcFvaJs  of  time. 

It  must  bo  recollected,  that  in  these  formulas  we  have  supposed 
the  obliquity  u  coustant,  while  it  in  fact  varies,  as  we  have  shown 
above.  Besides,  the  equinoctial  point  is  by  no  means  fixed  upon  the 
equator,  as  we  shall  soon  prove ,  the  change  of  place  of  the  ecliptic 
causes  it  lo  advance  from  west  to  east.  The  formulas  which  we 
have  now  obtained  are  not  therefore  altogether  complete.  We  shall 
preseotly  aee  what  must  be  added  to  them. 


XVIII.  — A^w(e  to  Article  204,  Page  126. 

We  lake  always  for  the  origin  the  equinox  of  1750,  and  call  -{-  <p 
the  rctrogradation  of  the  equinocliai  point  upon  the  fixed  ecliptic, 
allcr  any  number  t  of  years,  reckoned  from  this  epoch ;  t  must  be 
supposed  negative  for  previous  yetirs.  We  also  deaiguale  by  V 
the  obliquity  of  the  equator  to  the  fixed  ecHplic,  and  we  shall  have, 
by  ilic  formulas  of  the  Micanique  Celeste, 
«'=(50,4120"  +  2,79917° +  3,83000°  sin  ((50,4120"+85,5659r) 

—  6,6177r  COS  (  32,1158"  — 1,58148°  sin  I  13,9465", 
V=  23,47308°  —  0,33080°  —  1,63688°  coh((  50,4120"  +  85,56597') 

0,45744°  cos  t  13,9465"— 2,56172°  sin  (  32,1158". 
It  has  already  been  shown  that,  by  calling  i^  the  corresponding  Te> 
trogradalion  of  the  equinoxes  upon  the  movable  ecliptic,  and  deeig- 
natiiig  by  V  the  apparent  obliquity  of  the  equator  to  the  movable 
ecliptic,  we  shall  have  for  any  epoch  since  1750, 
ip'=(50,4120"  — 1,28541=  sin  (  13,9465" +5,59834=  sin  '  1 16,0579", 
F =23,47308°  —  0,93154°  Bin  ( 32,i  158" -0,66179"  sin  a  ( 6,9732". 

When  we  have  calculated  i',  V,  and  V,  we  shall  have   pr  for 

the  motion  of  the  equinoctial  point  in  right  ascension  f  t",  and  bj 
following  the  course  indicated  in  the  text,  we  shall  have,  from  these 
values,  all  the  changes  necessary  for  reducing  the  apparent  positions 
of  the  heavenly  bodies  from  the  epoch  of  175U  to  any  other  epoch, 
whether  before  or  after,  even  for  two  thousand  years,  which  is  suffi- 
cient for  the  purposes  of  astronomy. 

From  the  preceding  value  of  y,  by  making  /  vary  a  unit,  we  find 

the  annual  motion  of  the  equinoxes  upon  the  fixed  ecliptic  equal  to 

60,4180"  +  3,3696"  cob  (t  50,4120"  +  85,5659r ) 


+  3,7091 "  sill  t  32, 1 15« '  —  0,3649"  co*  *  I3,»I6&'  ; 
Ibi  1750  we  have  f  ^  0  ;  this  exprcssioa  ihoD  becomes 

50,4120"  +  0,2<103"  —  0,3«M&'  =  50,2S74'. 

In  like  manner,  by  making  (  vary  by  unity  iu  the  value  of  F,  «i 
find  the  annual  change  or  ihe  obhquily  of  the  equator  to  l&e  iui 
ecliptic  of  1750  ei|ual  to 

I,440ff'sb  ((  50,4120" +  »i,.56597°)— 0,1114"  sin  (  13,9«5' 

—  1,4359"  cos  rai, 1438". 
By  developing  tho  tiist  tenn,  this  expression  takes  the  fbUomng  brm, 
0,1114"  (sin<50,4120"— sin(  13,9465")  +  1,4350"  (coo  (  50,41» 
—  cos  (32,1158"). 

Under  this  form  tve  see  that  it  ia  nothing  when  f  i=  0,  positiTg  Then 
J  ia  positive,  and  negative  when  (  is  negative.  The  mnnu&l  lanmoD 
of  the  ecguator  to  ihe  fixed  ecliptic  does  not  then  begin  by  being  on- 
atanl.  It  is  at  first  nothing,  and  aflerwarda  is  accelerated  in  fmpor- 
tion  to  the  time ;  for  if  we  develope  the  preceding  espreeuaa  u- 
cording  to  the  powers  of  the  times,  by  confining  ourselves  to  tie 
first,  the  terms  affected  by  the  cosines  destroy  each  other,  and  ik 
rest  is  reduced  to 

t  0,1114"  {sin  50,4120"  —  sin  13,94«5"), 
a  result,  which,  being  estimated  numerically,  will  become 

4-  t  0,00001968"". 
According  to  the  theory  of  uniformly  accelerated  motions,  it  (bOovs 
that  the  total  change  of  obliquity  after  the  time  i  will   be  equal  to  Ac 
product  of  the  annual  acceleration  by  half  of  t,  that  is,  after  Ibe  time 
t  the  obli(|uily  V  will  become 

F  4-  (  2  0,00000984". 
So  in  the  descent  of    heavy  bodies,  the  acceleration   beiag  profw- 
tionnl  to  the  time,  the  spaces  passed  through  ore  proportioaal  to  iht 
squares  of  the  times. 

These  results  differ  much  from  those  which  we  obtained  for  ibe 
annual  change  of  the  obliquity  of  the  equator  to  tlie  movable  ecl^ 
tic ;  the  expression  for  this  change  was 

—  0,0005"  sin  (  13,9465  '  —  0,5211"'  cos  (  32,1 158- , 
or,  by  transforming  the  last  term  to  make  evident  tho  coitstaol  part, 
—  0,5211"  —0,0605"  sin  t  13,9465""  +  1,0423""  sin  a  t  16,0579"; 
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thus,  besides  the  terms  proportional  lo  the  time,  and  lo  the  diiTerenl 
powers  of  the  time,  it  contains  the  constant  terra  —  0,S211",  to 
which  we  shall  not  find  any  thing,  analogous  m  the  variations  of  the 
obliquity  of  the  equator  to  the  fined  ecliptic. 

The  reason  of  this  difference  belongs  to  the  causes  which  produce 
ihe  two  phenomena.  The  attraction  of  the  sun  and  moon,  if  that 
were  the  only  cause,  would  produce  a  constant  precession  equal  to 
50,4120",  and  it  would  not  change  the  obliquity  of  the  equator  to 
the  ecliptic,  which  in  this  case  would  be  fixed.  But  by  ihe  attraction 
of  the  planets,  the  true  ecliptic  is  displaced  in  the  heavene,  and 
draws  these  two  bodies  with  it.  Then  their  action  changes  and  pr(v 
duces  a  small  variation  in  the  obliquity  of  the  equator  to  the  fixed 
ecliptic.  This  variation,  at  first  insensible,  is  accelerated  propor- 
tionally to  the  lime,  and  the  absolute  change  of  obliquity  which  hence 
lesults,  is  proportional  to  the  square  of  tlie  lime.  But  still,  the  altrao- 
tion  of  the  planets  which  displaces  the  true  ecliptic,  inclines  it  Hkewtse 
to  the  fixed  ecliptic.  This  other  annual  variation  is  at  first  constant, 
and  its  effect  is  proportional  lo  the  time.  Now,  the  apparent  obliquity 
which  we  observe,  is  the  difference  of  the  two  inclinations  of  tlie  equ^ 
tor  iind  Ihe  true  ecliptic  to  the  fixed  ecliptic.  It  is  the  excess  of  the 
first  over  the  second ;  it  ia  then  the  difference  of  the  two  preceding 
results,  and  this  is  the  reason  why  ihe  expression,  which  we  have  de- 
veloped, contains  the  two  kinds  of  variations  which  characterize  ihem. 


XIX.  —Xote  to  ArtieU  205,  Fage  12S, 

Aa  the  point  f,  which  is  here  used  as  the  origin  oa  the  movable  Fig.  41. 
ecliptic,  leaves  no  trace  on  this  ecliptic,  we  may  perhaps  be  asked  how 
it  happens  that  the  arc  f  ,V"  is  the  apparent  precession  which  we 
observe.  In  order  to  conceive  of  this,  let  us  recollect  what  this  ap- 
parent precession  is;  il  is  the  diSerence  of  longitude  of  any  point 
in  ihe  heavens,  for  example,  of  a  star,  on  the  movable  ecliptic  at 
two  different  epochs.  Let  us  suppose  that  in  the  first  position  of  the 
ecliptic,  a  star  is  found  precisely  at  the  equinoctial  point  f-  The 
longitude  and  declination  of  ihis  star  would  be  nothing  at  this  epoch. 
But  the  ecliplic  being  displaced,  the  equinoctial  point  is  displaced, 
and  passes  to  °C".  Then  tlie  coiirdinates  of  the  star  T,  referred  lo 
the  true  equinox,  arc  no  longer  nothing.  If  from  this  star  we  draw 
Ihe  arc  °fP'  perpendicular  lo  the  new  ecliptic,  Ihis  arc  will  be  the 
apparent  latitude  of  ihe  star  T,  and  the  arc  •f'T'  will  be  the  appa- 
rent longitude.    Now,  in  the  spherical  triangle  NfP'  which  is  right- 


toDg  A  —  tang  c  =^'2  tang  h  sin  ^  i  «, 
or,  lasOy, 

sin  {A  —  c)  =  2  cos  e  sin  A  B 
We  thus  see  that  if  the  angle  n,  formed  by  the  two  ecliptics,  isKn 
amall,  the  aine  of  A  —  (,  and  consequently  the  diflerence  A  —  c 
the  sides  JVf  and  NP',  will  be  still  smaller,  Iwcause  sin  « ja  k  s 
fraction  much  smaller  than  sin  n.  We  may  then,  by  neglecting  ih^ 
quantities  of  this  oriler,  suppow  these  sides  equal  ;  and  as,  by  con- 
struction, JVf  =  A"f,,  we  shall  have  NP'  =  A'f  .  thai  is,  liie 
point  F  will  coincide  with  the  jwinl  f, ;  consequciiily  "fP  wil  bf 
the  difference  of  the  apparcut  longitude  of  the  i 
epochs  under  consideration.  This  ihen  will  be  the  apparent  ptecK- 
II  for  the  interval. 


Note  to  Article  206.  Page  130. 


We  have  already,  by  construction,  N°f  =  Nf, ;  it  will  he  feeo 
that  in  the  spherical  triangle  Nf'P,  right-angled  al  p,  the  side  -Vf 
differs  very  little  from  the  hypothenuse  JVT",  and  may  be  conaideied 
as  equal  to  it  when  we  neglect  quantities  of  the  order  sin  ^^n.  Ni 
if  from  the  equal  arcs  JVT,  JVT,,  we  take  the  equal  area  NP,  N' 
the  remainders  will  also  be  equal,  that  is,  we  shall  have  *f  P^  T,' 
This  b  the  proposition  stated  in  the  text. 


XXI.  —  Note  to  Article  206,  page  130. 

As  in  the  reductions  which  we  shall  soon  make  known,  it  is  I 
cessary  to  have  regard  to  the  variation  of  obliquity  which  is  piodik 
by  the  displacement  of  the  equator  and  the  ecliptic  ;  it  will  now 
important  to  calculate  the  variations  which  such  changes  prodiK* 
the  angular  coordinates,  by  which  the  place  of  a  heavenly  body 
determined. 

Let  us  first  suppose  the  ecliptic  fixed  ;  let  us  give  to  the  eqoiior 
smaU  motion  of  rotation  about  the  line  of  the  equinoxes,  ao  ts  to  I 
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ase  the  obliquity  by  a  small  quantity  to' ;  there  would  hence  result 
t  the  longitude  and  latitude,  eince  the  plane  of  the  eclip- 
p  and  the  line  of  the  equinoxes,  from  which  the  arcs  are  reckoned, 
B  not  displaced;  but  the  declinations 'and  right  ascensions  would 
■  affected  hy  a  small  quantity.  In  order  to  estimate  tlie  effect  thna 
>duced,  let  us  resume  the  formulas  of  page  426,  which  give  their 
1  a  function  of  the  longitude  and  latitude.  We  shall  have, 
f  preserving  the  same  denominations, 

a  1  C08  f »'  —  m)  ,  sin  (ai'  —  at] 

— ii 1         tuna  n=^iiiTiif  /. ii > 


Bnxd=  , 

b  which  q>'  is  an  auxiliary  angle  of 


tang  a  =  tang  I  — 

ich  &  value  as  to  give 
sin/ 


tang  I 

iw,  if  the  obliquity  increases  by  the  small  quantity  «',  /  and  X 
maining  the  same,  the  angle  i//  will  not  rary,  but  d  and  a  will 
Inge,  and  by  representing  their  new  values  by  d'  and  a',  we  ahall 


•  (».■- 


-_^, 


-^ 


1  the  angle  9'  being  the  sami 
being  subtracted  from  these,  ^ 


sin  i  X  / 
=  tang  /  X 


as  before.     The  preceding  equations 
cos  (y'  —  M  —  „')  —  COS  (if,'  —  a)\ 


(sin  (ip'  —  m  —  w')  —  si 
sin  If' 


',  by  employing  our  usual  transformations, 

n  ;i  sin  J  w'  sin  {ip'  —  u  —  ^  m 


—  2  tang  i  cos  t 


<■)-- 


«i' 


.{,'-, -j,') 


These  formulas  are  rigorous,  and  we  might  deduce  from  them 
d'  —  d,  by  series  analogous  to  those  which  we  used  for  the  paral- 
laxes ;  but  since  we  suppose  14'  to  be  very  small,  it  will  be  perceived 
that  the  variations  rf  —  d,  a'  —  a,  of  the  declination  and  right  ascen- 
sion, are  small  quantities  of  the  same  order.  If  wc  confine  ourselves 
to  the  first  powers  of  these  variations,  we  may  substitute  their  ratio 
for  that  of  their  sines ;  we  can,  moreover,  suppose  d  =.  d.a  t=  a', 
and  lu'  =  0,  in  the  other  terms  of  the  equation.  We  shall  thus  have, 
by  approximation, 
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a  —  d= J -^ — ~,  a  —  fl  = liT— 7 ■ 

CM  d  C4U  ^  em  ^ 

We  can  eliminHle  from  the  first  sin  (ip'  —  «»),  and  from  the  eecood 

C09  (9'  —  ai),  by  uiuanij  of  their  values  deduced  Ironi  the  first  etpi*- 

lions  with  which  we  set  out ;  wc  shall  then  have 

w'  ttng  10  sin  1  tang  y'         _  at'  coa  »a  wa  J  tMg  / 

^^  cos  J  tang  /         '  Bin  i  tan£  f       ' 

or.  b;  substituting  for  sin  I  tang  if'  its  ? alne  sin  /  cos  1, 

M*  tang  a  1         ;  ^  —  »'  cob  »tf  an  J 


Now  it  only  rcmuns  tn  observe  that,  Ui  the  spherical  triauglo  re- 
ferred to  the  pole  of  the  cclijrtic,  the  pole  of  tlie  equator,  auil  the 
heavenly  body,  we  shall  have  aa  Iwfnre 


which  giies 

cos  n  coa  (/  :=  cos  1  cos  L 
Eliminating,  therefore,  cos  1  coe  /,  by  ihU  Tilue,  there  remains 

iV  —  d  =^  a'  sin  a,         a'  —  a  ;=  —  ra'  cos  a  tang  d  ; 
whence  we  deduce 

(f  ^  d  ~j-  w'  sin  a,         n'  =  a  —  u'  cos  a  tang  d. 


Il  will  be  seen  that  the  variation  of  the  declination  is  oothiug  at  the 
equinoctial  point,  and  that  it  ia  the  greatest  possible  when  the  rigb  | 
90°  ,  then  we  have  d'  ^^  d  -^  u',  and  the  whole  effect  of  ] 
in  Ihc  objiqiiily  belongs  to  the  declinaiioit. 
Let  us  now  suppose  the  equator  fised,  the  ecliptic  being  made  to 
turn  about  the  line  of  the  equinoxes,  so  as  to  increase  the  obliquitf 
by  a  small  quantity  a"  ;  the  right  ascension  and  decliDation  will  cm- 
tin  ue  the  same,  but  the  latitudes  and  longitudes  will  change.  Vt 
might  calculate  these  variations  by  the  preceding  metliod,  but  we  can 
immediately  obtain  their  values  according  to  a  remark  wfaich  we  bare 
already  frequently  made,  which  is,  that  the  latitude  b  entirely  analo- 
gous to  the  declination,  and  the  longitude  to  the  right  ascensioQ  ;  «> 
that  these  quantities  are  expressed  the  oite  by  the  other  in  tbe  sine 
manner,  merely  by  changing  the  sign  of  tbe  obliquity  u.  Since  tben 
we  here  suppose  an  increase  of  the  obliquity  as  in  the  preceding  case, 
we  shall  have,  by  analogy, 

I'  =  »  —  •"  ain  /,        f  =  l-{.m"  coal tMog 2, 


H 
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bich  will  give  the  new  raluea  for  the  latitude  and  loogitude.  We 
tare  supposed  an  increase  of  tlio  obli(]uity ;  in  the  case  of  a  diminu- 
Hi,  we  have  only  to  make  9'  and  m"  negative  in  the  results. 


XXII.  — A'o(c  to  Article  307,  Page  131. 


'  In  order  to  obtain  the  approximate  formulas,  let  us  call  /  and  i  the 

mgitudes  and  latitudes  of  the  heavenly  body  at  (he  first  of  the  two 

jchs  which  we  are  considering ;  we  propose  to  calculate  them  for 

lother  epoch  later  by  the  number  of  years  (.     According  to  what 

a  been  said  in  the  text ;  we  agreeably  to  figure  41 ,  we  roust  first  add 

k  I  the  motion  of  the  equinoctial  point  upton  the  fixed  ecliptic  dur- 

lic  interval  under  consideration.     We  shall  thus  have  the  longi- 

I  l-\-ifi  and    the  latitudes  I,  referred   to   the   new   equinoctial 

^int  f  on  the  fixed  ecliptic.     In  this  new  position,  the  oblitiuity  of 

9  equator  to  the  fixed  ecliptic  will  become  u  -|-  u',  u  being  this 

bliquity  for  the  first  epoch.     With  these  data,  we  calculate  the  d^ 

B  d'  and  the  right  ascensions  a',  referred  to  the  eqiunoctial 

point  f,  and    according  to  the  general  formulas  of  iK}tc  XI,  pag* 

422,  their  values  will  be 


sin  d'  ^  si 


tang  a-  = 


1  (»  +  ^']  cos  X9m{l+f)  +  cos  (0,  +  «.')  sin  I, 

-  tang  I  sin  (-  +  .»-)  +  sjn  {I  +  »)  cos  (^  -f  ^') 
cos(i  +  v) 


it  will  be  seen  that,  according  to  these  fiffmulas,  the  problem 
s  to  increasing  the  longitudes  by  the  quantity  y,  and  the  oblir 
quity  by  the  quantity  «',  this  increase  being  the  effect  of  the  displace- 
ment of  the  equator.  Since  these  variations  are  Bti[^K>f*d  lo  be  very 
small,  wc  can  obtain  them  separately,  and  add  them  t«gether.  We 
have  then  only  to  apply  here  the  approximate  formulas  before  founJ 
for  the  effect  of  the  precession  and  the  change  of  the  obliquity  [  we 
shall  thus  have  immediately 

d  ■=  d -\- If,  B\a  a  cos  a  -\-  m'  sin  a, 
alc=a  +  yi  (cos  ot -j- sin  u  sin  a  tang  il)  —  ei'  cos  a  tang  d. 

The  coordinates  of  and  d'  have  their  origin  in  the  equinoctial  point 
°f"  on  the  fixed  ecliptic;  in  order  to  reduce  them  lo  tlie  true 
equinox  f"  tt  is  sufficient  to  subtract  from  a*  the  motion  of  the 
equinoctial  point  in  right  ascension,  which  wc  shall  call  ^;  conse- 
quently, if  we  call  d"  and  a"  the  declination  and  right  a 
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dnced  for  the  new  position  of  thii  equator  and  (or  the  tnie  equin 
f",  we  Bhaii  have 

d"  ^  H  -\- 1/,  sin  tt  coe  a -\- u'  sin  a, 
ti'  1=  a  —  ^  4~  y  (*^**°  ^  '\'  "'"  o"  ^i"  "  ^'"E  'O  —  *"  <^^^  °  t^  i'' 

We  call  T"  the  true  equinox,  since  we  leave  oat  of  conodentioD 
the  periodical  changes  produced  by  nutation. 

It  may  be  weU  here  to  make  a  suggestion  calculated  to  nsder 
these  Tormuias  more  exact.  When  we  found,  by  a[^roximatioi),  tbt 
different  terms  which  comjxise  the  values  of  d'  and  of,  we  tuppoKil 
o  ^  a',  d=^  d',  in  al  the  terms  which  were  alreadj  multiplied  bj 
the  small  quantities  if,  and  oi'.  This  amounts  to  neglecting  the  pow- 
ers of  ifi  and  w'  above  the  firsL     But  in  reality  the  terms  in  question 


would  contain  - 


;   they  agree,   therefore,  ridi 
r  able  to  secme 


the  mean  value  of  these  quantities;  we  shall  thug 
to  them  this  exactness  by  taking  for  a,  d,  and  ta,  the  values  corr«- 
sponding  to  the  mean  epoch  between  those  under  consideration.  But, 
as  we  do  not  know  these  mean  values,  we  shall  begin  with  deducing, 
foy  approximation,  n'  and  d  from  the  values  of  a  and  d,  by  means  of 
the  preceding  formulas,  after  which,  when  we  know  then),  we  pul 


-  in  the  place  of  a,  and  - 


-  in  the  place  of  d,  in  these  same 


formulas,  and  by  recommencing  the  calculation  with  these  new  «!&- 
ments,  we  shall  olnain  the  values  of  a"  and  d"  more  exactly.  Tlit 
advantage  of  this  process  consists  ut  adapting  the  approximation  | 
the  smallest  interval  of  time. 

Knowing  the  right  ascension  and  declination  for  the  new  epoel 
with  the  apparent  obliquity  of  the  equator  to  the  movable  t 
an  obliquity  which  we  shall  in  general  express  by  u  -|-  oi",  it  is  r 
easy  hence  1o  deduce  the  longitudes  /"  and  the  latitudes  I",  for  t 
same  epoch ;  for,  according  to  the  formulas  of  note  XII,  page  4! 
we  shall  evidently  have 


.s(y  +  .,  +  w") 


tang  I"  ■= 


tang  a"  sin  (f -(- n  ^.a' 


q,  being  an  auxiliary  angle  of  such  a  value  as  to  give 

As  for  the  variations  ifi,  ft,  to',  u",  which  enter  as  data  into  the  for- 
mulas, their  values  are  here  deduced  by  rigorous   fonuulas  given 

above. 
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/  represents  ihe  number  of  years,  reckoned  from  1750. 

Rcirogradatbn  of  the  equinoctial  point  on 
the  fixed  ecliptic  of  1750,  after  (  years       .     .     ^  =  t  50,2874". 

Relrogradation  of  the  equinoctial  point  on 
the  true  ecliptic ^'  =  (  50,0992". 

Difference  of  these  values,  or  direct  motion 
of  the  equinoctial  point  in  longitude,  occa- 
aioned  by  the  displacement  of  the  ecliptic     ifr  —  yi'  =  I  0,1883". 

Whence,  by  employing  the  mean  obliquity 
F^  23,473(169°,  ^  it  was  in  1750,  we  de- 
duce the  retrogradation  from  the  equinoctial 
point  in  right  ascension,  which  has  for  its  ex- 
pression --  -  -^  ;    and  designating   it  by  /i, 

we  find fi  =  t  0,20.52". 

The  motion  of  the  equinoctial  point  in  lati- 
tude, in  a  direction  towards  the  south  pole  of 
the  ecliptic  of  1750,  will  be  (^  —  ,/,')  tang  V. 
Designating  it  by  v,  we  find r  =  t  0,0817". 

Change  in  the  obliquity  of  the  equator  to 
the  fixed  ecliptic  of  1750 w' =  + M  0,00000984". 

Change  of  the  apparent  obliquity  of  the 
equator  to  the  movable  ecliptic  -     .     a"  ^  —  t  0,5111". 

We  shall  take  the  differences  of  these  values  (or  the  two  epochs 
which  we  wish  to  consider,  and  substitute  these  differences  in  the 
formulas  which  express  the  corresponding  reductions  of  the  coordi- 
nates. As  all  these  quantities  except  a',  are  proportional  to  the 
time,  we  shall  immediately  form  (heir  differences,  by  multiplying  the 
Dumerical  coefficient  which  expresses  their  annual  variation,  by  the 
number  of  years  comprised  between  the  epochs  under  consideration. 
But  for  «)',  which  is  proportional  to  the  square  of  the  time,  it  will  he 
necessary  to  multiply  its  numerical  coeAicient  by  the  difference  of  the 
squares  of  the  times  elapsed  since  1750.  Lastly,  the  variation  oi'  is 
so  small,  that  it  will  be  0,0984"  only  in  a  century,  and  consequently 
it  may  generally  be  neglected,  when  we  compare  intervals  which 
are  not  distant.  This  is  done  by  astronomers ;  but  as  the  inlroduc- 
tion  of  this  correction  does  not  render  the  formulas  more  compli- 
cated, we  have  preserved  it,  in  order  to  leave  to  the  reasoning  all  its 
generality. 


Apptniir. 


XXin.—Nnlr  to  ArtUU  309,  Pagt  132. 

The  question  here  is  precisely  tbe  stune  as  in  the  note  U>  |Hf;t 
440.  Il  is  to  oaJculatc  tlie  elTocl  produced  on  the  meui  dcdinitiog 
d,  and  the  mean  right  asccnsioi)  n,  by  a  HRiall  iacreas«  «'  b  tlM  tUv- 
(]uity  of  the  ecliptic,  and  by  a  atniill  increase  ifi  in  the  longitcde ;  thus, 
by  calling  d'  and  a'  the  values  of  the  declination  and  rigbt  tuxoma 
after  these  changes,  we  shall  have, 

ein  d  =  sin  {»  +  e,')  cos  i  sin  (/  -f-  v)  +  co*  («  +  "')  *■»  *- 
^  —  tang  ;iain(w  +  «^) +  M>(f  +  V,)  coa  («.  +  .) 
«  cos  (/  ;f7)  ' 

<u  being  the  obliquity  of  the  ecliptic,  X  the  latitude  of  the  heireiiif 
body,  /  its  longitude.  These  formulas  are  rigorous,  and  expttnaalf 
a  simple  irantifornKition  of  conrdinatcd;  but  if  we  wonid  coandet 
the  Tariatious  u'  and  ■;>  as  reiy  small,  and  oonfino  oui^elres  M  ibcir 
first  power,  we  shall  have  the  following  apprositnale  talMsff  i 

d  SB  d  ■\-  \ii  eia  ti  caa  a  +  a'  taa  a, 

ff  ^a  +  ijj  (cos  a  +  sin  oj  siu  b  tang  d)  —  oi'  cos  a  tang  d. 
d  and  a  are  the  coordinates  referred  to  the  mean  equinoctial  point; 
d'  and  a'  are  the  coc'irdinalcs  referred  to  the  equinoctial  point  as  it 
varies  by  the  eifect  of  nulniion.  If  the  first  are  given,  we  shall  m- 
mediately  find  the  second  by  these  forniulas;  but  if  the  appsreoi 
coordJuales  tl'  and  a'  iverc  given,  and  wc  wished  to  deduce  iLc  inetii 
coordinates,  we  should  obtain  from  these  equations  the  ralaes  of  if  aod 
a,  namely, 

d  ^  d  —  ifi  sin  M  cos  a  — 'w'  sin  a, 

as=  ef  —  y  (cos  M  +  sin  m  sin  a  tmng  d)  -\-  m'  coe  a  tang  i. 
In  truth,  the  second  member  stUI  contains  the  quantities  a  lod  d 
which  we  are  seeking ;  but  by  reason  of  the  small  difference  of  ibese 
coordinates  with  respect  to  a!  and  d',  we  may  substitute  these  last  fi» 
the  others  in  the  second  membet,  all  of  whose  terms  are  already  mo)- 
tiplied  by  the  small  quantities  oi'  and  y, ;  we  shall  have,  in  this  way, 

d'ss^d  —  y  sin  u  cos  a*  —  at'  sin  a', 

a  B=:  a'  —  y,  (cos  M  -)-  sin  <u  sin  a'  tang  d)  -f-  «'  cos  of  ting  rf. 
These  formulas  will  give  the  mean  place  of  the  heavenly  body  when 
we  know  its  true  place. 


It  only  remains  to  subslitule,  in  these  cxprcssione  for  m'  and  ^, 
les  such  as  result  from  observation  and  theory ;  now  these 
Rluea  ore 


s  ^,     y,  =  - 


lang  2  tu 


hN, 


f  being   the  longitude  of  the  aact^nding  node  of  the  moon.     The 

I  of  the  sign  of  y/  and  cu'  is  easily  imagined  from  the  con- 

ruction  which  we  have  given  in  the  text ;  for  wlien  the  node  JV  ia 

1  the  first  ijuarler  of  the  ecliptic  from  the    first  of  Aries  to    the 

t  of  Cancer,  the    true  pole  is  in   the    following  quadrant  of  its 

ilipse,  that  is,  between  Cancer  and  Libra.     In  this  position,  the  ap- 

t  obliquity  is  greater  than   the  mean  obliquity,  and  the  equi- 

X  18  carried  back  toward  the  sign  Taurus,  that  ia,  the  longitudes 

ifaich  are  reckoned  from  this  equinox,  in  the  order  of  the  signs,  ore 

minished;  this  is  indicated  by  the  values  of  ui'  and  ifi;  for  Ein  N 

pid  cos  iV  being  both  positive  in  thia  part  of  the  ecliptic,  these  values 

pdicBte  an  increase  of  the  obliquity  and  a  diminution  of  the  longt- 

We  may,  in  like  manner,  observe  in  the  other  quadrants,  the 

e  of  the  algebraic  signs  of  sin  JVand  cos  iV;  we  shall  always  find  it 

inform  lo  the  kind  of  oscillation  which  we  have  ascribed  to  the 

I  pole  ;  it  only  remains  then  to  substitute  these   numerical   values  of 

kii'  and  If,  in  the  preceding  values  of  rf'  or  d.     In  making  these  substi- 

i,  it  is  necessary  to  take  for  w  the  mean  obliquity  of  the  ecliptic 

I  the   epoch    for   which  we  are  calculating ;  but  by  reason  of  the 

ptreme  smallness  of  i/i  and  a'  the  secular  variations  of  u  have  here 

y  little  influence,  and  the  results  calculated  with  the  obliquity  of 

are  still  sufficiently  exact  for  many  years  before,  and  afler ; 

iason,  we  shall  adopt,  in  our  numerical  calculation,  the 

Man  obliquity  as  it  was  in  1310,  that  is,  23,4644°  (23°  27'  51,84"), 

Ud  with  these  values  we  shall  find^ 


-  9,63"  . 


s  A^, 


>  =  —  IS.OO"  Bin  A^. 


nbatituting  these  values  in  the  general  expressions  for  (f,  and  for  <f, 
d  performing  numerically  the  multiplications  by  sin  u  and  cos  m, 
"we  shall  have 

d  =  d  — 7,169^' ein  JV  coa  «  + 9,63"  co«  JV  sin  a, 
tf  =  a  —  16,515 "  sin  N  —  (7.169"  sin  JV  sin  a 
+  9,63 "  cos  JV  cos  a)  tang  d, 

vdues  which,  for  calculation  by  logahthms,  may  be  more  conveniently 
taken  in  this  form, 


it  =  d-\- 8,390"  sm  (a  —  N)+  1,331"  ein  (a  +  JV), 
a~  16,515 ' sin  .V—  (9,3i»' cos (n— A")  +  1^1" cos (o- 
of  t/  and  a  are  called  the  lunar  nulaiian  in  d 


These 

tion  and  ihe  lunar  tiutalion  in  right  aftauion.      li    is  clea.t  thii  ibt 

Bolar  nuiaiion  will  give  analogous  values,  for  the  Tariations 

produces  in  the  obliquity  and  in  the  longitude,  are  of  the  e 

as  the  preceding,  and  iheir  values  are 

0,'  =  0,4345"  cos  2  i. 


0.4345" 

tang  (u 


sin  2  £, 


«fiti3n 


\ 


-  2  i)  +  0,018"  sin  (a  4-  2  L)  ; 


Z.  being  the  longitude  of  ihe  sun.     By  always  taking  u  =  33, 

which  is  the  value  of  the  obliquity  for  1810,  and  making  it)  tlie 
way  ibe  substitutions  of  en'  and  yi  in  our  general    formulas, 
that  they  produce  the  following  terms,  analogous  to  xhaaa  trhidi  ■« 
bare  calculated ; 
For  the  true  declination, 
+  0,417"  sin  (( 
For  the  true  tight 
— 0,918" Hin2L— (0,417" coa(n—2J:.)+0,018"  cos  (a-f3£))l 

These  terms  which  compose  the  solar  notation  in  dttHnatioM 
right  ascension,  are  added  to  those  which  compose  the  Ii 
and  together  form  what  is  called  the  luni-solar  nutation.  We  ni»j 
mark  that  the  values  a'  and  yi  have  not  among  themselves  t 
relation  in  the  two  nutations,  as  well  on  account  of  the  coeffii 
pending  on  the  angle  3  L,  as  on  account  of  the  denominator,  whici 
is  lang  2  w  in  the  first,  and  simply  lang  u  in  the  second.  This  difie^ 
ence  is  a  result  of  the  theory  which  we  content  ourselves  with  point- 
ing out,  lest,  being  guided  by  the'  analogy  of  the  formulas,  we  sbwild 
be  tempted  to  regard  it  as  an  error. 

When  we  make  use  of  these  formulas,  it  will  be  sufficient  to  pal 
in  them  for  a  and  d  the  values  of  the  mean  right  aacension  and  <^^ 
clination  of  the  point  which  we  are  considering,  and  we  shall  know 
the  variations  which  these  two  elements  undergo  in  consequeace  of 
the  efi^ct  of  the  luni-solar  nutation. 

For  example,  if  we  suppose  a  :=  0,  rf  =  0,  which  are  the  coordi- 
nates  of  the  mean  vernal  equinox,  the  formula  will  give  the  motioiis 
of  this  equinox  about  the  true  equinox  ;  we  shall  then  find 
rf  =  —7,169"  sin  iV— 0,397"  sin  2  L, 
a'  =  — 16,614"  sin  N—  0,918"  sb  2  L. 


and  a'  are  the  coordinates  of  the  mean  vcroal  equinox,  referred  to 
plhe  true  equinox,  by  having  regard  otily  to  the  periodical  derange- 
ments caused  by  the  luni-solar  nutation.  In  order  to  have  the  com- 
plete values  of  li'  and  a',  we  must  also  add  their  secular  variallona, 
whose  values  v/e  have  given  in  a  preceding  note,  page  142.  These 
results  are  of  constant  use  in  astronomy. 

It  only  remains  for  us  to  deduce  from  our  general  formulas  the 
geometrical  construction,  which  we  have  made  use  of  in  the  text,  and 
according  to  which  the  apparent  pole  of  the  equator  describes  a  small 
ellipse  about  the  mean  pole.  This  is  extremely  easy.  We  may 
even  generalize  the  problem,  and  determine  the  apparent  orbil,  which 
each  point  of  the  celestial  sphere  thus  describes  about  its  mean  place 
in  consequence  of  nutation. 

This  inquiry  will  be  much  simplilied,  if  we  observe  that  the  curve 
in  question  having  a  very  small  extent,  may  be  projected  on  the 
concave  surface  of  the  heavens  as  on  a  plane  surface  ;  and,  more- 
over, the  oscillation  being  made  about  the  mean  place,  as  a  cen- 
tre, it  ia  proper  to  take  this  point  for  the  origin  of  the  coordinates. 
Then  the  most  simple  method  is  to  draw  through  the  mean  place  an 
arc  of  a  great  circle  perpendicular  to  the  meridian,  and  to  take  these 
two  circles,  or  rather  their  tangents,  for  the  axes  of  the  rectangular 
coordinates ;  for.  by  reason  of  the  sraaUness  of  the  orbit,  the  arc  and 
tangent  are  confounded.  Our  two  coordinates  will  then  be  the  differ- 
ence of  declination  rf' —  rf,  reckoned  on  the  meridian,  and  the  differ- 
ence of  right  ascensioa  a'  —  a,  referred  ,to  the  height  of  the  mean 
place,  on  the  great  circle  perpendicular  to  the  meridian,  that  is, 
multiplied  by  the  cosine  of  the  declination  of  the  mean  place;  in  this 
manner,  by  making 

A'=  rf  —  rf,  r=  (a-  —  a)  cos  d, 
the  coordinates  X  and  Kwill  depart  from  the  same  point,  will  be 
rectangular  to  one  another,  and,  considering  the  smallness  of  the 
orbit,  may  be  regarded  as  rectilinear.  Now,  If  we  substitute  these 
values  in  our  general  formulas,  wo  shall  find,  by  multiplying  a'  —  a 
by  cos  d. 

A'=— 7,17"  sin  JV  cos  a-|-9,fi3"  cos  JV  sin  a, 
y=— 16,51"siniVcosrf— (7,17"siniVsina-j-9,63"cosJVcosa)sinrf. 
If  from  these  two  equations,  we  eliminate  the  angle  .V,  we  shall  have 
the  equation  of  the  orbit  described  by  the  apparent  place  about  the 
n,»n  plato. 

If  we  wish  thia  apparent  place  to  be  the  north  pole  of  the  equator, 
we  have  only  to  suppose  d  =  -\-  90",  which  gives 
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COS  </=;fl,  ftnd  sin  rf  =  -(-  1 ; 


then  the  values  of  X  and  1'  will  become 


7,17' 


wVai 


a  +  9,63"  cos  A"  si 
»— 9,(i3"coaA^« 


the  right  ascension  a  remains  still  undetermined,  because  sU  tbe  nie- 
ridians  pass  through  the  pole  of  the  etjualor.  The  value  of  a  vili 
depend  on  the  choice  which  we  make  of  a  particular  meridi&a  fat  ihe 
axis  of  the  Vs.     The  preceding  equations  give 

.rcos  a+rsina^  — 7.17"  sin  iV. 
vfaina— F  COS  a=  + 9,63' C08  A".- 
eoosequemly, 

/Xcoaa-f-  K  ain  a\«,    fXtm  a —  yoos 


7,17' 


^)  +  (- 


9,63" 


=  1. 


This  equation  is  that  of  an  ellipse  referred  to  its  centre,  bntnat  l» 
its  axes.  In  order  to  reduce  it  to  this  system  of  coordiDUe?,  n 
must  make  a  =  90°,  that  is,  take  for  the  central  meridian  thai  which 
passes  through  the  poles  of  the  equator  aud  the  ecliptic ;  then,  in 
fact,  ne  shall  have  sin  a=  I,  and  the  preceding  equation  will  be- 

1^  (9,63")9  +.rB  (7,17"f  =  (7.17")s  (9.63"), 
which  is  that  of  an  ellipse  whose  greater  axis  is  directed  sccorcUng  to 
the  coordinates  X,  tangenlially  to  the  central  meridian,  and  ih 
smaller  axis  according  to  the  coordinates  Y,  perpendicularly  to  the 
first;  the  first  has  for  its  length  19,26",  the  second  14,34  .  Tlirv 
lengths  are  both  expres.sed  in  parts  of  a  great  circle  of  the  criesi.j 
sphere.  If  we  wisli  to  reckon  llie  second  on  the  parallfl  lo  iil' 
ecliptic  which  passes  through  the  mean  pole  of  the  equator,  and  to 
which  the  smaller  axis  of  our  ellipse  will  be  a  tangent,  we  must  & 
vide  14,34"  by  the  cosine  of  the  distance  of  this  parallel  &om  tb« 
pole  of  the  ecliptic,  that  is,  by  the  sine  of  the  obliquity  w.  The 
smaller  axis,  thus  expressed,  will  have  for  iis  value  36,01"  of  the 
parallel  tolhe  ecliptic  upon  which  it  is  found. 

It  will  be  seen,  then,  by  the  calculation  which  we  have  made, 
that  the  ellipse  of  nutation  has  its  greater  axis  situated  in  the  plane  of 
a  great  circle,  passing  through  the  mean  poles  of  the  equator  and 
ecliptic ;  for  we  found  that,  in  order  to  refer  the  Ys  to  this  axis,  >ra 
must  make  a  =90°.  Here  wo  might  dispose. of  a  at  pleasuT«, 
since,  all  the  meridians  passing  through  the  pole  of  the  equilar,  «e 
might  choose  at  pleasure  that  which  we  wish  to  take  for  the  origin  of 
theYs. 
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UB  now  determine  the  position  of  the  true  pole  on  this  ellipse 

Sot  any  instant.     It  will  be  gi^en  by  the  simultaneous  ?aluea  of  X 
and  ¥,  which,  by  making  cos  a  =^  0,  sin  a=^  1,  become 
J^ +9,63"  COB  iV,    F^  — 7,n"6in  A". 
When  the  moon's  node  coincides  with  the  vernal  equinox,  its  longi- 
ludc  is  nothing ;  we  ha^e,  then,  accordingly,  sin  iV  =  0,  cob  A  i=  1 ; 
conse<]ueQtly, 

-^=9,63",     Y=0. 

The  apparent  pole  is  then  found  in  the  central  meridian,  on  the  axis  Fig.  4 
of  the  Xa,  and  at  the  summit  of  the  ellipse  nearest  to  the  equator,  *^' 
that  is,  at  the  point  n. 

As  the  longitude  N  increases,  Y  increases  remaining  negative ; 
at  the  same  time  X  diminishes  and  remains  positive;  the  apparent 
pole  is  then  found  to  be  comprised  in  the  first  quadrant  of  its  ellipse, 
on  the  side  of  the  autumnal  equinox,  for  example,  at  n". 

In  general,  it  may  be  easily  seen  that  ,Y  and  ¥  perform  the  peri- 
ods of  their  values  in  the  same  time  that  the  angle  N  performs  an 
entire  circumference,  that  is,  the  pole  will  turn  on  its  ellipse  in  the 
same  time  that  the  moon's  node  turns  on  ihe  ecliptic. 

About  the  mean  pole  as  a  centre,  and  with  a  radius  equal  to  half 
the  major  axis  of  the  ellipse,  let  us  describe  the  circumference  of  the 
circle  n  K  ti".  Upon  this  circumference,  let  us  conceive  a  point  K  Fig.  t 
moving  uniformly  and  completing  a  revolution,  in  the  same  lime  in 
which  the  node  completes  its  revolution  on  the  ecliptic,  and  which 
also  moves  like  it,  from  cast  to  west,  that  is,  in  the  direction  n  n'  n". 
If  from  the  centre  of  the  circle,  which  is  also  that  of  the  ellipse,  we 
draw  a  radius  PK  to  the  movable  point  at  any  instant,  the  angle 
KPn,  formed  by  this  radius  with  the  axis  of  the  positive  Xs,  Pn, 
will  always  be  equal  to  the  angle  iV",  that  is,  to  the  longitude  of  the 
moon's  node  on  the  ecliptic ;  so  that  if  we  call  ,V  the  abscissa  PR 
of  the  movable  point  K  at  any  instant,  we  shall  have 


X  =  9,63"  . 


sN,   Y  =  —  9,63"  ; 


i-V,- 


the  abscissa  of  this  point  will  then  be  the  same  as  that  of  the  true 
pole.  Consequently,  this  pole  will  be  found  on  the  ellipse  at  the 
point  ii"'  where  this  curve  is  cut  by  the  ordinate  KP'.  This  is  the 
construction  enunciated  in  the  text, 


3 


XXrV.  — iVo(e  to  ArtieU  371,  P^g-e  235. 

The  heights  of  the  luoar  mountains  have  been  differentl}- otitneud 
bj  difierent  observers.  Sir  W.  Herscbel  supposed,  that,  Miih  tbeet  I 
ceptioD  of  a  few,  they  did  not  exceed  hajf  a  mile,  Schroela  «e 
to  have  made  the  most  careful  and  exact  observaliuufi  both  u 
their  perpendicular  elevation  and  the  length  of  their  baaes;  60111 
which  it  would  appear,  that  there  are  three  whose  height  a  little  'i 
ceeds  five  miles,  and  leti  that  arc  between  four  aad  five  miles,  'i':,' 
bases  of  these  vary  from  twenty  to  sixty  miles.  A  long  catalogue  i' 
given  of  others  of  inferior  dimensions.  Schroeter  tueasuied  aliu  ty 
depths  and  lengths  of  the  lunar  cavities.  The  depression  in  ooe  in- 
stance exceeded  three  miles,  and  in  lour  others  amounted  to  mom 
than  two,  the  breadth  or  horizontal  extent   being  from  ten  to  Ibiit 

The  excavations  here  referred  to  are  the  dark  spots.  Tbeyliii' 
the  appearance  of  bodies  of  water,  and  they  have  received  nuat- 
accordingly.  But  it  Is  found,  t!iat  when  the  boundary  betwwa  Ui>: 
illuminated  and  dark  parts  of  the  moon,  passes  over  one  of  iliev 
Hpols,  it  is  rough  and  serrated,  and  not  a  regular,  even  curve,  as  ii 
ought  to  be  on  the  supposition  of  au  extended,  smooth,  convex  siu- 
face.  It  is  hence  inferred  that  there  is  nothing  ia  the  moon  aiiiilL- 
gous  to  our  seas  and  Jakes. 

There  has  been  much  dispute  respecting  a  lunar  atmosphere.  Tht 
question  seems  at  length  to  be  decided,  by  the  circumstance  of  a  real 
twilight,  which  has  been  detected,  and  which  can  be  explained  onl) 
on  the  supposition  of  such  a  medium. 

By  observing  the  moon  when  her  phases  were  extremely  falcaud, 
Schroeter  discovered  a  faint  glimmering  light  of  a  pyramidal  fbtoi, 
extending  from  both  cusps  into  the  dark  hemisphere.  The  greater 
breadth  of  this  crepuscular  tight  was  2"  and  its  length  1'  20";  fnm 
which  Schroeter  computed,  that  the  breadth  of  the  lunar  twiligfal, 
from  the  boundary  of  tight  and  darkness  10  where  it  loses  itidf  in 
the  light  reflected  from  our  earth,  measures,  in  a  direction  perpen- 
dicular to  the  Imundary,  2°  34'  25";  and,  therefore,  that  the  inferior 
or  more  dense  part  of  the  raoon'a  atmo^here  b  not  more  than  1500 
English  feet  high,  and  that  the  height  of  the  atmosphere,  wberu  it 
could  aflect  the  brightness  of  a  lised  star,  or  inflect  the  solar  rays, 
does  not  exceed  5742  English  feet.  This  space  subtends,  at  onr 
earth,  an  angle  of  only  0,94",  which  will  lie  passed  over  by,ibe  star 
in  lesa  than  2"  of  lime.     The  occidtation  of  Jupiter  on  the  7th  of 
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,  1792,  WHS  observed  by  Schroeter  for  tlie  purpose  of  confirming 

e  preceding  discovery.     Some  of  tbc  satellites  becnme  indistinut  at 

mb  of  the  moon,  while  others  ilid  not  Biifter  any  change  of  color. 

The  belts  and  spots  of  Jupiter  appeared  perfectly  distinct  when  close 

of  the  moon,  and  a  small  luminous  spot,  though  by  do 

leans  very  perceptible,  could  be  plainly  distinguished  when  close  to 

s  limb. 

J  By  means  of  a  similar  twilight,  observed  in  Venus,  Schroeter  con- 
Hnded  that  this  planet  has  an  atmosphere.  Its  height  is  computed 
e  be  16020  feet,  or  a  little  more  than  three  miles. 


XXV.  — Note  to  Artick  377,  Page^37. 

Let  ub  draw  TF  parallel  to  CB,  and  let  TCB  =  STF=  C.    We  Fir.  8T. 

SA—TB        .    D  „^  .       , 

shall  have  sm  C'= -;■  - ■  =  »in  .g sin  p,  D  bemg  the  appa- 
rent diameter  of  the  sua,  aad  p  its  horizontal  parallax;  whence  it  will 
be  seen  that,  by  subalUuting  the  area  for  the  sines,  which  may  be 

done  in  the  case  of  such  small  angles,  we  shall  have  C  ^ -^ p. 


XS.VI.  —  N0U  to  Artick  377,  Page  237. 

Let  D  be  the  apparent  diameter  of  the  sun,  p  its  horizontal  par- 
allax, R  the  radius  of  the  earth.  From  what  has  been  demonstrated 
in  the  text,  we  have 


With  respect  to  the  perigee,  mean,  and  apogee  distanoea,  the  vali 
of  D  and  ^  are  as  follows ; 

D 

D.  p.  "2  -^■ 

Perigee  distance         32'  35,56"         8,92"         Iff  08,86" 
■  Mean  distance  32'  02,71"         8,78"         15'  52,57" 

m  Apogee  distance         31'  30,96"         8,62"         15"  36,86"". 

L 


calculating  CT  with  these  values,  we  shall  find  the  reautta  given 
the  text. 


XXVII.— JVofe  lo  Article  3T9,  Pagt:  23^. 

With  respect  to  the  moon,  let  ub  designate  b;  R',  D',  and  fi,  (be 
quuilitiei  which  with  reference  to  the  earth  were  designUed  bj  R, 
D,  and  p,  that  is,  the  radius  at  its  fturface,  the  apparent  diaaxttr  oT 
the  aun,  and  ila  hurizonial  pnralliix.  From  the  formula,  Ibund  intk 
preceding  note,  the  length  of  the  perfect  shadow,  projected  beUnd 

the  moon,  would  have  for  its  Tolue, —=- — ;    bat  tUi  resah, 


"(f-^)' 


thus  presented,  is  expressed  in  pAtls  of  the  radius  of  the  moon  R'- 
In  order  to  have  it  iu  porta  of  the  earth's  radius,  we  must  put  it 
under  the  form 

Now,  if  we  call  J  and  S  the  dis^tanccs  of  tlie  sun  and  moon  from 
the  earth,  we  shall  hive 

GODBequeDtly, 

DOW,  since  p  is  the  sun's  horizontal  parallax  with  reqiect  to  the 

earth,  we  have  sin  »  =  — ;  conaequently  J  ■=  —. —  :    in  like  man- 
'  ■^        ^  1        J  tmp' 

ner,  b;  calling  F  the   horizontal    parallax  of  the  moon,  we  shall 

mted^- — =.;  whence  we  deduce :  =  -. — = = — .oraun- 

Bin  J*  ^  —  0       sm  i*  —  amp 

plv =  -r^ ,  since,  without  a  sensible  error,  we  may  anbati- 

'^^  ^  —  S       P—p  ' 

tute  the  ratios  of  these  small  arcs  instead  of  those  of  their  aiues. 

With  these  reductions  the  length  of  the  conical  shadow,  projected 
behind  the  moon,  will  have  for  its  expression, 


-m 
«(?-^)-i^ 


(»•) 
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and  we  have,  in  the  extreme  824. 


H    Wc 

^Bues  considered  in  the  text, 

f  D.         p.  P. 

Siin  in  liie  apogee,  maxim,  parallax  31'  30,911"     8,62"    1"  01'  29,32" 

Sun  in  the  perigee,  minim,  parallax  32'  35.56"     8,92"        53'  50.93". 

By  sub.siituting  these  data  in  formula  (1)  wo  shall  have  the  raJues 

given  in  the  text.     As  to  the  corresponding  distances  of  the  moon, 

expressed    in  terrestrial   radii,  we   deduce   them    Irom   the  formula 

R 


XXVni.  —  Note  to  ArticU  380,  Page  239. 

Bs  calling  p  the  parallax  of  the  sun,  P  that  of  the  moon,  and  D 
the  apparent  diameter  of  the  sun,  we  shall  have 


L 


T  of  the  perfect  shadow  ^  P  -\.  p  —  — . 


XXIX.  — iVo(<  to  Article  381,  Page  241. 


The  same  denominations  being  preserved,  which  we  have  made 
of  in  the  preceding  note,  the  sun's  parallax  at  the  moon  will  be 

p  .^  X  "s ■     "^^^  apparent  diameter  of  the  sun,  as  seen  from 

P 

the  same  position,  will  be  Z>  X  -p ■     So  that,  by  callmg  D"  the 

apparent  diameter  of  the  moon,  as  seen  from  the  earth,  we  ahall  have 

Semidiameter  of  the  lunar  shadow,  as  seen  &om  the  moon, 

p^.p^     _P DP 

"    2    "^    ii     ^P-p       ^{P^p)- 
This  expression  will  be  rendered  more  simple  if  we  recollect  that,  by 
dividing  the  apparent  semidiameter  of  a  heavenly  body  by  its  hori- 
zontal parallax,  wc  shall  have  the  ratio  of  its  radius  to  the  radius  of 
the  earth,  a  proportion  which  has  been  demonstrated.     By  applying  us, 

this  result  to  the  moon,  we  shall  have  -^  ^  If  we  substitute 

this  value  of  ^  in  the  preceding  formula,  we  shall  find,  after  leduo- 
tion. 


156  AppcfuHx. 

Knniidiamt-ter  of  tliu  lunu  ehadow,  as  seen  (rom  the  moon. 
D-D  P 

2  '^  P—p 

Following  ll>c  data  which  we  have  nutde  use  of,  we  bne 

:  1"  01   'Jif,  p  =  ^fit; 
'  =  I  QO^l .  and  ^       =  1 JI03336  ; 


2 

consequently, 


~)p-P 


This  is  the  Taltie  which  we  liaie  giren  in  the  texL     The  ippirmi 

Brmidiamelet  -rr-  is  fbtuid  b;  inulliplying  the  parallax  i*  by  the  oi»- 

slant  ratio  0,2763,  witich  is  Doariy  equal  to  -^.  It  will  be  ptKeirei, 
that  the  seraidlaiiiettr  of  the  shadow  becomes  negative  when  D 
exceeds  D";  whence  it  follows  that  s  total  eclipse  is  impiNtUe, 
except  when  the  apparent  diameter  of  the  moon  exceeds  that  of  lb 


^ 


XSX.  —  Nate  to  Artick  382,  Page  24B. 

Callino  P  the  psTallaz  of  the  moon,  p  that  of  the  stio,  i>  the  >^ 

parent  diameter  of  the  sun  at  the  moment  of  the  eclipse,  we  ahall  ban 

Distance  of  the  centre  of  perfect  shadow  from  the  extreme  pait  of 

the  peniunbra  =  P  -|-  p  -|-  —  ; 
we  have  bad  already 

Semidi&meter  of  the  perfect  shadow    .     .     .     .     =  P  -^-  p —  -^. 
Difference  of  these  values,  or  magnitude  of  the  penumbra.    .  =  D. 


XXXI.  — Mrfe  to  Artick  383,  Page  243. 

Making  use  of  the  same  denominations  as  in  the  preceding  ixxe, 
the  diameter  of  the  lunar  penumbra,  as  seen  from  the  moon,  will  be 
D"        pR'  P       .      DxP         .       R'        D" 

-3- +  V  X  Ptr^  +  2(PCI>)' """ "  ^  =  2P- 


^ 


e  two  lirsl  terms  are  reduced  to 
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"2{p-py 

e  semidiatneter  of  the  lunar  peaainbra,  as  seen  from  the  n 


in 

i  ahall  have 


have  found  above 
Semidiameter  of  the  lunar  shadow,  as  seen  from  the  moon, 
_(D"-B)  P       . 

ibtracting  the  first  of  these  expressions  from  the  second,  we  eholl 

D  X  P 
ne  the  magnitude  of  the  lunar  penumbra  ^  -= . 

In  the  cose  where  the  sun  is  in  apogee  and  the  moon  in  perigee,  at 
I  least  distance,  we  obtain,  as  we  have  seen  above, 
D 


-  =  Iff  45,69", 
lence  we  deduce 


=  IS'  45,48",  p  =  8,6 


The  apparent  semidiameter  of  the  earth,  as  seen  from  the  moon, 
under  the  same  circumstances,  is  1°  1'  29",  since  it  is  represented  by 
the  horizontal  parallax  of  the  moon,  so  that  under  the  most  favorable 
circumBtances  the  lunar  penumbra  covers  a  little  more  than  half  the 
disc  of  the  earth. 


XXXll.  —  JVole  to  Article  386,  Page  245, 

If  we  designate  by  r  the  horizontal  refraction,    preserving  also 

the  other  denominatbiis  which  we  have  made  use  of,  we  shall  have. 

Distance  of  the  summit  of  the  shadow  from  the  centre  of  llie  earth 

the  formula  of  note  XXV,  iu  which  we  have  substituted 
n 

Furthermore,  we  shall  have 
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This 

D  D 

—  4-  2  r  instead  of  -^ 


U8  ApptwU*. 

EiierioT  ladius  of  ihe  pcoumbra    ...  J*  ~\~P  ~H  "S"  +^ 

ScmiiliBineler  of  the  perfect  shadow  at  tbo  dis- 

tauce  of  ibe  mooQ /* +p ^ — ^'■■ 

If  we  would  undcratand  by  -^  the  dutaace  of  any  point  wluterei 
of  the  Hun's  disc  from  its  ceutre,  we  eboll  luid,  by  the  first  ibtmiLa, 
the  dtnlaiice  at  which  thU  poiol  begins  to  be  visible.     So  tbu  b; 

making  —  ^  0,  mc  shall  have  the  distance  at  which  the  centre  of  tbe 
sun  begias  to  appi'ar,  by  refraction,  at  the  surface  of  the  eiMh ;  «e 
llicn  make  --  negative  fur  the  oppoeilo  points  of  ibe  disc.  Od  tie 
oppoeite  edge  we  make  ^^^J 

~-  =  —  ^  apparent  diituieter  of  the  hud  ;  ^^^H 

aiid  lh«:ii,  by  always  leaving  ~  negative,  we  sboll    obtain  it  gnuec 

lliau  this  scmidianieter.  We  shall  thus  have  the  distance  at  vhicb 
the  poinw  ou  llic  other  side  of  tbe  disc  become  visible  by  rays  touch- 
ing the  surface  of  the  earth.  It  is  by  this  mettx>d  that  wo  have  ul- 
cnlated  the  table  given  in  the  text.  It  is  taken  fron  a  work  oTDiaui 
du  Sejour  upon  the  Celestial  Hotkna,  page  661. 

If  we  wish  to  know  what  paitof  the  disc  of  tbe  suit  is  thua  jMk, 
bj  refraction,  to  an  observer  situated  at  the  moon,  at  a  given  ■^j***" 
from  the  earth,  it  is  only  necessary  to  calculate  the  valoe  of  tbs  fu- 
alias  P  for  this  distapce,  and  then  to  make  the  eemidiamelM  of  tie 
shadow  equal  to  zero,  that  is,  to  make 

which  gives 


This  value  of -^  being  subtracted  from  tbe  ^qwnnt  i 
tbt  sun,  the  remainder  will  be  the  portion  visible. 


^ 
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XXXm.  —  Noie  to  Artick  423,  Page  275. 

Tag  DotatioQ  employed  in  the  text  being  preserved,  ibe  triangle 
^VS  wiil  give  the  equation  F 

Rain(P  —  S)  =  rsm{N—  P). 
Wm  the  second  passage  through  the  sarae  node,  we  shall,  in  like 
',  have 

R'  aiu  (P'  —  ff)=r{lV—  P'). 

1  use  R'  and  not  R,  because  the  radius  vector  of  the  sun  may  not 

e  of  the  same  length  in  the  two  observations  -  but  ii  is  easy  to  cal- 

I  calate  it  by  the  tables ;  whereas  r,  as  it  answers  to  the  same  node, 

and  consequently  to  the  same  point  of  the  orbit  of  the  planet,  m«.y 

be  supposed  to  be  constant. 

These  two  equations  are  sufficient  for  determining  N  and  r. 
Dividing  them,  member  by  member,  we  shall  have 


°  JP'  -  -g)  _ 


aia{N—F') 

sin  (iV— P)' 


R'  sin  (P'  —  S)  sin  {N  —  P)  . 


n(P  — ■*0  9in  [N—  P'). 


Developing  the  terms  which  ccmtjin  N,  we  deduce 


tang  JV  = 


R-  sin  P  sin  (P  —  g)  - 


fl'  cos  P  sm  (P'  —  lf)  —  RcoaP'  sin  (P 


MP-S) 


-«)" 


iV  being  known,  r  wiil  be  so  by  one  of  the  two  fundamental  equa- 

If  one  of  the  two  passages,  the  first,  for  example,  happens  exactly 
at  the  opposition  or  conjunction  of  the  planet,  P  —  S  will  be 
nothing  or  equal  to  two  right  angles ;  in  either  case,  we  shall  have 
tang  N  =  tang  P,  consequenUy  JV  —  P,  that  is,  the  longitude  of  the 
node  will  be  equal  to  the  geocentric  longitude  of  the  planet,  as  must 
evidently  be  the  case  under  the  circumstances  supposed.  But  then 
we  could  no  longer  make  use  of  the  first  equation  for  di;terniining  r. 
In  general,  it  will  be  seen  that  the  value  of  r  will  have  lillle  influence 
on  that  of  N,  when  JV —  P  is  very  small,  that  is,  when  the  observa- 
tion is  made  near  the  node.  Such  observations  will  then  be  proper 
for  determining  the  node,  and  not  the  distance  of  ihf  planet  from 
the  sun.  The  most  favorable  for  the  last  determination  ore  those 
in  which  !V —  P  differs  but  liiUe  from  a  righi  angle. 


4eo 


AppenM*- 


We  flhall  also  give  the  formula  for  the  case  in  which  it  ia  propoH^ 
to  combine  two  passages  through  tlie  oppof  ite  nodes  ;  which,  is  'e 
hare  remarkei],  can  be  admiiled  only  by  supposing  a  circulu  orbit. 
or  at  least  by  supposing  it  such  that  the  distances  of  the  planet  litiai 
the  sun  ore  equal  at  its  two  nodes.  Then  calliog  these  nodes  A  ini^ 
2V  we  shall  have 


for  the  first, 
for  the  second. 


a  (P  — S)  =  rBin(N  — f), 
n  (P'  —  S-)  =  r  sin  (A"  —  P). 

Bat  since  these  nodes  are  opposite,  iV'  =  JV  -f-  180°.     KliminUi[^ 
If  by  means  of  this  relation,  our  two  e()uafionB  become 

Rain(P-Sr)-rsin(.y-P)     (1). 

H  rin  (P-  —  5f)  =  —  r  Bin  {If—  P)  ; 

■ad,  proceeding  aa  we  hare  done  just  now,  we  ileduco 

R  sin  P  sin  (P'  —  S)  +  R  sin  I"  sio  {P  —  S) 


tang  JV  = 


«  c 


«  (P  -  -Sf)  +  «  c 


i{P~ 


As  the  planetary  orbits  differ  but  little  from  circles,  this  fianiDlt 
may  be  employed  without  occasioning  any  considerable  mtot.  Let 
UB  apply  it  to  the  following  observations  made  by  Lacaille  on  llie  pu- 
sage  of  Mars  through  its  two  nodes,  and  given  in  his  valuable  work 
entitled  Astranomiie  Fundamtnta. 


Yean. 

SoUr  Timt  at  Pari* 
reckoned  from  Noon. 

Geocenlric  Longi- 
tude of  J. 

(ieotcatrio  Lwi- 
l«de  of   J  . 

Naha. 

nil 

1753 

14  May  lO^Sff  43" 
3  Nov.  9i>31  46" 

216°  15'  20" 
59=  29'  38,5 " 

0°  a  25,5"  N. 

0°  0-  27,5"  S. 

Ascend. 

Il  will  be  seen  that  the  latitude  of  Mars  was  not  exactly  zera  [f 
we  had  the  series  of  LacaUle's  observations,  we  should  easily  find  by 
inter[>olation,  the  instant  when  this  phenomenon  must  have  happened 
But  in  the  want  of  such  aids,  we  will  remark  that  these  latitndo), 
which  are  extremely  small,  must  correspond  to  points  not  fai  fnai 
the  node,  and  consequently  have  but  IJtilc  influence  on  the  re^ilu 
Now  if  we  calculate,  by  the  astionomicaj  tables,  the  longitade&o£ttw 
sun  and  the  logarithms  of  its  radius  vector,  which  correspond  lo : 
two  observatiooB,  we  find 


for  1747, 
for  1753, 


53°  38'  2(y 
221°  39'  10" 


?  K  =  10.0050864, 
I  R  =    9,9961542. 


1 

equK    ■ 


I  subtract  from  this  last  6'  16'.  in  order  to  carry  hack  tbe  eqo^ 
lox  to  the  month  of  May,  1747.  at  the  rate  of  50.1"  a  yctr.     I  ■!» 


eabtract  the  same  quantity  from  the  second  observed  longitude  ot  the 
planet,  and  in  this  way  I  have  tlie  following  elements  ; 


P  =  210"  15'  20", 
S  =    53"  38'  20", 


P-  ^   59'  23'  23 ", 
S  =  22r  33'    1", 


which  gives 


-.  162=  37'  0",    f  —  AF  =  197°  Sff  2 


Substitutiug  these  numbers  in  the  formula,  we  find 


N-- 


=  180°  +  AT  47'  45",  ot  N  =  AT  AT  46", 


for  the  same  tangent  may  correfipond  to  the  two  arcs  N  and  180°  -f-  N. 
The  tirat  value  is  that  which  must  be  adopted  in  the  present  case,  be- 
cause it  ia  the  only  one  which,  substituted  in  the  equations  (I ),  ^ives 
r  positive,  as  wc  have  supposed  it.  The  longitude  of  the  node  in 
which  the  planet  was  at  the  first  observation,  was  then  equal  to  this 
value  of  N,  or  227°  47'  45'' 

The  direction  of  the  motion  of  the  planet  showed  that  this  was  its 
descending  node,  for  it  was  then  departing  from  the  north  pole  of 
the  ecliptic  ;  consequently,  the  other  root,  opposite  to  the  preceding, 
is  the  longitude  of  the  ascending  node,  which  is  found  to  be  47°  47' 
AS',  at  the  epoch  of  these  observations.  Taking  account,  by  calcu- 
lation, of  the  small  latitude  of  the  planet  at  its  two  passages,  Lacaille 
arrived  at  a  result  W  34"  less ;  from  which  he  determined  its  di^ 
tance  from  the  node.  But  we  might  avoid  this  correction,  which 
oJready  supposes  an  approximate  knowledge  of  the  motion  of  the 
planet,  if  wc  had  the  series  of  observations  made  by  Lacaille ;  for  we 
could,  by  means  of  them,  deduce  the  exact  geocentric  longitude  of 
the  planet  at  its  passage  through  the  node.  Finally,  the  small  differ- 
ence which  exists  between  our  two  results  is  of  no  importance  to  our 
present  purpose,  and  we  may  always  conclude  from  this  example, 
that  the  position  of  the  nodes  of  the  orbiia  are  capable  of  being  very 
exactly  determined  by  geocentric  observations  without  the  aid  of  any 
anticipated  supposition. 

If  from  the  value  of  iV  =  227°  47'  45",  we  take  that  of  P,  yn 
shall  have  N  —  P  =  1 1°  32'  25 " ;  and  by  substituting  this  value  in 
the  first  of  the  equations  (1),  it  will  make  known  r,  that  is,  the  dis- 
tance of  Mars  from  the  sun  at  the  epoch  of  its  passage  through  the 
node.  This  distance  will  bo  expressed  in  the  same  kind  of  units  as 
R  and  R',  that  is,  in  parts  of  half  the  transverse  axis  of  the  eolar 
orbit.     Making  the  calculation,  we  find 

r  =  1,510986. 


The  error  of  this  result  ia  leaa  than  0,03.  Wa  may,  howwer,  M» 
aider  it  as  an  approximation,  since  we  hate  ei^^tpoeed  the  two  (i 
of  r  equal  at  Ihe  two  nodes  of  Mars,  which  is  not  strictly  trae.  Vt 
ehoold  not  be  liable  to  this  inconvenience  if  we  coold  have  emplnfcJ 
two  parages  of  Mars  through  the  same  node.  But  the  aboTR  r 
ample  will  be  sufficient  at  least  to  show  ihe  use  of  the  method. 
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